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PREFACE. 



This edition of Euclid's Elements of Geometry differs from the common 
editions with Dr. Simson's name attached to tiiem, in several important 
particulars. First, the style has been simplified and modernised as much 
as possible, by removing much of its technicality ; and in places where 
this was necessarily retained, numcerous explanations have been added, 
especially in the Definitions. Secondly f many new Demonstrations of 
the Propositions have been given, in addition to those of Euclid,^ in order 
to bring the subject within tiie comprehension of different capacities. In 
not a few, while the spirit of the demonstration has been preserved, the 
original verbosity of tiie Greek, which was often retained by Dr. Simson 
in his translation, has been greatly curtailed ; and in others, it has 
been altogether replaced by a new and better demonstration. Thirdly ^ 
to almost the whole of the propositions, there have been added, espe- 
cially in the First Six Books, new Corollaries, Exercises, and Anno* 
tations of various kinds, tending to render the additions a species 
of short and running commentary on the iinmortal work of Euclid. 

Explanations of all difficult terms in the science of Geometry have 
been given wherever they occur ; and a style of punctuation in 
the different sentences of a proposition, and especially in the demon- 
stration, has been adopted, which, it is believed^ will be found of 
the greatest advantage to the student. This advantage will be 
discovered by comparison with other editions, and its utility will 
be seen from, the following consideration. In reading the Demon- 
strations, the student is obliged to pause at every step, in order to 
make himself sure of the reasoning before he advances to the next step. 
This assurance may at once be supplied by his recollection of a previous 
proposition, a definition, a postulate, or an axiom ; but if not, the reference 
is generally given, not at the margin, as in the common editions, but in 
the body of the text, just at the place where it is wanted. In either 
case, time is required to bring the reference vividly to the mind, and to 
assure it of the accuracy of the reasoning. In general, the time of a fidl 
period is not too much to enable the student to bring the memory to the 
aid of his judgment ; and where the memory fails, to refer at once to the 
places in tiie book actually cited in the course of the argument. Every 
new period, therefore, has always the advantage of ixLdis5a*asL%^^«^ 's^k^ 
in the argument, and keeping t\\e e^TOLJ^iCYvY. w^i%2&fi^ 'WiS^'^tosff^s**. 



iV PREFACE. 

The necessity of some method of this kind, to keep the mind alive to 
the march of the argument, was felt by the editor of one of our best recent 
editions of Euclid, Mr. Potts, of Cambridge. The plan adopted by him 
was to print every sentence or half sentence that contained a new step in 
the reasoning, in a separate line ; thus giving the book the appearance 
of a book of limping poetry, and unnecessarily extending the letter-press 
over a much greater space; whereas, the great object of a reasoner 
should be to bring the words of the argument as closely together as 
possible, in order that the eye may help the mind. It was on this ground 
that algebraic signs were lately introduced into some editions of Euclid, 
and that a variety of other signs were employed to denote words and 
names of figures of frequent repetition. It was found, however, that by 
this plan nothing was gained, for the memory was now partially bur- 
dened by a new sort of language, a species of shorthand, more troublesome 
to .vmte and read than the ordinary language of the science. Hence 
" Symbolical Eudids'' have gradually and wisely given place to those 
editions in which the ordinaxy style of language is used, as much im- 
proved and abridged as the nature of the reasoning and the consistency 
of the argument will allow. 

The above-mentioned simplifications, amendments, and additions, and 
other improvements which will be found on perusal, have been intro- 
duced into this edition, because it is chiefly intended for the use of the 
People. Euclid is now placed within the reach of all who are desirous 
of making themselves acquainted with this masterpiece of reasoning, 
with the foundation of all the sciences, with the basis of all the arts of 
design and machinery, and with the origin of all the processes relating to 
the measurement and calculation of sur&ujes and solids^ required both in 
the arts of life and in the arts of production. Our space will not permit 
us to say a few words concerning the ancient authcnr of this work, and 
its able translator, Dr. Robert Simson, of the Univeraitt/ of Glasgow , 
but our readers may judge of the accuracy of an edition hitherto read in 
all our sdiools and universities, which, though it has passed through the 
press many times, declares on its title-page that Dr. Bobert Simson 
bdonged to the University cf Oxfords 
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BOOK L 



DEFINITIONS. 



I. 

A FOlirr is that which hath no parts, or which hath no magnitude. 

*' A point is " more clearly defined to be " the beginning of magnitude ;** as. for 
instance, the beginning of a line. 

n. 

A line is length without breadth. 

A line is extension in any one direction, nniform or yariable { as, the nnbroken 
oontour or outline of any given surfiace. 

The extremities of a line are points. 

By the extremities of a line, are here meant, the beginning and the end of the 
line. 

IV. 

A straight line is that which lies evenly between its extreme points. 

** A straight line is** more clearly defined to be " that in which, if any two points 
be taken, the part intercepted between them is the ehortest that can be drawn.' 
This shows that every straight line in the Elements is considered to be of 
indefinite length, unless otherwise expressed. 

V. 

A superficies is that which hath only length and breadth. 

A superficies or surface, is extension in any two directions, uniform or variable ; as, 
the continuous boundary of any given solid. Det I. Book XL 

VI. 

The extremities of a superficies are lines. 

By the extremities of a superficies or surface, are here meant, the boundaries or 
edges of the surface. 

vn. 

A plane superficies is that in which any two points being taken, the 
strai^t line between them lies wholly in tnat superficies. 

A plane superficies, or simply, a plane, is a surfkce In ^blOc^. *. %\x*SL"igpX'^&asfc^'ss^ 
any where be drawn. This shows th«i «^«t5 ^<Ka»\a.^^'«2««BssB!»>A t»sM6a»- - 
to be of indefinite extent, iinl«M o\\x«r¥i\ift «vsf<%«wA^« ^ 
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VIII. 

[A plane angle is the inclinp-tion of two lines to one another in a 
plane, which meet together, but are not in the same direction.] 

This definition is put in brackets, as useless, and unnecessary to be remembered. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to one 

another, which meet together, but are not in the same straight line. 

"When two straigiit lines meet at a point, so thatif Tprodnoed they would intersect 
(cross) each otlier, the indefinite space between them is called an angle. 

N.B. " When several angles are at one point B, any one of them is 
expressed by three letters, of which the letter that is at the vertex 
of the angle, that is, at the point in which 
the straight lines that contain the angle 
meet one another, is put between the other 
two letters, and one of these two is some- 
where upon one of those straight lines, and 
the other upon the other straight line : thus 
the angle which is contained by the straight 

lines, AB, CB, is named the angle ABC, or CB A ; that which is con- 
tained by AB, DB, is named the angle ABD, orDBA ; and that which 
is con tamed by DB, CB, is called the angle DBC, or CBD; but, if 
there be only one angle at a point, it may be expressed by a letter placed 
at that point ; as the angle at E." 

This explanation is put in inverted oommas, as being 1>r. SioMon's addition ; it is 
very necessary to be remembered. 



"When a straight line standing on another straight Hne makes the 
adjacent angles equal to one another, each of these angles is 
called a right angle ; and the straight line which stands on 
the other is called a perpendicular to it. 

By borrowing the terms vertical and hoiizontal from the language 

of Physics, we may define a right angle to be that which is formed 

by the meeting of a vertical and horizontal line. 





XI. 

An obtuse angle is that which is greater than a right angle. / 

An acute angle is that which is less than a right angle. 

The term oblique angles is applied both to obtuse angles and to 
acute angles. 

xin. 

[A term or boundary is the extremity of any thing.] 
Tliis definition is unnecessary, being merely verbal. 

XIY. 

^^figore is that which » endosedby one or more boundaries. 
^HKk Aifiiiition is appliaable to lolid figures, «9 well ai to plane figsne. 
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A circle is a ^lane figure GontBined [or, bounded] bv 
one line* which is called the circnmference, and is sum 
that all straight lines drawn from a certain point within 
the fignrc to the circumference, are equal to one 
another. 

The circomferexice of a circle is its boundary. The space con- 
tained within the boundary, is called ft« circle. 

And this point is called the centre of the circle. 
The straight line drawn from the centre to the circumference, is called the radius. 

xvn. 

A diameter of a eircle is a straight line drawn through the centre, anc 
terminated both ways by the circumleronce. 

xvni. 

A semicircle is the figure contained by a diameter and the part of the 
circumference cut off by the jdiameter. > 

[A segment of)a*<nr^ is the figure contained by a irtanight liae, anc 
the part of the eirci^iiferenee it cute off.] 

This definition is repeated in Book m. Definition TI. 

XX. 

Kectilineal for, rectilinear, that ist formed of straight lines f"] figuces ar^ 
those which, are contained [or, bounded] by straight lines. 

XXI. 

Trilateral [that is, three-sided']^ figures, or trian^^les, [that is, three 
angled, are those which are containeo] by three straight Imes. 

XXII. 

Quadrilateral, [that is, fimr-sided ; or, . quadruifiplfis, that is, four 
angled, are those which are contained] by four straight Hum. 

xxnL 

Mutilateral [that is, many^mded'^ figines, or -polygons, [that :i8, mdny> 
angled, are those which are contained] by more than ibnr.strai^^ linei. 

XXIV. 

Of three-sided figures, an equilateral [that is, equal^ided] 
triangle is that which has three equal sides. 

XXV. 

An isosceks [that is, eqacHrkgged ] triangla ia .^Xa^ ^^k^^s^ \ ^^ 
has ozUy two fliaeB equal. ^ 
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XXVL 






A scalene [that is, uneqiml] triangle is that which has 
three unequal sides. 

XXVIL 

A right-angled triangle is that which >:as a right angle. 

t 

xxvni. 

An obtuse-angled triangle is that which has an obtuse 
angle. 

XXDC. 

An acute-angled triangle is that which has three acuic- 

angles. 

The acute angled triangle \uiut have three acute angles, because . 

the two preceding species of triangles have each tux> acute ^Li-^^^^^ 
angles, as will be &own in the sequel. 



XXX. 

Of four-sided figures, a square is that which has all its 

sides equal, and aU its angles right angles. 

Tbis definition is redundant. If the general definition annexed to 
the 84th Frop. of this book be considered, the square is only a 
species of parallelogram, viz. that which has one angle a right 
angle and the sides whidi contain it equal to one another. 



/ 



XXXI. 

An oblong is that which has all its angles right angles, but has 

not all its sides equal. 

This definition is also redundant ; for an oblong [or rectangle, that is, 
a right-angled paralielogram] is that which has one angle a right 
angle, and the sides which contain it equal. 



xxxn. 

A rhombus is that which has all its sides equal, but its 

angles are not right angles. 

This is also redundant ; for a rhombus is that which has one 
angle oblique, and the sides which contain it unequal. 

xxxin. 

A rhomboid is that which has its opposite sides equal to 
one another, but all its sides are not equal, nor its angles 
right angles. 

This definition may be replaced by that of a parallelogram above 
mentioned. 

XXXIV. 

All other four- sided figures besides these, are called 
Trapeziums. 

Quadrilateral figures whose opposite sides are not parallel, are 
^,' eaUed trapeziums ; but if one opposite pair be parallel and the 
fftberpair not» the figure is called a trapezoid. 



\ 




A 



\ 





BOOK I. — POSTULATES — ^AXIOMS. 5 

XXXV. 

Parallel straight lines are such as ^_ 

are in the same plane, and which 

being produced ever so far both ways 
do not meet. 

The meaning of this definition is, that the space between the lines is always of the 
same breadth. 

POSTULATES. 

I. 

Let it be granted, that a straight lino may be drawn from any one 
point to any other point. 

When a straight line is drawn from one point to another point, the points are 
said to be joined. The points are miderstood to be in the samo plane. 

n. 

That a terminated straight line may be produced to any length in a 
straight line. 

By tenninaied here, is meant of a defimiU length ; 'and by produced is meant 
lengthened or extended ind^nUdyt in the same plane. 

TO. 

And that a circle may be described from any centre, at any distance 
from that centre. 

By describing a circle at any distance, is meant drawing a circle in a plane with 
any given radios. 

Yarioos other postulates (that is, demands of common sense,) are tacitly assumed 
by Euclid; as, that one figure or angle may be applied to another, for the 
purpose of comparison. See Prop. lY. of this book. 



AXIOMS. 

I. 

Things which are equal to the same thing, are equal to one another. 

IL 
If equals be added to equals, the wholes are equal. 

in. 

If equals be taken from equals, the remainders are equal. 

lY. 
If equals be added to unequals, the wholes are unequal. 

V. 

If equals be taken from unequals, the remainders are unequal. 

YI. 
Things which are double of the same) «te eojoaSLX^ <s^^ ^swi^^st* 
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VII. 

Things which are halves of the same, are equal to. one another. 

vm. 

Magnitudes which coincide with one another, that is, which exactly 
fill the same space, are equal to one another. 

EL 

The whole is greater than its part. 

Dr. Thomson, in his edition of Enclid, has added to this axiom, another, viz. , that 
'* the whole is eqoal to all ita parts taken together." 

X. 

Two straight Unes oaimot endbse a space. 



XI. 

AU right angles are equal to one another. 




xn. 

If a straight line meets two straight lines, 
so as to m&e the two interior angles on the 
same side of it, taken together, less than 
two right angles, these straight liiies, heing 
continuallj produced, shall at length meet 
upon that side on which are the angles "whieh 
are less than two right angles. 

It is admitted hy Dr. Simson that this axiom is not s^-evldent, which all 
axioms ought to be. AooardiBgl]i> he demonstrates the tmth of it as a pro- 
position in his notes, by help of five different propositions I Though not con- 
sidered free from objection, the substitute for this axiom, given in Playfair's 
edition of Euclid, is to be preferred: viz., "If two straight lines intersect each 
other, they cannot be both parallel'to the same straight line.'* 

The number of axioms is in this book limited to twelve ; but Euclid has tacitly 
, assumed the trvth of various other axioms, which will be noticed in the sequel. 
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PBOP. L PROBLEM, 
To describe an equilateral triangle upon a given Jinite straight line. 

Let AB be the given straiglit line; It is required to describe an 
equilateral triangle upon AB. 

f'rom the centre A, at the distance AB, describe 
(Post. 3) the circle BCD. From the centre B, at the 
distance BA, describe the circle ACE. And from the 
point C, in which the circles cut one another, draw the 
straight lines {Post, 1) CA, CB^ to the points A, B. 
Then ABC is an equilateral triangle. 

Because the point A is the centre of the circle B CD, 
AC is equal {Def. 15) to A B. And because the point B is the centre 
of the circle ACE, B C is equal to B A. But it nas been proved that 
CA is equal to AB. Therefore the two straight lines CA, CB, are 
each of them equal to AB. But things which are equal to the same 
thing are equal {Ax. 1) to one another- Therefore CA is equal to CB^ 
Wherefore the three sides CA, AB, BC, are equal to one another. The 
triangle ABC is, therefore, equilateraL And it is described upon the 
given straight line AB. Q» E. E. 

From the oonstraotioB of this problem, it is plain that, upon any giyen straight line^ 
two equilateral. triangles may be described, viz. one. on each side. 

Sxendse. To describe an isosceles triangle upon a given finite straight line, that 
shall have each of its sides double the base. 



PBOP. n. PROBLEM. 

^'om a given point to draw, a straight line equal to a given straight line. 

Let A be the given point, and BC the ^ven straight line. It is 
required to draw from the point A a straight line eui^ual to B C. 

From the point A to B draw (Post. 1) the straight line AB. Upon 
AB describe (L 1) the equilateral triangle DAB. And produce (Po9t, 2) 
the straight lines D A, D B, to the points E and F. From the centre B, at 
the distance B C, describe (Post, 3) the circle CGH. And from the centre 
D, at the distance D 6, describe the cirde G £. L« Then, the straight Hne 
AL is equal to B C. 

Because the point B is the centre of the circle 
C G H, B C is equal (Bef. 15) to B G. And because 
tile point D is the centre of the circle G £ L, D L is 
equcd to D G. But ( Const.) D A, D B, parts of these 
equals, are equal. Therefore the remainder AL is 
equal to the remainder {Ax. 3) B G. - But it has been 
shown that B C is equal to B u. Wherefore AL and 
B G are each of them equal to B G. And things 
that *are equal to the same thing are equal (Ax. 1) 
to one another. Therefore the straight line AL is equal to the 
straight line B C. Wherefore from the given jioint A, a straight line 
AL has been drawn equal to the given straight line B C. Q. E. F. 

The construction of this problem might be improyed. i\fia&\— ^^tov Isrsw. '^^Rsa- *"^ 
describe the equUatend trlang\e A.B"D. IStom \5a!b <seste^ ^^'^ *<S» ^8** 
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BO, describe the circle CGH. Produce DB to meet the circumference in 6. 
From the centre D, at the distance J) G, describe the circle G K L. Produce 
DA to meet the circumference in L. Then AL is equal to B C. The demon- 
stration of this construction will be the same as that above. 

Exercise. Draw the figures, and show the application of the construction and 
demonstration to different positions of the point and the straight line ; such as* 
when the given point is situated above the straight line or below the straight 
line; also, when in the straight line itself, at the extremities, or at any point 
between them. 

PROP. III. PROBLEM. 
From the greater of two given straight lines to cut off apart equal to the less. 

Let AB and C be the two given straight lines, 
of which AB is the greater. It is required to 
cut off from AB, the greater, a part equal to C, 
the less. 

From the point A draw (I. 2) the straight line 
AD equal to C. And from the centre A, at the 
distance AD, describe {Post.Z) the circle DEF. 
Then tlie part AE shall be equal to C. 

Because A is the centre of the circle DEF, A E is equal {Def, 15) 
to AD. But the straight line C is likewise equal {Const,) to AD. 
Therefore AE and C are each of them equal to AD, Wherefore the 
straight line AE is equal {Ax, 1) to U. Therefore from AB the 
greater of two given straight lines, a part AE has been cut off equal 
to C the less. Q. E. F. 

Exercise. To produce the smaller of two given straight lines, so that with the part 
produced, it shall be equal to the greater. 

PROP. IV. THEOREM. 

If two triangles have two sides of the one eqtml to two sides of the other ^ 
each to each J and have likewise the angles contained by these sides equal 
to one another, their bases, or third sides, are equal ; the two triangles 
are equal; and their other angles are equal, each to each; viz., 
those to which the equal sides are opposite. 

Let A B C, D E F be two triangles, which 
have the two sides AB, A C equal to the two 
sides DE, DF, each to each; viz., AB to 
DE, and AC to DF; and the angle BAG 
equal to the angle EDF. Then the base 
B C is equal to the base E F ; the triangle 
AB C is equal to the triangle DEF; and tiie 
remaining angles of the one are equal to the 
remaining angles of the other, each to each; viz., those to which the 
equal sides are opposite ; that is, the angle A B C is equal to the angle 
DEF, and the angle A C B to the angjle DFE. 

For, if the triangle ABC be applied to the triangle DEF, so that 
the point A may be on the point D, and the straight line A B upon the 
straight line DE. The point B shall coincide (that is, fall upon, so as. 
to agree) with the point E, because AB is equal {Hyp) to D E. And 
AB coinciding with D E, A C shall coincide with D F, because the angle 
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BAG is equal (Hi/p,) to the angle EDF. Also, the point C shall 
coincide with the point F, because AC (Syp-) is equal to DF. But 
the point B was proved to coincide with the point E. Therefore the base 
B C shall coincide with the base EF. For, the point B coinciding with 
the point E, and the point C with the point F, if the base B C does 
not coincide with the base EF, the two straight lines B C, EF, would 
enclose a space, which {Ax, 10) is impossible. Wherefore the base 
BC coincides with the base EF, and is, therefore, equal {Ax. 8) to it. 
Wherefore, also, the whole triangle ABC coincides with the whole 
triangle DEF, and is, therefore, equal to it. And the remaining angles 
of the one coincide with the remaining angles of the other, and are 
therefore eqaal to them, each to each; viz., the a^le ABC to the angle 
DEF, and the angle ACB to the angle DFE. Therefore, if two 
triangles have two sides, &c. Q. E. D. 

The demonstration of this proposition might have been conducted by beginning 
the application of the one triangle to tiie other at th« points B and £, and 
then going round the figure as above. 

This proposition holds equally true, when the angles contained by the two sides, of 
the one triangle is the same as that contained by the two sides of the other ; as, in 
the triangles F AC, GAB, see fig. to next proposition; or, when the triangles 
have a common base, as in the triangles FBC, GCB, seethe same fig. ; or when 
they have a common side. 

Corollary. If the sides AB, D E, or the sides AO, DF, were produced, it would 
be shown in the same manner, that the angles formed upon the other sides of 
the bases of the triangles would be equal, each to each. 

Exercise. If two squares have one side of the one equal to one side of the other, 
the squares ore equal in all respects. 

PROP. V. THEOREM. 

TJie angles at the hase of an isosceles triangle are equal to one another: 
and if the eqttal sides be produced, the angles upon tlie other side of 
the hase shaU he equal. 

Let ABC be an isosceles triangle, of which the side AB is equal to 
the side AC. And let the equal sides AB, AC be produced to D and E. 
Then, the angle ABC is equal to the angle ACB, and the angle CBD 
to the angle BCE. 

In BD take any point F, and from AE the greater, cut off AG equal 
(I. 3) to AF the less. Join FC, GB. 

Because in the two triangles AFC, AGB, AF is equal to {Const,) 
AG, and AB to {Hyp,) AC, the two sides FA, AC are equal to the two 
sides GA, AB, each to each ; and they contain the angle FAG common 
to the two triangles AFC, AGB. Therefore the 
base FC is equal (1.4) to the base GB, and the 
triangle AFC to the triangle AGB. Also, the re- 
maining^ angles of the one are equal (I. 4) to the 
remaining angles of the other, each to each ; viz., 
those to which the equal sides are opposite ; that 
is, the angle ACF to the angle ABG, and the 
angle AFC to the angle AGB. Again, because the 
whole AF is equal to the whole AG, of which the 
parts AB, AC, are equal. Therefore the remainder 
BF is equal {Ax. 3) to the remaiivdeT eC3[. ^^^.,15^ ^^ -^-tss^^^ V 
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cq[ixal to GB. Therefbre, in the two triangles BFO, GCB, the two 
sides BF, FC axe equal to the two sides C(j, GB, each to each. And 
the angle BFC was proved to be equal to the angle CG B. Wherefore 
the two triangles BFC, CGB, are equal (I. 4), and their remaining 
angles are equal, each to each, viz., those to which the equal 8ide» are 
opposite. Therefore the angle FBC is equal to the angle GCB, and 
the angle BCF to the angle CBG. But it has been demonstrated, that 
the whole angle ABG is equal to the whole angle ACF, and the part 
CBG of the one, equal to the part BCF of the other. Ther^ore 
the remaining angle AjBC is equal {Ax, 3) to the remaining angle AGB, 
and these are the angles at the base of the triangle ABC. It has also been 
proved that the angle FBC is equal to the angle GCB, and these are 
the angles upon the other side of me base. Therefore the angles at tiie 
base, &c. Q. E. D. 

Coroliarif, HenM evezf eqailateral (eqnalraided) triangle is also eqniangnlar (equal- 
angled). 

This demonstration might be ahortened by the applieation of the ooroUarff to the 
preceding proposition. To do so, will be a useAii exercise to the student. 

The emmciatiOB of tliit propoaitifni is more clearly ezpsessed thus : ** ^two aides qf 
a triangle be equal to one another » the angles which are oj^posUe to the equal sides, 
are also equal to one another;** and if the eqfial sides be prodnced, the angles 
upon the other, aide of the base shall likewise be equal. 

PROP. "VT. THEOREM. 

If two angles of a triangle he equal to one another.^ Uhe sides which subtend^ 
or are opposite to the. equal angles, are equal to one another. 

Let ABC be a triangle having the an^leABC equal to the angle 
ACB. Then the side AB is equal to the side AC. 

For, if A B be not equal to AC, one of them is greater than the other 
LetAB be the greater ; andfromB Aoi^ ( I. 3)offBD equal to AC, the 
less. And join DC. 

Because in the two triangles DBC, ACB, the side DB 
is equal to the side AC, and BC is. common to both, the 
two sides, DB, BC are equal to the two sides AC, CB, 
each to each. And the angle DBC is equal to the angle 
{JEbm,) ACB. Thecefore the base DC. is equal to the base 
AB. And the triangle DBC is equal to the triangle (I. 4) 
ACB, the less to the greater, which is/ absurd. There- 
fore AB is not unequal to AC; that is, AB is- equal to A C. 
Wherefore, if two angles, &c. Q. £. D. 

CcrdOary, Hence every equiangolar triangle is also equilateral. 

This proposition is called the oonverse of Prop. V., beoanae the 
hypothesis of that proposition is the predioate of this one. 

ExerciBt, In the flgnr* of Prop^ V., let a straight. Use be drawn ih>m the point 
A to the point of intcneotion of the two straight lines BG. Fa It is required 
to prove that this stnight line wiU bisect the angle FAG. This suggests a 
readier mode of Ubnoting an angle than tliat contained in Prop. IX. of tU» 
book. 
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PROP. VII. THEOREM. 

Upon the same base, and on the same side of it, there cannot he two 
triangles having their sides terminated in one extranity of the base, 
equat to one another, and likewise those terminated in the other 
extremity. 

If it be possible, upon the same base AB, and upon the saaie side of it» 
let there be two triangles AGB, AD B, having their sides CA, DA 
terminated in the extremity A of tiie base, equal to one 
another, and likewise their sides, CB^DBi terminated . 
in the extremity B. 

Join CD. First, let the verteic. of each triangle be 
without the other triangle. Beoauae AO is equal 
(^Hyp,) to AD in the triangle^AiCD, the angle. ACD 
laefuu (1. 5) to the acngle ADC But the angle ACD is 
gTec^er^.^iii:;.d) tiian: tfaa angle ACD« Therefore the angle 
AD G is also greater than me angle 3 C Di . Mnoh more 
tfaenr ijrtho angle* BDC greater ilian- the angle. BCD'^ . Again, beoanse 
CB iB> e^al {Sypi) to* DB> the angle BDG isequal (L. 5) to the angle 
BOD. But- it has been demosstntted that tfao. angle BDG is greater 
than l^e angles BGIX. Therefore, the. ang^fr.BDG is both equal to, and 
greater than the^aigle B CD ; winch. i& impossible. 

Seoondlvv le^ the; vertex of. one of: th» triangles be: within, the other 
txiaaxgle; rroduce-AG and AD to EandP. Because AG. 
is equal [Hyp.) to AD in the triangle ACD, th&ai^les' 
£CI)» 'E'DG upon the oidier. side of the base CD are 
equal (L 5} to one another. But the angle EGD ift. 
greater CAx, 9) thm' the angle B CD. Therefore the 
angle FD is. likewise greater than BCD. Much more 
tihen is the angle BDG greater than the angle BCD.. 
A«un,. beeause GB is equal (JSjyp*) to DB, the angle 
BDC is equal (I. 5) to the angle BCD. Buj.it has 
been proved that the angle BDC is greater than the angle BCD. 
Therefore, the angle BDO la both equal to, and greater than the angle 
BCD, wluch is impossible. 

Hie third case, in which the vertex of one triangle' ia upon* a side 
of the othw needs.' noj danonstration. 

Tfaerefore^ upon thec> snne base,, and on: the. same side o£, ibf &c. 
Q. E. D. 

The third case needs no: dtmonstralioBr because, when, the vertex of the one 
triangle is upon aeide of the other, that is, on a.point between A and C, in the 
triangle A OB, the sides which terminate in one extremity of the base are 
unequal, which is contrary to the hypothesis. 

Exercise. If two trimsies on the same base; and: on; opposita sides o£ it» have their 
sides terminated Ix one extremity of the base equal, and likewise those ter- 
minated in the ether extiwnuty; the angle contained by thft \:«^ ^^iSMk 
of the one shall be eqiml to the- angle con\ii'n&^ \s^ ^Iaft V«^ ^^r^a*. *^i». 
other. 
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PROP. VIII. T H E EE M. 

If two triangles have two sides of the one equal to two sides of the other^ 
each to each, and have likewise their bases eqtml ; tlie angle which u 
contained by the two sides of the ouc is equal to the angle contained h^ 
the two sides equal to them, of the other. 

Let ABC, DEF be two triangles, Laving the two sides AB, AC 
equal to the two sides DE, DF, each to each; viz., AB to DE, and AC 
to DF ; and also the base BC equal to the 
base EF. The angle BAG is equal to the 
angle EDF. 

For, if the triangle ABC be applied to 
the triangle D E F, so that the point B shall 
be on £, and the base BC upon the base 
EF ; then, the point C shall coincide with 
the point F, because BC is equal (Hyp,) 
to EF. AndBC coinciding with £F, BA and AC shall coincide inth 
ED and DF. For, if the base BC coincides with the baseEF, and the 
sides BA, AC do not coincide with the sides ED, DF, but hare a 
different situation as E G, OF. Then, u]x>n the same base EF, and upon 
the same side of it, there can be two triangles having their sides termi- 
nated in one extremity of the base equal to one another, and likewise those 
terminated in the other extremity. But this is (1. 7) impossible. Where- 
fore, if the base BC coincides with the base EF, the sides BA, AC 
cannot but coincide with the sides ED, DF. Therefore, the angle BAG 
coincides with the angle EDF, and is equal {Ax, 8) to it. Theref<»:eif 
two triangles, &c. Q. E. D. 

CoroUary. It is a plain inference firom the demonstration of this proposition, that 
if the three sides of one triangle be equal to the three sides of another triangle, 
each to each ; the three angles of the one shall be equal to the three angles of 
the other, each to each,-— viz., those to which the equal sides are opposite. 

Pappus demonstrates this proposition without the aid of Prop. YII., by applying 
the base of the one triangle to the baee of the other, and inverting the form«r, 
60 that they shall correspond exactly to the tenoA of the proposition oontained 
in the exercise appended to the preceding proposition. 



PROP. IX. PROBLEM. 

To bisect a given rectilineal angle ; that is, to divide it into two equal angles. 

Let B A C be the mven rectilineal angle ; it is required to bisect it. 

Take any point DinAB, and from AC cut off AE (I. 3) equal to 
AD. Join DE. Upon DE, opposite to the triangle 
DAE, describe (I. 1) an equilateral triangle DEF. 
Join A F. The straight line AF bisects the angle B A C. 

Because AD is equal (Cons*.) to AE, and AF is 
common to the two triangles DAF, EAF, the two 
sides DA, AF, are equal to the two sides EA, AF, 
each to each ; and the base DF is equal {Const,) to the 
baseEF. Therefore the angle DAF is eq^ual (1. 8) to 
the angle EAF. Wherefore the given rectilineal angle 
B A C is bisected by the straight line A F. Q. E. F. 
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By means of this proposition, au angle may be divided into any nomber of eqaal 
parts denoted by the successive powers of the number 2 ; that is, into 2, 4, 8, 16, 
82, 64, &o., equal parts ; but to divide any angle into three equal parts, that is, to 
trisect an angle, is beyomd the power of elementary geometry. 

PROP. X. PROBLEM. 

To bisect a given finite straight line : that is, to divide it into two equal parts. 

Let AB be the given straight line. It is required to divide it into two 
equal parts. 

jDescribe upon AB (L 1) au equilateral triangle ABC, and bisect (1. 9) 
the angle ACB by the straight line CD, meeting A B in the point D. 
Then, AB is divided into two equal parts at the point D. 

Because AC is equal (Const.) to C B, and CD common 
to the two triangles A CD, BCD, the two sides AC, 
CD, are equal to the two sides B C, CD, each to each ; 
and the angle A CD is equal {Cofist.) to the angle B CD. 
Therefore me base AD is equal to the base (I. 4) DB, 
and the straight line AB is divided into two equal parts 
at the point D. Q. E. F. 

By this problem a straight Hue may be divided into any number of equal parts 
denoted by the series 2, 4, 8, 16, &c. 



PROP. XI. PROBLEM. 

To draw a straight line at right angles to a given straight line, from 

a given point in the same. 

Let A B be a given straight line, and C a given point in it. It is 
required to draw a straight line trom the point C at right angles to AB. 

Take any point D in AC, and make (I. 3) C£ equal to CD. Upon 
DE describe (1. 1) the equilateral triangle DFE, 
and join FC. The straight line FC drawn from 
the given point C, is at right angles to the given 
straight line AB. 

Because DC is equal {Const,) to CE, and FC 
common to the two triangles D C F, £ CF, the two 
sidEs DC, CF, are equal to the two sides EC, CF, aIgT 
each to each; and the base DF is equal {Const,) 
to the base EF. Therefore the angle DCF is equal (I. 8) to the angle 
£CF: and they are adjacent angles. But when the adjacent angles 
which one straight line makes with another straight line, are equal to one 
another, each of them is called a light {Bef. 10) angle. Therefore each 
of the angles DCF, EC F, is a right angle. Wherefore, from the given 
point C, m the given stra^ht line AB, a straight line FC has been 
drawn at right angles to A S. Q. E. F. 

Cob. — ^Two straight Hnes cannot have a common segment ; that is, they 
cannot coincide in part without coinciding altogether. 

If it be possible, let the two straight lines ABC^ A^Rl^^Viss:^'^ *^Siffe 
se^ent AB common to both of them. 

I^mfhe point B draw (1. ll)T\EiatT\!g\Ltwi^^^\» ^^- 
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Beoanse AB C is flfstraight line, the angle CB£ is 
equal {Bef. 10) to the angle E B A. Beeanse AB D 
is a straight line, the angle DBE is equal to the 
angle EB A. Therefore {Ax. 1) the angle D BE is 
equal to the angle CBE, the less to the greater, 
which is impossible. Therefore two straight lines 
cannot have a common segment. Q. E. D. ^ £" 

In Playfair's edition of the Elements, ibis corollary is drawn from the dORficttfe 
definition of a straight line, which he has anbstitated. for Euclid's. 

Exercises. — 1. From the extremity of a given straight line, to draw a straigjitline 
which shall make a right angle with it. 

2. In a straight line of unlimited, length, giren in position, to find a point cquidly 
distant fimn two giren-polnts. 

3. If the three sides of a triangle-be .Useetod, and straight lines be drawn tJuwit^ 
the points of biseotioQ-At.xJght angles to the sides, .they shall, if produoed, Beet 
in the same i>oint. 

4. To describe a square upon a given, straight line. 

PEOT. XII. FBOBLBM. 

2b draw a straight Une perpendicular io a given straight line of unlimited 

lengthffrom a given point without it, 

Xet AB be the given straight Hne, which may be produced to any 
length both ways ; and let C be a point without it. 
It is required to draw a straight line perpendicular 
to A B from the point C. 

Take any point D upon the other side of AB, 
and from the centre C, at the distance CD, de- 
scribe {Post. 3) the circle EGF meeting AB in F 
and G. Bisect (1. 10) FG in H, and join CH. 
The straight line C H, drawn from the given point 
C, is perpendieular to the given straight line AB. 

Join C F, C G. Because F H is equal ( Const, 'j to H G, and H C eommon 
to the two triangles F H C, G H C, the two sides F H, H C, are equal 
to the two sides GH, HC» each to each; and the base OF is equal 
{Def. 15) to the base CG. Therefore the angle C H F is equal (I. ^ to 
the angle C H G ; and they are adjacent angles. But when ll strau;ht 
line standing on another straight Une makes the adjacent angles eqcudto 
one another, each of them is a right angle, and the straight line- whidi 
stands upon the other is called a perpendicular (Def. 10) to it. Tfaerafore 
from the given point C a perpendicular CH has been drawn to the ipcvBD 
straight line A B. Q. E. D. 

JSxerdse. From a point nearly in the perpendicular to a straight line at one «S' 
tremity, but within the right angle, to draw a fltndght line whidi ebaU maln-A 
right angle witii it. 

PROP. XIII. THBOBEM. 

The angles which one straight Une makes with another upon one side of it, are 
either two right angleSt or are together equal to two right angles. 

Let the straight line AB make with CD, upon one ^de of it, ihe:hro 
angles C B A, A B D. These angles axe either two riglit .aijlgleBy <v 
are together equal to two right angles. • 
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For if the angle CB A be emialto the. angle A BD, each of them is a 
right angle {Def. 10). But if the 
angles C B A, A B D, be imeqnal, 
from the point B draw B E at risht 
angles (I. 11) to CD. Theretore 
the angles CBE, EBD {Def, 10) 

are two right angles. But the angle j) 

G B E Ls equal to the two angles 
CBA, ABE, together. To each 
of these equals add the angle E-BD. 

Therefore the two angles CBE, E B D, are equal {Ax, 2) to the three angles 
CBA, ABE, E BD. Again, the^nfi^le D B A is equal to the two angles 
DBE, EBA. Toe&choi theseequaLaaddtheangleAB.C. Therefore 
the two angles DBA, A B C, are equal {Ax» 2) to Hie three angles DBE, 
EBA, ABC. But the twoangles C B E, E B D, liave been proved to be 
equal to the same three angks. And things that are equal to the same 
tmng are equal {Ax, 1) to one another. Therefore the two angles CB E, 
E B D, are equal to the twootagles D B A, A B C. But the two angles C B E, 
E B D, are two right angles. :TherefQre the two angles D B A, A B C, are 
together equal {Ax, 1) to two right ,angles. "WierSbre, the angles which 
one straight line, &c. Q.E«D. 

CoroUary 1.— All the angles made by any nnmber of straight lines meeting at 
a point, on one side of a straiglit line, are together equal to two right angles. 

Cor^kary.% — ^All the angles .made by any number of straight lines meetiog in a 
point, are together equal to four right angles. 

JD^finitUm 1. — .When two angles are together equal to two ri^t angles, the one is 
called the sujppUma^ of the otiier. 

DeRnUAon 2. — ^When two angles are together equal to a right angle, the one is 
called the complj&mtnt of the other. 

Exerdse. — If an angle and its supplement be bisected, the. bisecting lines are per- 
pendicular to each other. 

PROP. XrV. THEOREM. 

If, at a point in a straight Une, two other straight lines, upon the opposite 
sides of it, make the two adjacent angles together eqtial to two right 
angles, these two straight lines are in one and the same straight line. 

At the point B, in tke straight line AB» let.the 
two straight lises £C, BD upon the oppoflite 
sides of AB, make the acyacent angles ABC, 
ABD together equal to two right angles. Then, 
B D is in the same straight line with C B. 

For, ifBD be not in the same straight line 
with CB, let BE be in the same strai^t line 
with it. Because the straight line AB makes with 
the straight line CBE, upon one side of it, the two angles ABC, ABE, 
these two angles are togetiier equal (1. 13) to two right angles. But the two 
angles ABC, ABD are likewise together equal {Et/p,) to two right 
angles. Therefore the two Angles CBA, ABE are equal {Ax, 1) to the 
two angles CBA, ABD. From each of these equals, take awaj the 
common angle ABC. Therefore the remaiaing angle AB E i&es5»S^^^^^\ 
to the remaining angle ABD, the leaatothfi>JBK».\Bc^^\svs^ 
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Wherefore BE is not in the same straight line with BC. In like man- 
ner, it may be shown that no other straight line but B D, can be in the 
same straight line with B C. Therefore BD is in the same straight line 
with CB. Wherefore, if at a point, &c. Q. E. D. 

Corollary. — If at a point in a straight line, two other straight lines upon the »■«• 
side of it, make each a right angle with it, these two straight lines shall ooindde 
with each other. 

PROP. XV. THEOEEM. 

If two straight lines cut one another, the vertical, or opposite angles 

are equal. 

Let the two straight lines A B, CD, cut one another in the point E 
The angle AEC is equal to the angle DEB, and the angle C £B to the 
angle A ED. 

Because the straight line AE makes with CD the two angles CEA, 
AED, these angles are together equal (I. 13) to 
two right angles. Again, because the straight 
line DE makes with A B the two angles AED, 
DEB, these angles are together equu (I. 13) to 
two right angles. But the two angles CEA, 
AED, have been proved to be equal to two 
right angles. Therefore the two angles CEA, 

AED, are equal {Ax, 1) to the two angles AED, DEB. From these 
equals, take away the common angle AED. Therefore the remaining 
angle CEA is equal {Ax. 3) to the remaining angle D E B. In the same 
manner, it can be demonstrated, that the angle CEB is equal to the 
angle AED. Therefore, if two straight lines, &c Q. E. D. 

The corollaries added to this proposition hy Euclid, are included in those now 

added to Ffop. XIII. 
Excrdse 1. — If at a point in a straight line two other straight lines meet upon the 

opposite sides of it, and make the vertical or opposite angles equal, these two 

straight lines are in one and the same straight line. 
Exerdse 2 .—li two straight lines cut one another, and the vertical angles be 

bisected, the bisecting lines are in one and the same straight line. 

PROP. XVI. THEOREM. 

If one side of a triangle be produced, the exterior angle is greater than either 

of the interior opposite angles. 

Let A B C be a triangle, and let its side B C be produced to D. The 
exterior angle A CD is greater than either of the interior opposite 
angles CBA, BAC. 

Bisect (1. 10) A C in E, join B E and produce it 
to F. Make E F equal (I. 3) to B E. Jom F C. 

Because AE is eqaal {Const.) to EC, andB E ( Const.) 
to E F. Therefore, in tke triangles A E B, C E F, the 
the two sides A E, E ]p, are equal to the two sides 
CE, EF, each to each. But the angle AEB is 
equal (I. 15) to the angle CEF, because they are 
vertical angles. Therefore the base AB is equal 
(1.4) to the base CF, the triangle AEB to the 
triangle CEF, and the remaining angles of the one 
to the remaining angles of the other, each to each*. — yis., those to whioh 
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the eqnal sides are oj^osite. Wherefore the angle B A E is equal to the 
angle jSCF. But the angle ECD is greater {Ax. 9) than the angle 
E C F. Therefore the an^le A C D is greater than the angle B A E. In 
the same manner, if the side B C be bisected, and A C be produced to G, 
it may be demonstrated that the angle B C G, is greater than the angle 
ABC. But the angle A CD is equal (I. 15) to the angle BCG. 
Therefore the angle A C D is greater than the angle ABC. Therefore, 
if one side, &c. Q. E. D. 

The student should for the sake of practice, write oat the demonstration of the 
second port here alluded to ; otherwise, the truth of the proposition will not be 
so completely fixed in his mind. A new axiom is takoi for granted in the 
demonstration of this, and some subsequent propositions ; viz., If two things be 
equal to one another, and the one be greater than a third, so is the other. 

Exercise. — ^From a point without a straight line, only one perpendicular can be 
drawn to it. 

PROP. XVII. THEOEEM. 

Any two angles of a triangle are together lees than two right angles. 

Let A B C be any triangle ,* any two of its angles are together less than 
two right angles. 

Produce B C to D. Because A C D is the ex- 
terior angle of the triangle ABC, the angle A C D 
is greater (1. 16) than the interior and opposite 
angle ABC. To each of these unequals, add the 
angle A C B. Therefore the two angles A C D, 
A C B, are greater {Ax. 4) than the two angles 
ABC, ACB. But the two angles ACD, ACB 
are together equal (L 13) to two right angles. Therefore the two 
angles ABC, B C A are together less than two right angles. In like 
manner, it may be demonstrated, that the two angles B A C, ACB, as 
also the two angles CAB, ABC, are together less than two right 
angles. Therefore any two angles, &c. Q, E. D. 

Exercise 1. — The three interior angles of any triangle are less than three right 

angles. 
Exercise 2. — The two exterior angles of any triangle are greater than two right 

angles ; and the three exterior angles are greater than three right angles. 

PROP. XVIIX. THEOREM. 
The greater side of every triangle is opposite to the greater angle. 

Let A B C be a triangle, of which the side A C is 
greater than the side AB. The angle ABC is 
greater than the angle B C A. 

From AC cut off (I. 3) AD equal to AB. Join 
BD. 

Because A D B is the exterior angle of the trian- 
gle BDC, it is greater (I. 16) than the interior 
and opposite angle DCB. But the angle ADB is equal (I. 5) to the 
angle ABD, because the side AB is equal {Const,) to the side AD. 
Therefore the angle A B D is likewise greater than the ^xss^^ ^^^« 
Much more, therefore, is the angle ABC ^^jX.'et ^^s^ 'Osia •esw^^ W^^fi^ 
Therefore the greater side, &c. Q..!^. "D. ^ 
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CoroOary. — One angle of a triangle is greater than, equal to, or less than another, 
according as the side opposite to the former is greater than, equal to« or less 
than the side opposite to the latter. 

OoroUaary 2. — ^AU the angles of a scalene triangle are unequaL 

PROP. XIX. THEOREM. 

The greater angle of every triangle is subtended by the greater side, or has 

the greater side opposite to it. 

Let A B C be a triangle, of which the angle A B C is greater than the 
angle B C A. The side A C is greater than the side A B. 

For, if the side A C be not greater than the side A B, A C must either 
be equal to A B, or less than it. The side A C is not 
equal to l^e side A B. Because then the angle ABC 
would be equal (I. 5) to the angle A C B. But it is 
(-Hyp.) not. Therefore AC is not equal to A B. llie 
side A C is not less than the side A B. Because then 
the angle ABC would be less (1. 18) than the angle 
A C B. But it is (Hyp.) not. Tlierefore the side A C 
is not less than A B. And it has been shown that 
AC is not equal to AB. Therefore the side AC. is greater than the 
side AB. Wherefore the greater angle, &c. Q. E. D. 

CoroUary. — One side of a triangle is greater than, equal to, or less than another, 
according as the angle opposite to the former, is greater than, equal to, or leas than 
the angle opposite to the latter. 

JBxerciae. — ^If from a point without a given straight line, any number of strai^t 
lines be drawn to meet it ; of all these straight lines, that which is perpendicular 
to the ^ven straight line is the least ; and of others that which is nearer to the 
perpendiculaf is always less than the more remote; also, from the same point 
only two equal straight lines can be dhiwn to the given straight line, one upon 
each side of the shortest line. 

? PROP. XX. THEOREM. 

Any two sides of a tHangle are together greater than the third side* 

Let A B C be a triangle : any two of its sides are together greater than 
the third side ; viz., the sides B A, AC, are greater than the side B C j 
the sides A B, B C greater than AC ; and the sides 
B C, C A greater than A B. 

Produce B A to the point D, and make (I. 3) AD 
equal to AC. Join D C. 

Because D A is equal to A C, the angle A D C is 
equal (I. 5) to the angle A C D. But the angle BCD 
is greater {Ax, 9) than the angle A C D : therefore 
the angle B C D is greater than the angle ADC. But because the angle 
B C D of the triangle DCB is greater than its angle B D C, and uie 
gjpeater (I. 19) angle is subtended by the greater side. Therefore the 
side D B is greater than the side B C. Again AD is equal (Const,) to 
A C. To each of these equals, add B A. Therefore the whole B D is 
equal (Ax. 2) to the two B A and A C. But B D was proved to be 
greater than B C. Therefore the sides B A, AC are greater than B C 
n the same manner it may be demonstrated, that the two sides AB| 
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jB C are greater than C A, and tlie two sides B C, C A greater than AB. 
Therefore any two sides, &c. Q. E. D. 

This proposition is a corollary to the defioition of a straight llne« given in the 
annotation to Def. 4. 

Exercise 1. — Any side of a triangle is greater than the diiTerence between the 
other two sides. ' 

Exercise 2. — The three sides of a triangle taken [together are greater than the 
double of any one side, but less than the doable of any two sides. 

Exercise 8. — From two given points on the same side of a straight line given in 
position, to draw two straight lines which shall meet at a point in it, and which 
taken together shall be less than the sum of two straight lines drawn from the 
same points to any other point in the given straight line. 

PROP. XXI. THEOREM. 

If from ihe ends of one side of a triangle, there he drawn two straight lines 
to a point within the triangle, these together shall be less than t/te 
other two sides of the triangle, but shall contain a greater angle. 

Let A B C be a triangle, and fipom the points B, C, the ends of the side 
B C, let the two straight lines B D, CD be drawn to the point I) within 
the triangle. Then B D and D C together shall be less than the other 
two sides B A, A C of the triangle ABC, but shall contain an angle 
B D C greater than the angle B A C. 

Produce B D to E. Then, the two sides B A, A E, of the triangle 
A B E arc greater than the third side B E {1, 20). 
To each of these unequals add E C. Therefore me two 
sides B A, AC are greater {Ax, 4) than BE, EC. 
Again, the two sides CE, E I) of the triangle CE D < 
are greater (I. 20) than tiie third side C D. To each 
of these unequals, add D B. Therefore the two sides 
C E, E B, are greater (Ax. 4) than CD, D B. But it 
has been shown that B A, A C are greater than BE, 
E C. Much more then are B A, AC, greater than B D, DC. 

Again, the exterior angle B D C of the triangle C D E is greater than 
its interior and opposite angle C E D (I. 16). And the exterior angle 
C E B of the triangle AB E is greater than its interior and opposite angle 
BAC (I. 16). But the angle BDC is greater than the angle CEB. 
Much more then is the angle BDC greater than the angle BAG. There- 
fore, if from the ends of, &c. Q. E. D. 

Exercise, If fh>m any pohit within a triangle, straight lines be drawn to the 
vertices of the three angles, these three straight lines taken together shell be 
less than the sum of the three sides, but greater than half that sum. 

PROP. XXII. PROBLEM. 

To make a triangle of which the sides shall be equal to three given straight 
lines, but any two whatever of them must be greater than the third (I. 20). 

Let A, B, C, be the given straight lines, of wKIcXn. ^sss^ \:^^ ^^^^sal^^s^^st 
are greater than the third; viz., Aaxvd'B ^e^Xst >2smkq.^\ K^sA.^^?^^ 
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than B ; and, B and C greater than A. It is reqnired to make a 
triangle of which the sides shall be equal to A, B, C, each to eadi. 

Take a straight line D E terminated at the 
point J), but unlimited towards E. Make 
(I. 3) DF equal to A, FG equal to B, and 
UH e^ual to C, From the centre F, at the 
distance FD, describe (Post 3) the circle 
D K L. From the centre G, at the distance 
GH, describe (Po»^. 3) another circle HLK. 
And join KF, KG. The triangle KFG 
has its sides equal to the three straight lines 
A, B, C. 

Because the point F is the centre of the circle DK.L, FD is equal 
(Bef. 15) to FK. But FD is equal (Const.) to the straight line A. 
Therefore F K is equal (Ax. 1) to A. Again, because G is the centre of 
the circle L KH, GH is equal (Def. 15) to GK. But G H is equal to 
C. Therefore also GK is equal to C. And FG is equal (Const?) to B. 
Therefore the three straight fines KF, F G, GK, are equal to the three 
straight lines A, B, C. Wherefore the triangle KFG has been made, 
having its three sides KF, FG, GK, equal to the three given straight 
lines A, B, C. Q. E. F. 

This is fbe general propoaitioii of which Prop. I. is but a partienlar case. It is 
evident that upon the other side of the base F G, another triangle might be oos- 
structed, haying its three sides equal to the three given straight lines. 
In the demonstration, it is assumed that the two circles will intersect each other. 
To prove this, it is suflGlcient to observe that the sum of the radii of the two 
circles is, by hypothesis, greater than the distance between thefa: centres. 

Exercise 1. — To make a triangle equal to a given triangle. 

Exercise 2. — To make a rectilineal figure equal to a given rectiUneal figure. 



PROP. XXIII. PROBLEM. 

At a given point in a given straight linCf to make a rectilineal angle eqtial to a 

given rectilineal angle. 

Let AB be the given straight line, A the given point in it, and D CE 
the given rectilineal angle. It is required to ^ ^ 

make an angle at the given pioint A in the 
given straight line A B, that shall be equal 
to the given rectilineal angle DCE. 

In CI), CE, take any pomts D, E, and join 
DE. Upon the straight line AB make 
(I. 22) the triangle AF G, the sides of which 
shall be equal to the three straight lines C D, 
DE, EC, that is, AF equal to CD, AG 
The angle F A G is equal to the angle DCE. 

Because the two sides FA, AG, are equal to the bvo sides DC, CE, 

each to each, and the base FG to the base DE. Therefore the angle 

F A G is equal (I. 8) to the angle DCE. Wherefore at the given pomt 

A, in the given straight line A B, the angle F A G is made equal to 

yiven rectilineal angle DCE. Q. E. F. 
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It ifl evident that upon the other aide of the farsight line AB, another angle might 

be made equal to the given angle DG£. 
Exercise. — At a given point in a given straight line, to make an angle equal to the 

supplement of a given angle ; also, to make an angle equal to its complement. 

PROP. XXIV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other ^ each to 
each, but the angle contained by the two stdes of one of them greater 
than the angle contained by the two sides equal to them, of the other; 
the base of that which has the greater angle is greater than the base of the 
other. 

Let ABC, DEF be two triangles, which have the two sides AB, 
AC, equal to the two sides DE, DF, each to each; viz.^ AB equal 
to DE, and AC to DF. But the angle B AC greater than the angle 
EDF. The base BC is greater th^ the 
base EF. a d 

Of the two sides DE, DF, let D E be the 
side which is not greater than the other. At 
the point D, in the straight line DE, make 

SI. 23) the angle EDG equal to the angle 
B AC. Make 5 G equal (1.3) to A C or DF. 
And join EG, GF. 

Because D E is equal (J2jrp.) to AB, and * ^ 

D G (Const,) to A C, the twa sides, E D, D 6, are equal to the two B A, 
AC, each to each. And l^e angle E D G is equal [Const) to the an^le 
B A C. Therefore the base E G is equal (I. 4) to tibie base B C. Again, 
because DG is equal to DF, the angle DFG is equal (I. 5) to the angle 
DGF. But the angle DGF is greater (Ax. 9) than the angle EOF. 
Therefore the an^e DFG is aJbo mater than EGF. Much more 
then is the angle EFG greater than the angle EGF. Now, because the 
angle EFG of the triangle EFG is greater than its angle EGF, and the 
greater (I. 19) angle is subtended by the greater side. Therefore the 
side EG is greater than the dde EF. But EG was proved to be equal 
to BC. Therefore BC is greater tiian EF. Therefore if two triangles, 
&c. Q. E. D. 

Dr. Slmson in the construction of tiiis proposition, introdneed these words : ** of tiie 
two 8ides D £, DF, let D £ be the side which is not greater than the other," in 
order to avoid three distinct cases of construction, which would arise by taJdng 
that side which is greater than the other. 

Exercise I. — Demonstrate this proposition, by making the construction oo the 
greater of the two sides of the triangle DEF, and exhibit the three distinct cases 
above mentioned. 

Exercise 2. — Demonstrate that in Dc Simson's oonstroction, the straight line £ G- 
cuts the straight line D F in some point between D and F. 

PROP. XXV. THEOREM. 

Jf two triangles hone two sides of the one equal to two sides of the other, <«eA 
to each, but the base of the one greater than the base qf the other; the 
angle contained by the two sides of that which has the greater baee, 
is greater than the angle contained by the t¥»o stdes equal to them of the 
other. 

Let ABC, DEF be two triangles which have the t^<i ^\&r». K^^^^^ 
equal to the two sides DE, DF, eadx to ft^«3ti.\ ^fo.-, fe^"^ «QS?5^ \»^^^* 
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and AC to DF. But the base BC greater than the base EF. The 
angle BAG is greater than the angle EDF. 
For, if the angle BAG be not ffreater than 
the angle EDF, it must either be equal to, 
or less than the angle EDF. The angle 
B A C is not equal to tiie angle EDF, because 
then the base B G would be equal (1. 4) to the 
base EF : but it is (Hyp.) not equal There- 
fore the angle BAG is not equal to the angle 
EDF. Again, the angle BAG is not less than the angle EDF, 
because then the base BG would be less (I. 24) than the base E F : but 
it iB(Ht/pr) not less. Therefore the angle BAG is not less than the angle 
EDF. And it was shown that the angle BAG is not equal to the an^e 
EDF. Therefore the angle BAG is neater than the angle EDF. 
Wherefore, if two triangles, &c. Q. E. D. 

Corollary. If two triangles have two sides of the one respectiyelf equal to two 
sides of the other, the base of the one la greater than, equal to, or less than the 
base of the ether, according as the angle opposite to the base of the one is 
greater than, equal to, or less than the angle opposite to the base of the other. 

PROP. XXVI. THEOREM. 

Jftwo triangles have two angles of the one equal to two angles of the other, etich 
to each; and one side equal to one side^ — vtV., either the sides adjacent to 
the equal angles^ or the sides opposite to equal angles in each ;then their other 
sides are equal, each to each, and also the third angle of the one to the third 
angle of the other. 

Let ABG, DEF be two triangles which have the two angles ABG, 
BGA of the one, equal to the two angles DEF, EFD of the other, 
each to each; viz., ABG to DEF, and BGA to EFD. Also, a side of the 
one triangle equal to a side of the other. 

First, let those sides be equal which are adjacent to the ang1<*8that are 
eqaal in the two triangles; viz., BG to EF. 
Then their other sides are equal, each to 
each ; viz., AB to DE, and AG to DF ; and 
the third angle BAG is equal to the third 
angle EDF. 

For, if A B be not equal to DE, one of 
them must be greater than the other. Let 
AB be the greater of the two. Make BG 
equal (I. 3) to D E, and join G G. 

Because in the two triangles GB G, DEF, B G is equal {Const) to DE, 
and BG {Hyp.) to EF, the two sides GB, BG are equal to the two sides 
DE, EF, each to each. But the angle GBGis equal {Syp.) to the angle 
DEF. Therefore the base GG is equal (I. 4) to the base DF, and the 
triangle GBG to the triangle DEF. And the remaining angles of the 
one are equal to the remaining angles of the other, each to each; viz., 
those to which the equal sides are opposite. Therefore the angle GCB 
is equal to the angle DFE. But the angle DFE is {Hyp.) equal to the 
angle. BGA. Wherefore also the angle BGG is equal {Ax, 1) to the 
angle BGA, the less to the greater, -vmich is impossible. Therefore the 
Hde AB is not unequal to the side DE; that is, AB is equal to DE. 
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And BC is equal (Hyp.) to EF. Therefore the two sides AB, BC are 
equal to the two sides DE, EF, each to each. And the angle ABC is 
equal {Hi/p-) to the angle DEF. Therefore the base AC is equal 
(I. 4) to the base DF, and the third angle BAC to the third angle 
EDF. 

Next, let those sides which are opposite to equal angles in each triapglo 
be equal to one another; viz., AB to 1)E, 
Then their other sides are equal ; viz., AC to "^ ^^ 

D F, and B C to E F. And the third angle 
B A C is equal to the third angle EDF. 

For, if B C be not equal to E F, one of 
them must be greater than the other. Let 
B C be the greater of the two. Make B H jj H C 
equal (I. 3) to E F, and join A H. 

Because in the two triangles AB H, DEF, B H is equal (Const) to 





E F, and A B to (St/p.) D E ; the two sides A B, B H are equal to the 
two sides D E, E F, each to each. But the angle A B H is equal (-Hyp.) 
to the angle DEF. Therefore the base A H is equal to the base D F, 



and the triangle A B H to the triangle DEF. - And the remaining 
angles of the one are equal to the remaining angles of the other, each tS 
each ; viz., those to which the equal sides are opposite. Therefore the 
angle B H A is equal to the angle E F D. But the angle E F D is equal 
{Hyp,) to the angle B C A. Therefore also the angle B H A is equal 
{Ax, 1) to the angle B C A ; that is, the exterior angle B HA of the 
triangle A H C is equal to its interior and opposite angle B C A ; which 
is impossible (I. 16). Therefore B C is not unequal to E F ; that is, B C 
is equal to E F. And AB is equal (Hyp.) to D E. Therefore the two 
sides A B, B C are equal to the two sides D E, E F, each to each. And 
the angle ABC is equal (Hyp,) to the angle DEF. Therefore the 
base A C is equal (I. 4) to tie base D F, and the third angle B A C to 
the third angle EDF. Therefore, if two triangles, &c. Q. E. D. 

The enunciation of thia proposition may be thus simplified: If two triangles hare 
two angles of the one, equal to two angles of the other, each to each, and a side 
of the one equal to a side of the other similarly situated as to the equal angles, 
the two triangles are equal in every respect. 

Exerdfte 1. — In an isosceles triangle, if a straight line he drawn firom the angle 
opposite the base, bisecting the angle, it bisects the base ; or, if it bisect the 
base, it bisects the angle ; and in either case, it cuts the base at right angles. 

Exercise 2. — Through a given point to draw a straight line which shall make equal 
angles with two straight lines given in position. 

PROP. XXVII. THEOREM. 

If a straight line falling on two other straight lines, make the alternate angles 
equal to each other; these two straight lines are parallel. 

Let the straight line E F, which fells upon the two straight lines 
AB, C D, make the alternate angles A E F, 
EFD, equal to one another. Then AB 
shall be parallel to C D. • y s. 

For, if AB be not paraUel to CD, A B / >(3^ 

and CD being produced will meet either to- 
wards A and C, or towards B and D. Let 
A B, CD be produced and meet towaxii&^ 
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fuid hf in t!ir5 point O. ThcMi G R F is a triangle, and its exterior sm^ 
A I'^y is ^rc-afcr (I. V>) than itH interior and opposite an^le £FG. Itf 
the a.i;;]o AKJ'' is rM(ual (Hyp,) to tlio angle EFG. Yheralon tk 
an^Ic A J^F in both greater tlian, and equal to the an^le £FG; vfckk 
iif \m\)(MH\h\ii, Wherefore AH, CIJ being produced, do not meet tonnfc 
At J J. In like manner, it may be proved that they do not meet irka 




if a Htmight lii.e, <bcc. (i. E. I). 



T\u'. fi\\y([tt* XVjV, KFD, aro callcl alternate anfjla^ or more pr up eriy , 
tilttriutUtuttjlKH^ bccuusti thoy are ou oppoiite sides of the straight line BF, ai 
't!i'; one httH its vortex at K the one extronity (rf the portten ftiitf iij wi im a^ irOTllr^ 
v;l:iiu thu other has ItD vertex at F tlic other extremity of the 



Jr the diagram, the crooked lines E B G, F D G, most be eoosideivd straight IkK 
aif'l tlic flguro K F D G B, a triangle, for the sake of the aignment. 

JCxen.'tMe 1. — If a straight lino falling upon two other straight Unas, «■*» fti 
exUfrU/r aUcmaU angles AGE, F H D (see flg. to next proposilioii) equd toei* 
other, tliesti two straight lines are parallel. 

Exereite 3.— If a straight line fulling upon two other straight Uiiaa* w»«w tiM m 
exterior angles on tho same side of it, eqaal to two right a» y|ft fl^ thaw tvt 
straight lines are parallel. 

PllOr. XXVIII. THEOEEM. 

// a ttraitjhi line falling upon two other ttraight lines, make the exterior m^ 
er/ual to the interior and opposite angle upon the same side of the etrmgU 
Une ; or make the two interior angles upon the same side of it, togelker 
equal to two right angles ; these two straight lines are parallel to mu 
anotlier. 

Let tho straijjlit lino EF, falling upon the two straight lines AB, CD, 
mfiko the exterior angle EGB equal to tho interior and opposite angk 
GUI) upon the same side of EF ; or make the two 
interior angles B GH, GHD on the same side of it, 
together equal to two right angles. Then AB 
is parallel to CD. 

Lecause tho angle EGB is equal (Hyp,) to the 
angle GHD. And the angle EGB is equal (I. 15) 
to the angle A GH. Therefore the angle AGH is 
equal {Ax. 1) to the angle GHD; and they are 
alternate angles. Therefore AB is parallel (1. 27) to CD. 

Again, because the two angles BGH, GHD are together equal (JJj^.) 
to two right angles. And the two angles AGH, BGH are also together 
equal (I. 13) to two right angles. Therefore the two angles AGH, BGH 
are equal {Ax, 1) to the two angles BGH, GHD. Take away from 
these equals, the common angle BGH. Therefore the remaining* angle 
AGH is equal [Ax, 3) to the remaining angle GHD; and they aie 
alternate angles. Therefore AB is parallel (I. 27) to CD. Wherefore, 
if a straight line, &c. Q. E. D. 

The twelfth axiom will now be admitted as a corollary to this pvopoBition ;■ esp^ 
daily when Prop. XVII. and the note added to that axiom aie taka& jnta 
Yccoant. 
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PROP. XXIX. THEOREM. 

Tf a straight line fall upon two parallel straight lines, it tnakes the dlUmaie 
angles equal to one anoiJier ; the exterior angle equal to the interiop 
and opposite angle upon the same side of the straight line ; and the two 
interior angles upon the same side of it together equal to two right 
angles. 

Let the straight line E F fall upon the two parallel straight lin^ A B, 
CD. The two alternate angles AGH, GHD are equal to one another. The 
exterior angle EGB is equal to the interior and 
opposite angle GHD upon the same side of the E 
straight line EF. And the two interior angles 
BGH, GHD upon the same side of it are toge- 
ther equal to two right angles. 

For, if the alternate angles AGH, GHD be not 
equal, one of them must be greater than the other. 
Let the angle AGH be greater than the angle 
GHD. To each of these unequals, add the angle 
BGH. Then the two angles AGH, BGH, are greater f^ar. 4) thsm. the 
two angles BGH, GHD. But the two angles AGH, BGH, are equal 
(I. 13) to two right anrfes. Therefore the two angle* BGH, GHD, are 
less than two right an^es. But those straight lines, which with another 
straight line falling upon them, make the two interior angles on the 
same side less than two right angles, will meet toother {Ax, 12) if 
continually produced. Therefore the two straight Imes AB, CD, if 
produced far enough, will meet. But they never meet, since {Syp.) 
tiiey are parallel. Therefore the angle AGH is not unequal to me 
angle GHD; that is, the angle AGH is equal to the angle GHD. 

Again, the an^le AGH is equal (I. 15) to the ang^le EGB. Therefore 
the angle EGB is equal (Ax. 1) to the angle GHD. 

Lasdy, to each of these equals, add the angle BGH. Tluen the two 
angles EGB, BGH, are equal CAx. 2) to the two angles BGH, GHD. 
But the two angles EGB, BGH are eqnal (I. 13) to two right angles. 
Therefore also me two angles BGH, GHD are equal {Ax. 1) to two 
right angles. Wherefore, if a straight line, &c. Q. E. D. 

Corollary 1. — If two angles have their legs parallel each to each, and proceeding 
from their vertices in the same directions, they are equal to each other. 

Corollary 2. — If two angles be equal to each other, and a leg of the one be parallel 
to a leg of the other, their remaining legs are parallel. 

Bssereise.—U a straight line be drawn perpendicular toone of twapacallel strsigt*// 
lines. It is also perpendicular to the other. 

PBOP. XXX. THEOREM. 

Straight lines which are parallel to the same straight line are parallel 

to each other. 

Let the straight lines AB, CD, be each of them parallel to EF. Then 
AB is ako parallel to CD. , 

Draw the straight line GHK cutting the three straight Imea AB, 

EF, and CD. .^w x« ^ 

Because the straight line GHK cuts tlaa ^gax»Sks2s. ^*s»s^^e«^ 

A B, EF, the aBgle AGH is equal 0- ^^'^ ^ ^'^'^ ii^.«^T«J» ^sBg^VK^ 
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A^in, because the straiglit line GHK cuts the parallel straight Uses 

EF, CD, the exterior angle GHF is equal 

(L 29) to the interior angle H K D. But it was 

proved that the angle AGH is equal to the 

angle GHF. Therefore the angle AG His 

equal (Ax. 1) to the angle G K D ; and these are 

alternate angles. Therefore AB is parallel 

(I. 27) to C D. "Wherefore, straight lines which 

are, &c. Q. £. P. 

The stadent should prove the case of this proposition, 
when the straight line E F is not between the straight lines A B, CD, but on 
either side of both. 

PROP. XXXI. PROBLEM. 

To draw through a given point a straight line parallel to a given 

straight line. 

Let A be the given point, and B C the given straight line. It is re- 
quired to draw, through the point A, a straight line 
parallel to the straight line B C. ^ A F 

In the straight line B G take any point D, and 

join A D. At the point A in the straight line AD, ^ 

make (I. 23) the angle DAE equal to the angle b d c 

ADC. Produce the straight line E A to F. Then 
E F is parallel to B C 

Because the straight line A D meets the two straight lines E F, B C, 
and makes the alternate angles E A D, ADC, equal to one another. 
Therefore E F is parallel (I. 27) to B C. Wherefore, through the given 
point A, a straight line E A F has been drawn parallel to the given 
straight line B C. Q. E. F. 

The application of the 28rd Proposition of this book, is unnecessary, if the 11th 
and 12th Propositions be employed. In the construction and demonstration, 
either of the cases of the 28th Proposition may be used instead of the 27th 
Proposition. 

Exercise.— Of all triangles having the same vertical angle, and having their bases 
passing through the same point, the least is that whose base is bisected in that 
point. 

PROP. XXXII. THEOREM. 

If a side of any triangle he produced, the exterior atigle is equal to the 
tiro interior and opposite angles ; and the three interior angles of 
every triangle are together equal to two right angles. 

Let AB C be a triangle, and let one of its sides B C be produced to 
D. Then the exterior angle A C D is equal to the two interior and 
opposite angles CAB, ABC. And the three 
interior angles ABC, B C A, CAB are equal 
to two right angles. 

Through the point C draw the straight line 
(I. 31) CE parallel to the side BA. 

Because C E is parallel to B A, and A C meets 
them, the angle A C E is equal (I. 29) to the 
alternate angle B AC. Again, because CE is parallel to AB and BD 





BOOK I. PKOP. XXXII. 27 

fells upon them, the exterior angle E CD is eqaal (I. 29) to the interior 
and opposite angle ABC. But the angle ACE was shown to be equal 
to the angle B A C. Therefore the whole exterior angle A C D is equal 
(Ax. 2) to the two interior and opposite angles C AB, AB C. To each 
of these equals, add the angle AC B. Therefore the two angles A CD, 
A C B are equal {Ax. 2) to the three angles CAB, ABC, A C B. But 
the two angles A CD, ACB are equal (I. 13) to two right angles. 
Therefore also the three angles CAB, ABC, ACB are equal {Ax. 1) 
to two right angles. Wherefore, if a side of any triangle be produced, 
&c. Q. E. D. 

Cor. 1. — All the interior angles of any rectilinea] figure together with 
four right angles ai*e equal to twice as many right angles as the figure 
has sides. 

Let A B C D E be any rectilineal figure. All the interior angles ABC, 
BCD, &c. together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Divide the rectilineal figure A B C D E into as many ^ - 
triangles as the fig^e has sides, by drawing straight 
lines from a point F within the figure to each of its 
angles. 

Because the three interior angles of a triangle are 
equal (1. 32) to two right angles, and there are as many 
triangles in the figure as it has sides, all the angles of 
these triangles are equal to twice as many right angles 
as the figure has sides. But all the angles of these triangles are equal 
to the interior angles of the figure, viz. ABC, BCD, &c., together with 
the angles at the point F, wnich are equal (I. 15. Cor. 2) to four right 
angles. Therefore all the angles of these triangles are equal {Ax. 1) to 
the interior angles of the figure together with four right angles. But it . 
has been proved that all the angles of these triangles are equal to twice 
as many right angles as the figure has sides. Therefore all the angles of 
the figure together with four right angles are equal to twice as many 
right angles as the figure has sides. 

Cor. 2. — All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 

Because the interior angle ABC, and its 
adjacent exterior angle A B D, are (I. 13) to- 
gether equal to two right angles. Therefore 
all the interior angles, together with all the 
exterior angles of the figure, are equal to twice 
as many right angles as the figure has sides. 
But it has been proved by the foregoing corol- 
lary, that all the interior angles together with 
four right angles are equal to twice as many right angles as the figure 
has sides. Therefore all the interior angles together with all the exterior 
angles are equal {Ax. 1) to all the interior angles and four riffht angles. 
Ts^e from these equals all the interior angles. Therefore all the exterior 
angles of the figure are equ^il {Ax, 3) to four right angles. 

Cor. 1— If two angles of a triangle be given, the tbkd\& ^^'ea^x Vst^ >N.'«''<is>» 
difference between their sum and tvio i\^\> wi^'^. 
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Cor. ^t — If two sogi«B of one triangle be equal to two angles of another tdan^^ 

the third angle of the one u equal to the third angle of the other. 
Cor. 3.— Every angle of an equilateral triangle is equal to one-third of two right 

angles, or two-thirds of a right angle. Hence, a right angle can be trieeded. 
Cor. 4. — ^If one angle of a triangle be a ti^gttt angle, the sum of the other two Is 

a right angle. 
Cor. i. — If one angle of a triangle be equal to tilie sum of the other two, it is a 

right angle. 
Cor. 6. — ^If one angle of a triangle be greater than the sum of the other two, it 

is obtuse ; and if less, acute. 
Cor. 7. — In every isosoeles right-angled triangle, each of the acute angles is equal 

to half a right anf^e. 
Cor. 8. — All the interior angles of orery qnadrilateial figure are together equal to 

four right angles. This is only a particular case of Euclid's CoR. I ; but it is 

vexy necessary to be remembered. 

Exercise 1. — If a straight line be drawn from one of the angles of a triangle, 
making the exterior angle equal to the two interior and opposite angles, it is in 
the same straight line with the adjacent side. 

Exerdse 2. — To trisect a given finite straight line ; that is, to divide it into three 
equal parts. 

BsBerdse 8. — ^Any angle of a triangle is right, acnte or obtuse, accordiojg aa the 
straight line drawn from its vertex bisecting the opposite side, is eqnal to, 
greater than, or less than half that side. 

Exercise 4. — The straight line drawn from the vertex of any angle of a triangle 
bisecting the opposite side, is equal to, greater than, or less than half that side, 
according as the angle is right, acute or obtuse. 

Exerdse 5. — If the sides of an equilateral and equiangular pentagon or five-sided 

figure, be produced till they meet, the angles formed at the points of meeting; 

are together equal to two right angles. 
Exerdse 6. — If the sides of an equilateral and equiangular hexagon^ or six-aidei 

figure, be produced till they meet, the angles fomned at the pdnts of maeting, 

are togethtr equal to Snut right angles. 

PROP. XXXIIL THKOEEM. 

The straight lines which join the extremities of two eqtml and paraM 
straight lines towards the same parts, are ako themseltses efual 
and paralleL 

Let the straight lines AC, BD join the two equal and parallel straight 
lines A B, CD towards the same parts. Then the straight lines A Q 
B D are also equal and parallel. 

Join B C. Because AB is parallel to CD, and A B 

B C meets them, the angle A B C is equal (I. 29) 
to the alternate angle BCD. Because AB is 
equal to CD, and BC common to the two triangles 
A B C, D C B ; the two sides A B, B C, are equal 
to the two DC, C B, each to each. Andtihe angle 

ABC was proved to be equal to the angle BCD. Therefore the hose 
A C is equal (I. 4) to the base B D, and the triangle A B C to the triangte 
BCD. Abo, the remaining angles of t3ie one are equal to the remaaning 
angles of tiie other, each to each; viz., those to which the equal sides a^e 
opposite. Therefore the angle ACB is eqnal to the angle CBB. 
Because the straight line B C meets the two straight lines AC, B D, 
and makes the altemate angles ACB, CB'D ec^tual \a otx& ^axK^'^bd^. 
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Therefore AC is (I. 27) parallel to B D ; and A C was proved to be equal 
to B D. Therefore, the straight lines which, &c. Q. E. D. 

The entmciation of this proposition is more clearly expressed thus : ** The strai^t 
lines which, vnOvof^A crossing &ich othert join the extremities of two equal and 
parallel straight lines, are themselves equal and parallel.** 

CoroUary. — A quadrilateral which has two of its <q^aite sides equal and parallel, 
is a parallelogramw — See the following definition : — 

DEFINITION XXXTI. 

A parallelogram is a fonr-sided figure of which the opposite sides 
are parallel ; and the diagonal is the straight line joining the vertices 
of two opposite angles. 

PROP. XXXIV. THEOREM. 

The opposite sides and atigles of a parallelogram are equal to one an- 
other, and the diagonal bisects it, that is, divides, it into two equal 
parts. 

Let A D be a parallelogram, of which B C is a diagonal. The 
opposite sides and angles of me figure are equal to one another ; and tho 
diagonal B C bisects it. 

Because AB is parallel to CD, and BC meets them, the angle ABC is 
equal (I. 29) to the alternate angle BCD. Because AC is parallel to 
to BD, and BC meets them, thq angle ACB is ^ 
equal (I. 29) to the alternate angle CBD. Because 
in the two triangles ABC, CBD, the two angles 
ABC, BCA, in the one, are equal to the two 
angles BCD, CBD in the other, each to each; and 
one side BC, adjacent to these equal angles, is 
common to the two triangles. Therefore their other sides are equal, 
each to each, and the third angle of the one is equal to the third angle 
of the other (I. 26) j viz., the side AB to the side CD, the side Auto 
the side BD, and the angle BAC to the angle BDC. Because the 
angle AB C is equal to the angle BCD, and the angle CBD to the angle 
ACB. Therefore tiiie whole angle ABD is equal {Ax, 2) to the whole 
angle A CD. And the angle BAC has been proved to be equal to the 
angle BDC. Therefore the opposite sides and angles of a parallelogram 
are equal to one another. 

Also the diagonal B C bisects the parallelogram AD. Because in the 
two triangles ABC, DCB, AB is equal to CD, and BC common, 
the two sides AB, BC, are equal to the two sides DC, CB, each to 
each. And the angle ABC has been proved to be equal to the angle 
BCD. Therefore the triangle AB C is equal (I. 4) to the triangle B CD. 
Wherefore the diagonal BC divides the parallelogram AD into two 
equal parts. Q. E. D. 

CordOary 1, — ^If a parallelogram have one angle a right angle, all its angles are 

right angles. 
CoroUary 3.— Parallelograms, having one angle equal in each-^^Sfc^RSjcassv^E^iaa.. 
Corollary 3— Parallelograms, which have ai» «si\gL« wv^Xiwi %fi^^RWB&. ^^^^^^ 'ssssa^^ 

in each, are equal in all respects. jw««v«c*Si ^"^ '^^^ 

CorolUiry 4 —The adjacent angles ot a ^T^SL^Vop^ta. «» ^''*^ 

oiUer. 
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Sxerd&e 1. — If the opposite sides, or tlie opposite angles of a qnadriUtenl flgme ti 

eqaal, it is a parallelogram. 
Eaeerdse 2.— The diagonals of a parallelogram bisect each other; and if the diagonak 

of a quadrilateral bisect each other, it is a parallelogram. 
Exerai8€ 8.— The diagonals of rectangular parallelograms are equal ; and is 

oblique-angled parallelograms, those which Join the vertices ef the acate angla 

are greater than those which Join the obtuse. 
Exercise 4. — To divide a straight lino into any number of equal parts. 
Exercise 5. — To bisect a parallelogram by a straight line drawn throagh any point 

in one of its sides. 
N.B. In naming a parallelogram by letters, it is customary, and it is sufficient, to 

take the two letters only which are at the yertices of any two of its oppodte 

angles. 

PROP. XXXV. THEOREM. 

Parallelograms upon the same base, and between tJie same paraUsU^ 

are eqtuil to one another. 

Let the parallelograms AC, BF be upon the same base B C, and 
and between the same parallels AF, BC. The parallelogram AC 
IB equal to the parallelogram B F. 



A E DP 





First, let the sides AD, DF of the parallelograms AC, BF, opposite 
to the base BC, be terminated in the same point D. 

Because each of the parallelograms AC, JBF, is double (I. 34) of the 
trianffle B D C. Therefore the parallelogram A C is equal {Ax. 6) to the 
parallelogram BF. 

Next, let the sides AD, EF, opposite to the base BC, be not termi- 
ziated in the same point. 

Because AC is a parallelogram, AD is equal (I. 34) to BC. For 
a similar reason, EF is equal to BC. Therefore AD is equal (Ax, 1) to 
EF; and DE is common to both. Wherefore the whole, or the re- 
mainder AE, is equal to the whole, or the remainder DF {Ax, 2 or 3); 
and AB is equal (I. 34) to DC. Because in the triangles EAB, 
FDC, the side FD is equal to the side EA, and tiie side DC to 
the side AB, and the exterior angle FDC is equal (I. 29) to the interior 
and opposite angle EAB. Therefore the base FC is equal (I. 4) to the 
base EB, and the triangle FDC to the triangle EAB. From the 
trapezium ABCF, take the triangle FDC, and the ramainder is the 
parallelogram AC. From the same trapezium take the triangle EAB 
and the remainder is the parallelogram BF. But when equals are taken 
from eqaals, or from the same, the remainders {Ax, 3) are equal. 
Therefore the parallelogram AC is equal to the parallelogram BF. 
Therefore, parallelograme upon the same, &c. Q. E. D. 

lu Dr. Thomson's edition, this highly important proposition is simplified by the 
application of Prop. XX VI. of this book. It may be simplified still more in 
the following manner: — Because AB is eqna\ \x> OD^ttaO. ^Ei \a Q'E C^.^VV 
in the two trianglea A BE, D C F, the two aides AB, BIS., «tt« ec^^ \» ^iv%\.^ro 
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sides DC, CF. Aad the angle ABE is equal to the angle DGF (I. 29 
Cor. 1). Therefore, the triangle ABE is equal (I. 4) to the triangle DCF. 
This equality being proved, the rest of the demonstration is the same as that in 
the text. That part indeed is often rendered obscure by reference to Axiom 1^ 
instead of a new one, tacitly assumed by Euclid ; viz., that **if equals be taken 
from the same thing, the remainder are equal." 

This proposition is the foundation of the mensuration of plane surfaces, and hence 
of land-measuring. As the area of a rectangle is determined practically by 
multiplying its length by its breadth, or its base by its altitude, and as by this 
proposition, erery parallelogram haying the same base and altitude (that is, the 
same perpendicular breadth between the parallels) with a rectangle, is equal to 
that rectangle in area ; therefore the area of every parallelogram is found by 
multiplying the length of its base, by its altitude. 

Exerdse, Equal parallelograms upon the same base and on the same side of it, 
are between the same parallels. 

PROP. XXXVI. THEOREM. 

JPardllehgrams upon equal bases and between the same parallels, are 

equal to one another. 

Let AC, EG be parallelograms upon equal bases BC, FG, and 
between the same parallels AH, BG. The parallelogram AC is equal 
to the parallelogram EG. 

Join BE, CH. Because BC is equal to -A p E 

FG, [Hyp,) and FG to EH (I. 34), BC is ' " 

equal to EH {Ax, 1). But B C and EH, are 
parallel, and joined towards the same parts 
by the straight lines BE, CH. And straight 
lilies which join the extremities of equal and 
parallel straight lines towards the same parts, are (I. 33) themselves 
equal and parallel. Therefore the straight lines BE, CH are both equal 
and parallel. Wherefore BH is a parallelogram {Bef. 36). Because 
the parallelograms AC, BH, are upon the same base BC, and between 
the same parallels BC, AH, the parallelogram AC is equt^ fl. 35) to 
the parallelogram BH. Because the parallelograms GE, HB are 
upon the same base EH, and between the same parallels GB, HE, 
the parallelogram EG is equal to the parallelogram BH. There- 
fore the parallelogram AC is equal {Ax, 1) to the parallelogram EG. 
Therefore, parallelograms upon equal bases, &c. Q. E. D. 

Exerdse 1. — ^If the base of a parallelogram be equal to half the sum of the two 
parallel sides of a trapezoid, between the same parallels, the parallelogram is 
equal to the trapezoid. 

JS^eercise 2. — Demonstrate the Theorem of Pappus : The parallelograms described 
on any two sides of a triangle, are together equal to the parallelogram described 
on the base, having its side equal and parallel to the straight line drawn from 
the point of intersection of the exterior sides of the former, to the vertex of 
the triangle. 

PROP. XXXVII. THEOREM. 

Triangles upon the same base, and between the same parallels, are equal iA 

one another. 

Let the triangles ABC, DBC be \ipoTit\ye ^^^^^^^^^^^'^V^t^^^ 
the same parallels AD, BC. The triansVe KBC Sa^ojcxaJ^x^ \}ev^ ^ ^ 
DBC. 
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Produce AD both wars to the points E and e 
F. Through B draw BEfparaUclto CA(1. 31), 
and through C draw CfF parallel to BD. 
Then each of the figures £ C, BF, is a paral- 
lelogram {Def, 36.) 

T%e parallelograms EC, BF, are equal 
(L 35), because they are upon the same base 

BC, and between the same parallels BC, EF. The triangle A B C is 
half of the parallelogram E C (I. 34), because the diagonal AB bisects 
it Also, the triangle DBC is half of the parallelogram B F, becaose 
the diagonal DC bisects it But the halves of equal things are equal 
(Ax. 7). Therefore the triangle AB C is equal to the triajigle DBC. 
Wherefore, triangles, &c. Q. E. D. 
Exercise, To describe a triangle equal to any given rectilineal figure. 
In soMng this problem, the learner liiay begin with a parallelogram ; then preoeed 
to a trapezium, a pentagon, a hexe^on, and so on. He will then ultimately find 
that, if a figure had a thousand sides, he could reduce it, by degrees, to an eqn- 
yalent triangle. 

PROP. XXXVin. TH E O EE M. 

Ti'iangles upon equal bases, and between the same parallels, are equal to 

one another. 

Let the triangles ABC, DEF, be upon ^ 
equal bases SC, EF, and between the 
same parallels BF, "AD. The triangle 
A B C is equal to the triangle DEF. 

Produce AD both ways to the points 
G and H. Through B draw B G paraUel to 
CA (I. 31), and through F draw FH 
parallel to ED. Then each of the figures GC, EH, is a parallelogram. 

The parallelograms G C, EH are equal to one another (1. 36), because 
they are upon equal bases BC, EF, and between the same paraJlds 
B F, G H. The triangle A B C is the half of the parallelogram G C 
(I. 34), because the diagonal A B bisects it And the triangle DEF 
18 the half of the parallelogram EH, because the diagonal D F bisects 
it. But the halves of equal things are equal {Ax. 7). Therefore the 
triangle A B C is equal to the triangle DEF. Wherefore, triangles 
upon equal bases, &c. Q. E. D. 

CoroUary 1. — The straight line drawn from any angle of a triangle bisecting the 
opposite side, bisects the triangle. 

CoroUary 2. — If two triangles have two sides of the one equal to two sides of the 
other, each to each, and the angle contained by the two sides of the one, the 
supplement of the angle contained by the two sides of the other, these triangles 
are equal. 

Exercise 1. — To bisect a triangle by drawing a straight line through any point in 
one of its sides. 

SScerdse 2. — The straight lines drawn from the opposite angles of a parallelc^ram to 
any point in a diagonal, divide it into equal triangles on opposite sides of the 
segments of the diagonal. 
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PROP. XXXrX. THEOREM. 

JBqtud triangles upon the same hose, and upon the same side of it, ore 

between- the same paraUels, 

Let the equal triangles AB C^ DBG, be upon the 
same base BC, and upon the same dde of it. The 
triangles ABC, DBG, are between the same pa- 
rallels; that is, if AB be joined, AD is parallel 
to BG. 

For if A D be not parallel to D C, through the point 
A draw AE parallel to BG (I. 31), meeting BD in E; and join 
EG. 

The triangle A B G is equal to the triangle E B G (I. 37), because they 
are upon the same base B G, and between the same parallels B G, A E. 
But the trian^e A B G is equal [Syp,) to the triangle DBG. Therefore 
tiie triuigle I) B G is equal to the triangle EB G, the greater to the 
less, which is impossible. Therefore AE is not parallel to B G. In the 
same maim^ it can be prored that no other straight line but AD is 
parallel to BG. Therefore AD is parallel to BG. Wherefore, equal 
triangles upon, &c. Q. E. D. 

Bxerdse 1. — If two sides of a triangle be bisected, the straiglit line Joining the points 
of bisection is parallel to the base, and equal to half of it. 

Exercise 2. — If the sides of any quadrilateral fignre be bisected, and the points of 
bisection be joined, the f^gnre thus formed will be a parallelogram, and equal to 
half the quadiilateraL 

PROP. XL. THEOREM. 

Equal trianffles upon equal bases in the same straight line, and on the 
same side of it, are between the same paraUeis. 

Let the equal triangles A B G, D E F, be upon equal bases B C, E F, 
in the same straight line B F, and on the same side of it ; they are 
between the same paraUels ; that is, if A D bo joined, A D is parallel 
toBF. 

For, if AD be not parallel to B F, through A draw AG parallel to 
B F (I. 31), meeting E D in G, and jom G F. 

The triangle AB G is equal to the triangle GEF 
(I. 38), because they are- upon equal bases BG, 
EF, and between the same parallels BF, AG. 
But the trianp;le A B G is equal (IIyp») to the 
triangle DKF. Therefore the triangle DEF 
is equal {Ax, 1) to the triangle GEF, the 
greater equal to the less, "which is impossible. 
Therefore A G is not paralJtel to B F. In the same manner it can bs 
proved that no other straight line is parallel to B F, but A D. Therefore 
A D is parallel to B F. Wherefore, equal triangles upon, &c. Q. E. D. 

In this proposition and the preceding one, the demonstration irould be conducted in 
the same manner, if the parallels A E and A Q- were to meet B D and £ D pro- 
duced. The srgoment wouid then rest cm tiie absurdity of tba \.<^j»w ^sSssNsfea^ 
being equal io the greater. * 
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PEOP. XLI. THEOREM. 

J[f a parallelogram and a triangle he upon the same Ixue, and between th 
same parallels ; the parallelogram is double of the triangle. 

Let the parallelogram B D, and the triangle £ B C 
be upon the same base B C, and between the same 
parallels BC, AE. The parallelogram BD is double 
of the triangle E B C. 

Join A C. The triangle A B C is equal to the trio.nglo 
E B C (I. 37), because tney are upon the same base B C, 
and between the same parallels BC, AE. But the 
parallelogram B D is double of the triangle ABC (I. 34), because the 
oiagonal A C bisects it. Therefore the parallelogram B D is also double 
of the triangle E B C. Therefore, if a parfdlelogram and a tziangk, 
&c. Q. E. D. 

This propogition is the foundation of the mensuration of triangles, and eonseqoenflf 
of all rectilineal figures, as they can easily be divided into triangle*. InafimoA 
as the area of a parallelogram is found by multiplying its base by its perpendi- 
cular altitude or breadth, so the area of a triangle is found by multiplybig ito 
base by its perpendicular altitude, and taking half the product. In a triangle 
the perpendicular altitude is the perpendicular drawn from the vertex of the 
angle opposite to the base, to the base itself or to the base produced. 

Corollary, — ^A parallelogram is equal to a triangle on the double of its base, and 

between the same parallels. 
Exercise 1. — If from any point within a parallelogram, straight lines be drawn to 

the extremities of two opposite sides, the two triangles upon these sides are 

together equal to half of the parallelogram. 

Exercise 2. — In a trapezoid, if one of the sides which is not parallel be bisected 
and straight lines be drawn from the point of bisection to the extremities of the 
other side which is not parallel, the triangle which they form with the latter 
side is equal to half the trapezoid. 

PROP. XLII. PROBLEM. 

To describe a parallelogram equal to a given triangle, and having one of 

its angles equal to a given rectilineal angle. 

Let ABC be the given triangle, and D the given rectilineal angle. 
It is required to describe a parallelogram equal to the given triangle 
ABC, and having one of its angles equal to D. 

Bisect B C in E (I. 10), and join A E. At the 
point E in the straight line E C, make the angle 
C E F (I. 23) equal to the angle D. Through A 
draw A F G (I. 31), parallel to B C, and through C 
draw C G parallel to E F. Then the figure C E F G 
is a parallelogram {Def, 36). 

Because the two triangles ABE, A E C are on 
equal bases B E, E C, and between the same parallels B C, A G ; they are 
equal (I. 38) to one another. Therefore the triangle ABC is double of 
the tnangle A EC. But the parallelogram FC is double of the 
triangle AEC (I. 41), because they are npon the same base EC, and 
*^ n the same parallels EC, AG. Therefore the parallelogram 
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F C is equal (Ax, 6) to the triangle ABO, and it has one of its 
angles C £ F equal to the given angle D. Wherefore, a parallelogram 
FC has been described equal to the g^yen triangle ABC, and 
haying one of its angles C £ F equal to the given angle D. Q. £. D. 

Exercise. — To describe a triangle equal to a given parallelogram, and having an 
angle equal to a given rectilineal angle. 

PBOP. XLin. THEOBEM. 

The complements of the parallelograms, tohich are ahotd the diagonal of 

any parallelogram, are equal. 

Let B D be a parallelogram, of which the diagonal is A C ; and £ H, 
G F the parallelograms about A C, that is, through which A C passes. 
Then B a., K D are the other parallelograms which make up the whole 
figure B D, and are therefore caUed the com- 
plements. The complement BK is equal to 
the complement K D. 

Because B D is a parallelogram, and A C its 
diagonal, the triangle AB C is equal (I. 34^ to 
the triangle ADC. A|^ain, because £K is a 
parallelogram, and A Kits diagonal, the trian^e 
AEK is equal (I. 34) to the triangle AHK. 
For the same reason, the triangle K G C is equal to the triangle E. F C. 
Therefore the two triangles A EK, K G C are equal {Ax. 2) to the two 
triangles AH K,KFC. But the whole triangle ABC is equal to tie 
whole triangle ADC. Therefore the remaining complement BK is 
equal {Ax. 3; to the remaining complement K D. Wherefore the com- 
plements, &c. Q. E. D. 

CoroUary 1. — The ];>arallelogram8 about the diagonal of a parallelogram, as also 
its complements, are equiangular to the whole parallelogram and to each 
other. 

CoroUary 2. — If through any point in the diagonal of a parallelogram, straight linea 
be draiim parallel to its ddes, the parts into which each diYides the parallelo- 
gram are equal, the greater to the greater, and the less to the less. 

Exerdse 1. — In the preceding figure join EH, BD, and GF, and demonstrate 
that the three diagonals thus drawn, are parallel to each other. 

Exerdse 2. — If about the diagonal of a parallelogiam, any number of parallelo- 
grams be placed, whether the extremities of their diagoniJs coincide in the same 
point or not, the remaining complementary rectilineal figures, on each side of the 
diagonal of the parallelogram, are equal. 

PROP. XLIV. PROBLEM. 

To a given straight line to apply a parallelogram, equal to a given triangle, 
and having one of its angles equal to a given rectilineal angle. 

Let AB be the given straight line, C the given triangle, and D 
the ^ven rectilineal angle. It is required to apply to (that is, \x> 
describe upon) the straight line AB, a parallelogram equal to the 
triangle C, and having an angle equal to D. 

Make the parallelogram BF ec^aaiX Ql, ^"^ \a ^^ X^as^-^^x ^!>s^^ 
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having the snglo EB O equal to 
the angle D. JPlaoeit so that B£ 
shall be in the tame straieht line 
^th AB. Frodnce FO to H. 
Thnnigh A dzaw A H parallel to 
BG or EF (I. 31) and meeting 
FHinH. JoinHB. 

Because the straight line HF 
falls upon the two parallels A H, E F, the two angles AHF, HFE 
together eqnal (I. 29) to two right angles. Therefore the two anda 
BHF, HFE are less than two right angles. Bnt those Btndghtmi 
which with another straight line, make the two interior angles npA 
fhe same mde of it leas man two right an^es, meet {Ajs. 12) if jp' 
dnced far enough. Therefore HB, F E shall meet, if produced* U 
them be prodn^ and meet in K. Through K draw XL pualleli 
E A or F H, and produce H A, G B, to meet K L in the points L aadE 

Because FL is a parallelogram {Def, 36), of which the di^giooal ii 
HK; AG, ME, are the parallelograms about HK, and X^, Bl 
are the complements. Therefore the oomplement L B is equal (L 43Si 
to the complement BF. But die oomplemont BF is eqval (CiMutj 
to the triangle C. Therefore LB is equal (Ax. 1) to the tzuodt 
C. Because the ano^le QBE is equal (L 15) to tdbe angle AB% 
and IikeT\'ise {Const.) to the anffk D. There&re the ong^le ABM 
is equal (Ax. 1) to the angle D. \Vhcrcforo to the straight line At 
is applied the parallelogram L B, equal to the triangle CS* and having ik 
angle ABM equal to the angle D. Q. £. F. 



CoroBarff. — ^Fxom this propoiltion. It Is manifest how to desoribe on a 
line, a rectangle equal to a given trianf^e. 

Exercise. — To a given straight line to apply a triangle equal to a girro jMuDd^ 
gram and having an angle equal to a given rectilineal angle. 

PROP. XLV. PROBLEM. 

To describe a pardOelogram equal to a given rectili^iealjigure and having o 

angle equal to a given rectilineal ang&m 

Let A B CD be the given rectilineal figure, and £ the m.vexi rectHinesl 
angle. It is required to describe a paxallclogram cqnSi to the fignie 
AScD, cmd having an angle equal to E. 

JoinDB. Describe the parallelogram 
FH equal to the triangle ADB, and 
having the angle F K H equal (1. 42) to 
the anfflo E. To the straight line GH 
apply me parallelogram GM equal to the 
triangle D B C, and having the angle 
GHM equal (1. 44) to the angle E. Then 
the figure K L is the parallelogram required. 

Because the angle E is equal ( Const.) to each of the angles F JBLH, GHJl 

the angle FKH isequal {Ax. 1) to thean^le GHM. ToeexAialibm 

equals, add the angle KKG. Tbecefote tA& two oAiglea FJLH,KHG 

iire equal to the two angles KHG, GUlfi.. "^^ ^^ Nj^q Wk|^^U% 

KHG are eqnal (L 29) to two right axi^\ea. t^xsKSGR^ ^(^X^w^w^ 




BOOS I. nop. XLTI. 37 

KHG, QHM ITS idstt equal {Ax, 1} ta two right ftogie?. Becanse at 
the point H, in the straight line 6H, the two rtraiglii £nes KH, 
HM, iipOTL oppoflite aides of it, nake the adjacsent an^M equal to two 
xslgiit amglfis HXL is in the saiae straight line (1. 14), with HM. Again, 
because the straight line HG meets the parallels KM, FG, therefore 
tile angle MHG is equal (I. 29) to the alternate angle HGF. To each 
of these eqnals, add the angle HGL. Therefore the two angles MHG, 
HGL are eqxul to the two angles HGF, HGL; but the two angles 
MHG, HGlTare eqiiaI(L29) to two ri^t angks. Thexefore dbo the two 
angles HGF, HGI^ are equal {Ax» 1) to two light angks^ Wherefore, as 
beuxre, FG (1. 14) ia in toe same strai^t line with. GL. Because KF 
is paraUeL to HG, and HG to ML, ILF is parallel O. 80) to ML. 
And KM has been proved parallel to FL. Therefore me figure 
KL is a parallelogram (Drf, 36). But the parallelogram FH, is equal 
{Const.) to the triangle ABD, and thiB parallelogram GM to the triangle 
B I>C. Therefore ue whole p aralldogTam K L, ia equal to the whole 
rectilinfial figure ABCD. mierefiore the parallelc^ram KL has been 
described equal to the given rectilineal figsce ABUD, and having the 
angle F K M equal to the glveur angle £. Q. £• F« 

CoroBaryi. — ^From thi« it is manifest how, to a given stni^t liae, to ai^ly a 
paraDelogram, w&ich shall have an angle equal to a given rectilineal angle, and 
shall be equal to a given rectilineal figure ; viz^ by applying to tha given stra^jtrt 
line a parallelogram equal to Hie first trfengle A BID (I. 44), and having an 
angle equal to the given ang^ and eonstmetiiig the reft of the figure as in t^iiv 
proposition. 

By this propotitlcn, also, upon a given straight liB«, a rectangle may be described, 
equal to a given rectilineal, fignrer 



PROE. XLVL PBOBLJBM* 
2b describe a square upon a gioen straight line* 

Let A B be the given straight line. It » required 
to deseribo a aquare upon AB. 

From the pflint A dnrsr A € at right angles (I. 11) 
to AB. Make AI> equal (I 3) to AB. Througih 
the point I> draw B E parallel (I. 31) to A B, and 
througli the paint B diaw B "S parallel to AIX Tba 
figure A£ is a aqaaze. 

Because A£ ia a pnallelcgram (2^. 36)- AB is 
equal (I. 34) ta D!^ and AB to BE. But BA is 
equal taAI)» Theiefbro the four lines BA, AI>, 
D£» £B axe dl equail to oae another, and the parallelogram AE 
is. equilateraL Again, becaase A I> meets the parallels A B, BE, the 
two fok^es B AB, ABE, ore equal (I. 29) to two right angles. But 
B A B IS {CoMk) a right angle. Ther^ore also A B £ is a right an^le. 
But the cmpoiite angles of parallelcgrams (I. 34} are equal. Hierefiire 
each of l£e oraosite angles ABE, BEB, is a right angle, and tiie 
parallebgram. AE ia rectangular, tiiat is, has all its angks r^^ ^^^ g^ 
And it has been proved to be equHateitaL t^wesw&sro ^Caa ^^^^^v^^^c. 
is a square {De/^ 30), aaid it i» dBsciibed txswl ^tte «c^^ i^ccbm^^ xss^s. 
AB. Q. E. F. 
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ObroBarj/ 1. — Hence, ereiy pBTsUelogTam Oiat has one right angh^ 
ha» all its Tight anglea. 

Th« couMnutton of IMi problem nur tM a9bctod. In uootdEUo* wlUi EsdlA 
deSnltloDofa •quia, br Prop. ZLtftbli book. EaalU'iaaalUir tiualnbia 

uitlciiisted. 

CoroOaiy 3.— If two iqaww be eqiul, thdr ildei, or Ui< Mni^t Ihu* on irttt 
the; are deforlbed, we eqiul. 

Exen>iM.—U, in tbs tida of ■ >qiian, poinM be Ulua it equl dkUnOM fixm Hi 
foui Dsgalsr point*, in BiioceisiDD, the ttralghi lln« wbisb Join thoie pofnti Is Ot 
lime order, will form ■ eqiure, Thli Hinire will be teu Uud the original eqiun 
in proportioa to tbe dletanoe of the four einnned fhim itfi ingular pointi, miUI 
tbat diatance be eqaet lo buf the ilde of tbe tqaer*, when Uia inaoribed aqnan 
(I>e£ 1, Book IV.l will be a mAibiuiR,— tliat la, the laut po^bls aquan wUA 
can be thm inietlbcd. 

PEOP. XLVIL THBOEBM. 
In any right-angUd triangle, the tquare deteribed ^on the tide tubtenditig 
the ripht attgU, it equal to the tguarei described upon the turn mdet, 
contatniTtif the right angle. 

Let ABC be a riglitaiigled triangle, haTing lie right angle B AC, 
The sqnajQ described apon the side BC is equal to the squares described 
upon, the two sides B A and A C. 

UpoQthe6ideBCde8cribothesqiiareBE(L46), "" 

and on the sides B A and A C, the Bquaies G B, 
aad H C. Through A draw AL parallel to BD or » 
CE (1. 31) and jom AD and F C. 

Because the angle SAC is a right an^le (Hyp.), 
and that the augle BAG is a nght angle 
{Def. 30), the two straight lines AC, A Q, upon 
the opposite sides of A B, make with it, at the 
point A, the adjacent angles equal to two right 
angles. Therefore C A is (L 14) in the same ^ j, j{ 

straight line with A O. For the same reasou, B A 
and A H are in the same straight line. Because the angle D B C is 
raual to the angle F B A, each of them being a right angle. To each of 
these equals, add the augle ABC. Therefbro Ute whole angle D B A ia 
eqnalfAir. 2) to the wholo angle FBC. And because the two sides 
A B, B D, are equal to the two sides F B, B C, each to each, and the 
at^le A B D te the ancle FBC. Therefore the base AD is equal to 
the base F C (I. 4) , and the triangle A B D to the triangle FBC. But 
the parallelogTam B L is double of the triangle AB D (I. 41), because 
th^ are upon the same base B B, and between the same parcels 
BD, and AL. Also the square GBis doablo of the triangle FBC, 
because these are upon the same base F B, and between the same paral- 
lels F B and G C How, the doubles of equals are equal to one another 
(Ax. 6). Therefore the parallelogram BL is equal to the square QB. 
Sinulaily, by joining A E and B£, it can be proved that the parallelo- 
KTEin CL is equal to the square H C. Therefore the wholo square B E 
IS equal {Ax. 2) to the two squares G B and H C. Wherefore uie square 
described upon the side B C opposite te the right angle B A C, is equal 
te the squares described upon tfae two sides AB and AG, containing 
Therefore, in any right-angled triangle, &c, Q. E. B. 
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In the constrnction of this piopoeitlon, Eaolid hu considered only one case or posi- 
tion of the three squares in relation to the sides of the triangle. But there are 
six different cases or positions of the three squares in relation to the sides of th» 
triangle and to each other, as follows : — 

1 . The three squares on the three exterior sides of the triangle. 

2. The three squares on the three interior sides of the triangle. 
8. The two smaller squares on the exterior sides, and the greater on ihe interior side, 
4. The two smaller squares on the iixterior sides, and the greater on the exterior side. 
6. The greater and one of the smaller squares on the exterior sides, and the other on 

iike interior aide. 
6. The greater and one of the smaller squares on the irUerior side, and the other on 

the exterior side. 
It will be a useful and instructive exercise to the student to try and adapt the 

preceding demonstration to all these six different cases or positions of the 

squares. 

Exercise 1. — ^In the figure of the preceding proposition, join 6 H, F D and K E. 
and prove that the three triangles, thus formed, are each equal to the triangle 
ABC, and to one another. 

Exercise 2. — Prove that the three straight lines A L, F C, and K B, meet iu the 
same point. 

Exercise 3. — To describe a square equal to two given squares ; and, consequently, 
to any given number of squares. 

Exercise 4. — To describe a square equal to the difference between any two given 
squares ; and, consequently, to the difference between a given square, and any 
number of given squares. 

Exercise 5. — ^In any triangle, if a perpendicular be drawn from the vertex of any 
angle to the opposite side, the difference of the squares of the segments of that 
side is equal to the difference of the squares of the other two sides. 

Definition. — ^In any right-angled triangle, the side opposite to the right angle is 
called the hypoOienuse, and the other sides, or legs, are called the hose and 
t\i% perpendicular', that is, if the one leg is the lose, the other is Hie: perpendi- 
cular, and conversely. 

PROP. XLVIII. THEOREM. 

jTjf the square described upon one of the sides of a triangle, he equal to the 
squares described upon the other two sides of it ; the angle contained 
by these two sides is a right angle. 

Let the square described upon B C, one of the sides of the triangle 
A £ C, be equal to the squares upon the other two sides, A B and A C. 
Then the angle B A C is a right angle. 

From the point A draw A D at right angles (I. 1 1) to 
A C. Make AD equal (I. 3) to A B, and jom D C. 

Because A D is equal to A B, the square of A D is 
equal to the square of A B. To each of these equals, add 
the square of A C. Therefore the squares of A D and A C 
are equal {Ax. 2) to the squares of A B and A C. But 
the squares of AD and A C are equal to the square of DC 
(l. 47), because the angle D A C is ^ right angle. And the square of B C 
(Si/p.) is equal to the squares of B A and AC. Therefore the square of 
DC is equal {Ax. 1) to the square of BC, and the side DC to the side 
BC. Again, because the side AD is equal to the side AB, and AC 
common to the two triangles DAC, BAC, the two sides DA, AC are 
equal to the two sides BA, AC, each to each, but ths \s5ss&\i^\!>aa^^s5^^ 
proved to be equal to the base B C, Tk^T^icst^ VSaa «»!^^ "^ ^^ "^ *^^^^^ 
{L8;toflieangleBAC. BTitDACiaaM\i\.^'a^^. "^^^^^^^^^"^-1..-^. 
is a light angle. Therefore,if tke scyoLaxe* desict^^^ ax^o^i ^^- 
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Tron flilfl propoBitKni if dsi l ppid ft TOiy iMsftil wA pnetlinrf modli #f AMriig i 
pvpcndiciiliMr to ft i^rea. stnight line fnm, my point in the aaiiM, WMk « prit 
of oompftflses* nmrii off ftmn the iciTcn point, flrv equal parte «■ tie gim 
straight line, marldng them 1, 2, 8, 4, 5, it tbeir eztreniitiet ; •» beioff Biikci 
at the giren point. From the point marked 0. ifHh radiiv oqusl to 4 of tliai 
parts describe an are of a circle ; and ftom the point i n ft ilte d l 8» with ladtas e^nil 
to 6 of these parts, describe an aro of a eirele hte rsee tin g the Ibnacr are. Jdn 
the point of interseetion of the two aies with the point wHrad 0, andthe 
straight Hne tiins drawn will be perpendienlar to the glren s t Mlglit Hue at tlN 
given point, as required. For, Joining the intersection of the aroe wllb tte poiit 
marked 3, a triangle is formed ; and the sqaares d its two sidce 9 tatd 4 an 
together equal to the square of its side 5 ; because S-^K^—^S. T htwJ w e , the 
sides 8 and 4 contain a right angle, which is opposite to the aide 5. The eqoi- 
mnltiplea of the numbers, 8, 4, and 5, will answer the Hme pipo e e eqeaOf 
well. 

The following propositions may be added to this Book, 
Exercises on the 47th proposition. 

Pbof. a. THEOKEM.->In any right angled 
triangle, the squares AF and AK, de- 
scribed on the two sides whidi contain the 
right angle BAG, may be so divided by 
straight lines, that the parta may be apfpliad 
to the sqaase BB described mxn the side 
opposite the right angle, and made exactly 
tooover it. 

In the acQacant Hgine^ oae method of 
proving this ingeoiooa and iapcrtant theo- 
rem by ocilar demonstaration ia suggested ; 
various other methodi may be proposed, but 
that which reqnirea the fewest namber o£ 

. parts, is most probably the best. The theo- 
retical demoKstration will form a highly 
useful exercise to the student. 

Prop. B. Theobem.— In any triangle, if squares be described on the base, and an 
the other two sides; and if the perpendtcnlars ta these sid^ drawn ftora the 
eztremitiet of the base, be prodnced to meet the opposite sides of the aqnans or 
those sides produced ; the two rectangles cot off between these perpendiealan 
and the sides of the squares drawn from the extremities of the base, are together 
equfd to the square of thebaae. 

Prop. C. THEO(BBaL--If two trian^ss hsve> two sides of the one equal to two 
sides of the other, each to each, and the an^es opposite to either of tlie two 
equal sides be eadi a tight angle, the triangles are equal to one another is. aU 
respects. 

Prop. D. Theorem.— If two exterior anglss of a triangle be bisected, and from 
the point of intersection of the bisecting lines, a straight line be drawn to the 
opposite angle, it will bisect that angle. 

Prop. E. Theorbm.— If from any pohit witWn or without any rectilineal 
figure, perpendicmlars be drawn to each side, the snm of the squares of the 
alternate segments, leekoned fioom two a^laoent angular paints, are equals 
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DEFINITIONS. 



Hyext li^t-angled p8TaIleIofi;ra]ii k called a rectangle, and is lafd. 

to be oont^ed by onj two or the straight fiaea which fbrm one of its 

rigiit angles. 

Thus the rectangle A C is said to be oentaiiied f/j the two Bidet A B and BG 
which fonn the angfo ABC; or by any of fiu other two aides ^ j^ 

which form the other aDgles^ as BC aad CP, CBand D A. or DA 
and A B ; as it may ba;T« been, dtacitted by mesna ot any of 
these pairs of strai^^t lines. Foe bre^tyls sake, the words eon- 
tolned &2^ are genendly omitted and s point ia placad between the ^ ^ 

two sides to indicate that the rectangle is contained 1^ these two ^ 

sides. 

A rectangle is said to be contained by two stcaig^t Hues,. when its acU^went sides 
are equal to those two straiglit lines, taA to eadi. 

A sqnaro is said to be the sqnare ot a ghren straight line, when 

itr i» described upon that straiglit fbaej or, a straight Uneeqaal 

to ft. Tltas the aqnare AC is said to be the square of AB, 

BC, CD, or DA ; as it may have been described on either of 

these straight fines; ft may also be said fio be the aqmre of 

any straight litae equal to one of these straight Bhes. 

XL 

In every parallelogram, any of the parallfilograms aLout a diagonal, 
together witn the two complements, is called a gnomon. 




** Thus the parallelogram HG together with the comple- 
ments A F, F C, is a gnomon, which is man brieffy ex- 
pressed by the letters A GK« or £ H C, at the oppodta 
angles of the parallelograms whiA make up the 
gnomonr." In like manner; the paralldogram BK 
together with the same two complements, AF, F C, is 
a gnomon; and is expressed by the letters A KG or 
CBH, at the opposite angles of be paraDelogranB 
which make up tiie gnomon. 
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AXIOllS. 
L 

The whole is equal to all parts taken together, 
nils axiom, though not laid down by Euclid, is constantly employed in the de- 
monstration of the propositiotts of this book. 

n. 

If two things be equal to one another, botih taken together are tha 
double of one of them. 

Thia axiom, though not laid down, is assumed by Euclid in. ^w^^'SiSS^ ^ir8*5^fcV 
and various other places, but paitioalarly bi t^Qi& \MCk\L. 
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PROPOSITION I. THEOREM. 

]^ there he ttoo straight Unes, one of which is divided into any number of 
parts : the rectangle contained hy the two straight Unes, is equal to 
the rectangle contained hy the undivided line, and the several parts cf 
the divided line. 

Let A and B C be two straight lines; and let B C be divided into 
several parts at the points D and £. The rectangle contained by the 
two straight lines A and B C, is equal to the rectangles contained by tliB 
straight lines A and B D, A and D E, and A and £ C. 

From the point B, draw B F at right angles (I. 11) to B C. Make BG 

^nal (I. 3) to A. Through G draw GHnarallel 
31) to B C. And through D, £, and C, draw 

>K, £L, and GH parallel to BG. Then BH, 
BK, DL, and £ H, are rectangles (I. Bef, 36). 

The rectand^e BH is equal ;IL Ax. 1) to the 
rectangles BjSI, DL, and £H. But the rect- 
angle BH is contained by the straight lines A 
and BC, because GB is equal to A. The rect- 
angle BE. is contained by the straight lines A, 
and BD, because GB is equal to A. The rectangle DL is contained by 
the straight lines A and I)£y because DK is equal to BG (I. 34) and 
B G is equal to A. In like manner, it is proved mat the xectangle EH 
is contained by the straight lines A and EG. Therefore the rectangle 
contained by the straight lines A and B C, is equal to the several rect^ 
angles contained by the straight lines A and BD, A and DE, and A and 
EC. Wherefore, if there be two straight lines, &c. Q. E. D. 

CfmXLixry. — li two straight lines be divided each into any number of parts, the 
rectangle contained by the two straight lines is equal to the sum of the reet* 
angles contained by the several parts of the one and each of the several parts 
of the other. 

PROP. II. THEOREM. 

If a straight line he divided into any two parts, the rectangles contained 
hy the whole and each of its parts, are together equal to the sgtiars 
of the whole line. 

Let the straight line AB be divided into any two parts at the point C 
The rectangles contained by AB, BC and A B, AC are 
together equal to the square of AB. 

upon AJB describe (1. 46) the square AE. Through 
C draw CF parallel (I. 31) to AD or BE. 

The square AE is equal (II. Ax. 1) to the rectangles 
AF and C E. But AE is the square of AB. The rect- 
angle AF is contained by B A, AC ; because DA is 
equal to AB. The rectangle CE is contained by AB, 
BC, because BE is equal to AB. Therefore the rectangles contained 
W AB, AC and AB, BC are equal (Ax, 1) to the square of AB. 
Wherefore if a straight line, &c. Q. E. D. 

This proposition is merely a corollary to the first proposition ; for, when the two 
straight Unes mentioned in its enunciation vie etyioX, \)tL^ T^\asck.<(gL^N& %«san. 
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PROP. in. THEOREM. 

If a straight line he divided into any ttoo parts, the rectangle contained by 
the whole and one of the parts is equal to the rectangle contained hy 
the ttoo parts, together with the square of the foresaid part. 

Let the straight line A B be divided into any two parts at the point 
C. The rectangle AB.BC is equal to the rectangle A C.CB, together 
with the sqnare of B C. 

Upon B C describe the square CE (1. 46). Produce 
ED to F. Through A draw A F parallel (I. 31) to 
CD or BE. 

The rectangle AE is equal (II. Az, 1) to the 
rectangles AD and CE. ' But AE is the rectciagle con- 
tained by A B, BC, because BE is equal {Const,) Xxy 

BC. The rectangle AD is contained by AC, CB, 
because CD is equal to CB. And DB is the square 
of B C. Therefore the rectangle AB.BC is equal to the rectangle 
A C.C B, together with the square of B C. If therefore a straight line 
be divided, &c. Q. E. D. 

This proposition is only another ooroUaiy •to the first proposition ; for, when the 
nndivided straight line mentioned in its enunciation, is eqoal to one of the parts 
of the divided straight line, their rectangle becomes a square. 

PROP. rV. THEOREM. 

If a straight line he divided into any two parts, the smiare of the whole 
Une is equal to the squares of the two parts, together with twice the 
rectangte contained hy the parts. 

Let the straight line AB be divided into any two parts at C. The 
square of A B is equal to the squares of A C and C B, 
together with twice the rectangle AC.CB. 

Upon AB describe the square AE (1.46). Join 

BD. Through C draw CGF parallel to AD or BE 
(I. 31), and through G draw KGK parallel to AB or 
DE. 

Because CF is parallel to AD, and BD &lls 
upon them, the exterior angle BGC is equal (I. 29) 
to the interior and opposite angle AdB. But 
the angle A D B is equal to the angle A B D (I. 5), because B A is equal 
to AD, being sides of a square. Therefore the angle CGB is equal 
Q..AX. 1) to the angle CBG, and the side BC (L GVto the side CG. 
But CB is equal (I. 34) also to GK, and CG to BK. Therefore the 
figure CK is equilateral. Again, because CG is parallel to BK, and 
CB meets them, the angles !^B C, GCB are equal (L 29) to two right 
angles. But the angle A.BC is a right angle (Cbn«^) Therefore GCB 
is a right angle. And the angles CGjf, GKB, opposite to these, 
are also (I. 34) ri^t angles. Therefore CK is rectau^ular. But it 
is also equilateraL Therefore it is a square, and it is described upon, th^ 
side CB. For the same reason H F is a square, wAS^Sa ^<ass2c^^^^s?$Ksa. 
the side HG, whidi is (I. 34) equal to K^. Ts^eteW^ "^^^^is. 
MF'md CK axe the squares of AC aa^ C^. ^^«a»s.^'^^ os^cc^v^ 
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AG is equal (L 43) to the eomplemoiit G£ ; and A G is the rectangle 
contained by AG. GB, for GCf is eqnal to GB. Therefore GE is 
also equal to the rectangle AC.GB. Ifherefiire AG flnd OE aa 
equal to twice the recto^le AG.GB. Also HF* and CK are the 
squares of AG and GB. 'Ehcrefbre the fbur figms HF, CK, AG and 
GE, are equal to the squares of AC and CB, with, twice- the reetangle 
AC.CB. But the figures HF, GEL, AG and G£ make np^ tiis 
whole figure A£, which is the square of AB. Therefinre the square of 
AB is equal to the squares of AG and CB, aodt twice the rectangle 
AG. GB. Wherefore, if a straight line be divided, &e. C^ E. IX 

GoR. 1. — ^From the demonstration, it is manifest, that the parallel- 
ograms about the diameter of a square, are likewise squares. 

Cbro2Zar^ 2 .— The sqsare «f a^r stMsl^ Unft i* oqaal to iMir tima the a^ 
the straight line. 

The demonstration of ttae precefflng pNperitk» arfghi bart baoi AortflnsC by ttai 
application of some eoroUnieff to fba prapsaitioBf in Beok. L It wilX be a vmBd 
exeiciieftr tile atadent to dbiio?tr thii thridpnant Mmwelfc 

The Mioyiiug demontrstion is founded on the pceoeding p r op o iiilTiwM oj tfaig booiL 
Because AB is divided into any two parts at G, the sqmare at AB is equal 
(JI. 2) to the two rectangles AB.AG, and AB.BC. Bot becaoae AB is 
divided into any two parts ct C, tiie reetsagfe AB. AG b equal (EL 3> to the 
Kctaoj^e AG.GK, and the aqptxn of AG; also tbe veetangla ABJ3G is 
equal to the reetangle AG.GB, and th9 sqnave of GB^ AMhtg theae equals, 
the rectangles ABAG and AB.BG, are together equal to twice the rec- 
tangle AC.GB» and the aqoarea of AG and GB. Bat it has been proved that 
the square of A B is equal to the same two rectangles. Therefore i£e square of 
AB ia equal ^Jx.1) totbt tqparaiof AG and GJB^ aaid twioe tfaa reotaaglt 

agx:b. 

PROP. V. THEOREM. 

Jf a straight line be divided into two equal parts, and alto inta two uaegpuL 
parte; the rectangle contained by tha unequal parts, togetJierwitM thesfuare 
of the line between, the points of section {or divititm),. is equal to the aquarr 
qf half the lime. 

Let the straight line AB be divided into two eqaal puta at the pomt 
C, and into two unequal parts at the point D. The rectangle AD»D^ 
together with the square of CD, is equal to the 
square of CB. 

Upon CB describe (I. 46) the square CF. Join. 
BE. Through D draw BHG parallel to CE 
or BF (L 31;; and through H draw KLM 
parallel to GB or £F» a£o through A draw 
AK parallel to CL or BM. 

Because tSie complement GH is equal (L 43) i» the oonqplenMOfe 
HF. To each of them, add DM. Therefore the whoie CM ia eqoal i» 
the whole DF. But CM is equal to AL (I. 36) beeanse AC is equal 
to GB. Therefore AL is equal to DF. To each of these emalu, add 
GH. Therefore the whole AH is equal to DF and GH; l£at ia, t» 
the gnomon GMGK But AH is the rectangle AD.DB, fbr DH is 
equal to DB. Therefore the gnomon GMG is equal to the reetangle^ 
A2>,I>B, Ta each of these equals add LG, ^fAni^ia et^^ (JL 4k Cbr} 
to the square of CD, Therefore the gnomon C1A.Q(, ^o^je^Cbsst "NrtSa. \J^ 
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is equal to ihe lectanele AD.BD, togeiJier with tbe square of CD. 
But the guomon CMG and LQ make up the -whole figure OF, which 
is the square of CB. Therefore the rectengle AD.D B, together with 
the square of CD, is equal to tiie square of CB. Wherefore, if a 
straight line, &c. Q. E. I). 

Another Demonrtnttioii? D e ca—o C8 Is 6Mcled into any two parts at D, the 
rectangle CD.DB, and the square of DB are together equal (II. 8) to the 
rectangle CB.BD, or to the rectangle AC.DB; for, AC is equal (Canst.) to 
CB. To each of these eqiials, add the rectangle GD.DB. Therefore twice 
the rectangle CDJ>B, and the square of DB are together equal to the reot- 
■angleB AGJDB, ud GD.D B, whidi an eqaal (11. 1) to the rectangle AD. 
DB. Acain^'lo «adliJOf these eqoals add the eqfnae of CD. Therefore the 
squares of CD and D B, sad twice the nctani^e CD.D B «r« together equal 
to the rectangle A D.D B, and the square of C D. But the squares of C D 
juid DB and twice the xeetsB^B CD.DB, are together «qiial (II. 8) to the 
square of CB. Tharefinre the iwiaagle.ADJ> B, and the square of C D, are 
together equal to the square of CB. 

CoroUary 1.— From this progpositlim It is msaiftat, that the difiaranoBof the squares 
of two unequal lines AC and CD, ie equal to the rectangle oaniainad by their 
snmAD, and thdr difference DB. 

CoroUary 2. — The rectangle contained I)/ the segments of any straight line, is a 
maximum when the point of section Is the middle point. 

Coroibery 8. — The nm of Die squares of the two parts into which a straight line is 
divided is a minfanum, wtiea it is biseeted. 

CbroOiiafff I Jjhr square of one <of ihe legs of m right-angled tifangle is equal to 
the ftetsai^SOBtoinedty thearnnjiiulltie Afferenee of the hypotenuse and the 
other lilg. 

PBOF. YJ. THBOBEM 

ffa straigit line be biioeted, andproSuoed to any point, the rectangle eontained 
by the v^le line thus produced, and the part of it produced, together with 
the square of hcdf the Une bisected, it equal to the square of the straight 
Kne which is made np ((fihe haff and the part produced. 

Let the straight line AB be bisected at C, and produced to the point 
D. The rectangle ABLDB, together with the 
square of C B, is equal to the square of C D. 

Upon CD describe the square CF (I. 46)- k I iJ "^hL/^ m 
Joiu DE. Through B draw BHG parallel to 
CE or DF (L 31); and through H draw 
KLM parallel to AD or EF. Also, ihrough 
A draw AK parallel to CL or DM. 

Because AC is equal to CB, the rectansle A L is equal (1. 36) to the 
rectangle CH. But CH is equal 0-43] to HF. Therefore AL is 
equal to HF. To each of these equals add CM. Therefore the whole 
AM is equal to the enomon CMO. But AM is the rectangle AD.DB, 
because DM is equal (II. 4. Oor,) to DB. Therefore tiie gnomon CMG is 
equfll to the rectangle AD.DB. To each of these equals add LG, which 
is equal to the square of CB. Tlierefore the rectangle AD.DB, 
together with the square of CB, is equal to the gnomon CMG, and 
L G. But the gnomon CMG and LG make u^ tha wasa^^^^ ^-^W^ 
is the square of CD. Therefore ^e TeelMi%\«& ^"^."^ ^^A^^^^'^/^^x. 
tiies^uare of CB, is cqiMil to the aqparo oi CiT>- ^^5>as5t^^^^^ ^ ^^^^ 
line, dec Q.E.D. 



AC U D 


K 


It 




/ 




1 

] 


/ 






t C 


i^ F 




46 Euclid's eleicekts. 

Another Demonttratkm t Frodnee C A to N, maUng CN equal to C D. To^tm 
equals, add the eqaala CA and CB re- 
specUvely. Therefore NB, la equal to AD. N A C B D 

But the rectangle NB B D and the square of 

CB is equal (II. 6) to the square of CD. 

And it has been proved that AD is equal to NB. Therafore the reetn^ 

A DJ> B» and the square of CB is equal to the sqoara of 0I>. 

PEOP. VIL THEOEEM. 

jjjf a straight line be divided into any two partt, the eqmaree of the whole time, md 
of one of the parte, are equal to twiee the rectangle contained by the wkk 
and that part, together with the tquare of the other part. 

Let the straiglit line AB be divided into any two parts at the point C 

The squares of AB and BC are eqnal to twice me . c B 

rectangle AB.BG, together with the square of AC. 

Upon AB describe the square AE (I. 46) and join 
BD. Through C, draw CF parallel to AD or BE, 
cutting BD in G (L 31), and through G draw HGK 
parallel to AB or DE. 

Because AG is equal to GE (I. 43) ; to each of them 
add CK. Therefore the whole AK. is equal to the 
whole GE ; and AK and GE together, are double of ASb But A £ and 
CE are the gnomon AKF and the square G K. Theroore the mamm 
A K F and the square C K are together double of A K. But twice uie rec^ 
angle AB.BG, is double of AK, for BK is equal (11. 4 Car.) toBC 
Therefore the gnomon AKF and the square GK, are together equal to 
twice the rectaSgle A B. B G. To each of these equals, add H F, whidi 
is equal to the square of AG. Therefore the gnomon AKF, and the 
squares GK and HF, are equal to twice the rectangle AB.B C, and 
and the square of A C. But the gnomon AKF. and the squares CK and 
H F, make up the squares AE and GK, whicn are the squares oC: AB 
andBG. Therefore the squares of AB and BG areequsdto twA'the 
rectangle AB.BG, together with the square of AG. Wherefore, if a 
straight line, &c. Q. E. D. 

Otkertoise, — BecauAe A B is divided into any two parts at C, the square of A3 ii 
equal (H* 4) to the squares of A C and CB, and twice the rectangle AC.GB. 
To these equals, add the square of C B. Therefore the squares of A B and G B 
are together equal to the square of A C, twice the square of C B, and twice the 
rectangle A C.C B. But the rectangle A B. B C is equal (H. Z) to the square <tf 
CB, and the rectangle AC.GB. Therefore twice l^e rectangle AB.BG is 
equal (I. Ax. 6) to twice the square of C B, and twice the rectangle AG.CB. 
To these equals, add the square of A G. Therefore the square of A C and twice 
the rectangle A B.B G are together equal (I. Ax. 2) to the square of A G, twice 
the square of CB and twice the rectangle AG.CB. But it was proved that the 
squares of AB and CB are equal to the square of AC, twice the square of 
CB, and twice the rectangle AC.CB. Therefore the squares of AB and 
C B are together equal (L Ax» I) to twice the rectangle A B.B G and the square 
of AC. 

CoroUary 1.— The square of the difference of two straight lines is equal to the 
difference between the sum of their squares and twice the rectangle oon> 
tained by them. 

CoroUary 2.— The square of the same of two 6tra\g\it Ain«& \a «(\qs\ \a \bA «QcaHK% 
of their differavse, together with four times the leclan^^ canXaasife^^iS ^Sdassu 
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PEOP. Vni. THEOREM. 

{Ta ttraigM line be divided m/o any tvfo pgrU, four timet the rectangle 
contained by the whole Hne^ and one qf the parts, together with the square 
of the other part, is equal to the square qf the straight line, which is nuuk 
up qf the whole tmd thai part. 

Let the straiglit line AB be diyided into any two parts at the point 
C. Four times the rectangle AB.BG, together 
with the square of A C, are eqiuil to the square of the 
straight line made up of A B and B C together. 

Produce AB to B, making (I. 3) BD equal to BG. 
Upon AD describe (I. 46) the square AF. Join its 
opposite points D£. Throue^ tne points B and G, 
draw the straight lines (1. 31) BK.L and CPH parallel 
to A E or D F, Through tne points K and P, where 
they meet the diagonal, draw MGN and XPO 
parallel to AD or EF. 

Because GB is equal to BD (Const) and also to GE. TI. 34), the 
squares (11. 4 Cor.) Q It and B N are equal. Because the siaes of these 
squares are a21 equal, and all their adjacent angles are right angles 
(1.13). Therefore the complements GE. and l£0 are (L 43) equal 
squares, and tJM|fonr squares (1. 36) GK, BN, GK and £.0 are all 
equal. BecauiflrGG, and GP, are sides of equal squares, the rectan- 





Jtangh 
sie all equal. Because the four squares G K, B N, G K, and K. O are 
four times GK ; and the four rectangles AG, MP, PL, and KF are four 
times A G. Therefore the gnomon A O H is foar times the rectangle 
A EL ; that is, four times the rectangle A B. B G, because B K is equal 
to B ^ To these equals, *add the square of A G, or its equal the square 
X H4I|L 34). Therefore four times the rectangle A B. B G andT the 
square of A G, are together equal to the gnomon A O H and the square 
X H ; that is, to the square A F. But the squase A F is the square of 
A D, or of A B and B G together. Therefore four times the rectangle 
A B. B G and the square of A G, are together equal to the square of mo 
straight line made up of A B and B G together. Q. E. D. 

Dr. Thomson, in his edition, objects to this demonstration on the ground that it 
tacitly assimies the truth of the fint proposition of Book Y. This objection 
may be removed by the following demonstration : — Because the triangle A D £ 
is equal (I. 34) to the triangle FDE, and the triangle XP£ equal to the 
triangle HPE. Therefore the remaining figure A DFX is equal (I. Ax. 8) 
to the remaining figure FDPH; and the gnomon A OH is double (IL 
Ax. 2) the figure A DFX. Because CB is equal (Ckmst.) to BD, the square 
GR is equal (I. 34) to the square BN, and the triangle BDK to the 
triangle K P B (I. Ax. 7). To these equals, add the figure A B E P X. There- 
fore the figure A D £ X is equal to the rectangle AB. But the rectangle A B is 
double the rectangle AK, because B S is equal to S B. Therefore t\N& ^seas?^ 
A D P X is double the rectangle AK. But it haa V««ck. -gKSH'ift.NjQsJv. ^^^ >ej^^^»sscv 
AOH is double the figure ADFX. TVickSoto XXi-a ^mscdmcl ^^^^^^^^^^^ 
times the rectangle A K; that Is, four tUnes t\»T^c^Ka^^ K^."^ *5i>S^ Vi8^'«k-«w» 
is equal to B C. The rest of tMa demonfttnLUoiL ^a^Saa wsaa ^ '«»»' 
ceding; viz., *' To these eqoaU add. bo"* 
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Otherwise. — Prodnee AB to D making B D equal to B C. Beeanae the iqoanflf 
C D is equal (II. 4 Cor. 2) to four timea the fqnare of C B ; and twice ftt 
rectangle A C. C D is eqoal (11. Ax 3) to four times the rectangle AC. CE 
Therefore, adding theee equals, the square of C D and twice the veokaagle AC 
C D are together equal to tdar times the sqaare of C B, and fbnr ««>*■ fti 
rectangle A C. C B. But the rectangle A R B C is equal (IL 8) to the squn 
of CB and the rectangle AC. CB. llierefore four times the rectangle AE 
B C is equal to four times tiie square of C B and four times the rectangle AC. 
C B. But it has been proved that the square of CD, and twice the rectaogk 
A C. C D are together equal to the same magnitudes. Therdfare the square d 
C D and twice the rectangle A C. C D are together equal to foor times the 
rectangle A B. B C. To these equals add tlie sqaare dt AC. Therefixe tk 
squares of A C and C D, and twice the leetan^e AG. C D, are toeether eqal 
tofourtimestherectani^ AB.BCandflicsqiiareof AC. Bvt the aqoans <tf 
A C and C D, and twice the rectangle AC CD are eqoal (II. 4) to the sqoae 
of A D. Therefore four times the rectanj^e A B. B C and the square of A C, 
are together (L Ax. 1) equal to the squase of A D, ttat h^ of the 8tn%iit 
line made up of A B and B C together. 

PROP. IX. THEOREM. 

ffa ttratffhi Une be dhnded mto iwfo equal, wnd oho into two MnafMsl fvtt; 
the tguaree of (he two uneqwd porta are together double qf tike tqaartf/ 
half the Une, and of the sjttare if the line between the points ofweetmm. 

Let the gtraight line A B be cLivided into two equal parts at the pcunt 
C and into two unequal ports at the point D. The squiBS of A D and 
aDdDB together, are double the squares of AC and Cj3 together. 

From the point C draw (L 11) C£ at right angles to AB. Make 
€E equal (I. 3) to AC, and join E A, EB. Through D draw D P paraUd 
(L 31) to CE, meeting EB in E. Through F draw FG parallel to BA, 
and join AF. 

Because AC is equal to CE, the angle E AC is equal ^ 

(L 5) to the angle A E C. Because A C E is a right angle, 
the two other angles AEC, EAC of the triangle AEC 
are together equal (1. 32) to a right angle. But they are 
e^ual to one another. Therefore each of them is lilf a __^^ 

nght angle. For the same reason, each of the angles ^ C » B 

CEB, EB C is half a right angle. Therefore the whole angle A £ B is a 
right angle. Because the angle G E F is half a right angle, and E G F u a 
right angle, being ejual (I. 29) to the interior and opposite angle ECB. 
Therefore the remaining angle E F G is half a right angle, wherefore 
the angle G E F is equal to the angle E F G, and the side E G (L 6) to 
the side G F. Again, because the angle at B is half a right angle, and 
F D B is a right angle, being equal (L 29) to the interior and opposite 
angle ECB. Therefore the remaining angle BFD is half a ri^t 
angle. AVhereforc the angle at B is equal to the angle B FD, and 
the side D F (I. 6) to the side DB. Because AC is equal to CE, the 
square of AC is equal to the square of CE. Therefore the squares of 
A C and C E are double of the sqaare of A C. But the square ot AE is 
equal (I. 47) to the squares of AC and CE. Therefore the square of 
A E is double of the square of A C. Again, because E G is equal to GF, 
the sQuare of E G is equal to the square of G F. Therefore the equarea 
cS ISiVr and GF are double of the square o£ Gl?. "RTofc tha wmare of E F 
IS equal (L 47) to the squares of EG and G'P. *I^c^icsR^ \ks3& «q?»^^ 
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EF is double of the square of OF. But GF is equal (1. 34) to CD. 
Therefore the square of EF is double of the square of CD. But it has 
been proved that the square of AE is double of the square of AG. 
Therefore the squares of AE and EF are double of the squares of A C and 
CD. But the square of A F is equal (I. 47) to the squares of A E and 
£F. Therefore the square of A F is double of the squares of AC and 
CD. But the squares of AD and DF are equal (1. 47} to the square of 
A F. Therefore the squares of A D and D F are double of the squares of 
AC and CD. But D F is equal to D B. Therefore the squares of AD 
and DB are double of the squares of AC and CD. If, therefore, a straight 
line be divided, &c. Q. E. D. 

Othenotte, — ^Because B C ia divided into any two parts at D, the eqnare of B D, and 
twice the rectangle B C. C D are together eqoal (II. 7) to the squares of BC and 
C D. But A C is equal {Const.) to B C. Therefore, the square of B D and twioe 
the rectangle A G. C D are together equal to the squares of A C and G D. But 
the square of AD is equal (II. 4) to the squares of AG and GD, and twice the 
rectangle A G. G D. Therefore adding these equals, the squares of A D and BD, 
and twice the rectangle AC. GD are together equal (I. Ax, 2) to twice the 
squares of A C and C D, and twice the rectangle AC. CD. From these equalf, 
take away twioe the rectangle A C. C D. Therefore the squares of A D and 
B D are eqiml (I. Ax, 8) to twice tiie squares of A C and C D. 

rHOP. X. THEOREM. 

Jj a straight tike be biseciedy and produced to any point, the squares of the 
whole line thus produced, and of the part qf it produced, are togetJier 
double of the square of half the line bisected, and of the square of the liiic 
made up of the half and the part produced. 

Let the straight line A B be bisected in C, and produced to the point 
D.- The squares of AD and DB, are together double of the squares of 
AC and CD. 

From the point C draw CE (I. 11) at Mht ^ F 

angles to AB. Make CE equal (J. 3) to A C or 
CB, and join AE and EB. Through E draw 
EF parallel to A B (I. 31), and through D draw 
DF parallel to CE. Because the straight line i^ 
E F meets the parallels C E, F D, the two angles 
CE F, EFD are equal (1. 29) to two right angles. 
Therefore the two angles BEF, EFD are less than two right angles. 
But straight Hues, which with another straight line make the interior 
angles upon the same side less than two right angles, will meet {Ax, 12) 
if produced far enough. Therefore E B and F D will meet, if produced 
towards B and D. Let them meet in G, and join A G. 

Because A C is equal to C E, the angle C E A is equal (I. 5) to the 
imgle E A C. Because A C E is a right angle, each of the angles C E A 
and E A C is half a right anglo (I. 32). For the same reason, each of 
the angles C E B and E B C is half a right angle. Therefore tie whole 
angle A E B is a right angle. Because E B C is half a right angle, the 
vertical angle D B G is also (1. 15) half a right angle. But BD G ia.-^ 
right angle, being equal (I. 29) to the altatTA^a «s\3^'bTi^'^« r^^^^^l*^ 
fore the remaining angle D Q B \s \^^ «. tv^\. ^|^'^* .ZS^T^^^X^ 
angle DGB is equal to the angle "D^O, «sSl^<5; «v\^^v^ v>. ^^ 
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fiideDG. Againybecaos^EGFishalf a light angle, azid the aagla^ 
is a ri^ht angle, being equal (L 34) to t£e oppoBite angle £GD»tiiB 
remaining angle FEG is aidf a right angle. Therofoie tnie aBg:lfi F£6 
is equal to the angle £GF, and liie side GF (L 6) to the nde Fl. 
Becaase E C is equal to C A, the square of E C is eqoal to the aqoaze cf 
C A. Therefore the squares of EC and C A are doable of the aquaze d 
CA. But the square of E A is eqpal (L 47) to the squares of jRCwad 
CA. ThereiDoro the square of E A IS doable (^ the square of A CL Agaia, 
because GF is equal to £F, the sqniare of G F is equal to the aqnare of 
E F. Therefore the squares of GF and FE are double of tiie square sf 
EF. But the square of EG is equal (1. 47) to the squares of GF andEF. 
Therefore the square of EG is double of the square of EF. But EFis 
equal (L 34) to C D. Wherefore the square of E G is double of the 
square of D. But it was pcored that ti:^ square <tf E A is doable of the 
square of AC. Iho'e^cne 'me squares of fi A and E G are double of the 
squares of AC and CD. But the square of AG is equal (I. 47) to the 
squares of EA and EG. Therefore the square of A G is double of the 
squares of AC and CD. But the squares of AD and DG are equal to 
the square of AG. There£3re the squares of AD and DG are dooble of 
the squares of AC and CD. But DG is equal to DB. Therefore the 
squares of AD and DB are double of the squares of AC and CD. 
Wherefore, if a straight line, &c Q. E. D. 

OtTierwise. — Produce C A, making CH equal (I. S) to CD. To^ttiese equals, add 
the equals € B and C A, respectirely. 
Therefore HB is eqsftl (L^. 2) to AD. HA C B D 

Because the sqnaree of H B and B D ara — 

together (II. 9) double of the squares 

of A C and C D. But H B is equal to AD. Therefore the squares of AD 

and B D are together double of the squares of A C and C D toigeiliesr. 

PROP. XI. PROBLEM. 

To divide a given straight Une into two parts, so thai the rectimgh eouUmtd 
by the whole atid one qf the parts, shall de equal fo the square of the ctHur 

part. 

Let AB be the given straight line. It is required to divide AB into 
two parts, so that the rectangle contained by the whole and one of the 
parts, shall bo equal to the square of the Gmer part. 

Upon AB describe (L46) the square CB. Bisect ^ J& 

AC in E (L 10), and join BE. Produce CA to F, ' ' 

and make EE equal (L 8) to EB. Upon AF describe 
(L 46) the square F H. The straight line AB is 
divided in H, so that the rectangle AB. BH is equal to ^ 
the square of A H. Produce O H to meet C D in EL. 

Because, the straight line AC is bisected in E, and 
^K)ducod to F, the rectangle CF. F A together with the 
square of AE, is equal (IL 6) to the square of E F. But 
EF is equal to E B. Therefore tho rectangle C F. F A, <.. ii !> 

togethrr with the square of AE, is equal to the square 
eS. But the squares of B A and AE are equal (L 47) to the square of 
"IB. Therefore the rectangle CF. F A, together with tho squaaje of AE, 
to the aqxaaces of BA and AE. Frcan tiasiae eqvi.?\sj\akft ^-^vits^ 
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the square of AE, which is common to both. Therefore the rectangle 
GF. !P A is eqnal to Hie square of £ A. But thfi rectangle FK is we 
rectangle contained by CF. FA, because FA is equal to FG. And AD 
fs ^e square of AB. Therefore the rectangle FK is equal to the square 
AD. From these equalsi take amray the common part AS.. Therefore 
the remainder FH is equal to the remainder Hi). But HD is the 
rectangle contained by AB.BH, because AB is equal to BD. And 
FH is the square of AH. Therefore the rectangle AB. BH, is ec[ual 
to the square of AH. Wherefore the straight Hoe A B is divided 
in H, so timt the rectajigle AB.BH is equ^ to iho square of AH. 
aE. F. 

Dr. Thomson in his edition, has jnade «ii improvement ia tbe coostniction of tbis 
problem, by cutting; off at once from AB, apart AH equal 1x> AF, and then 
completing the square F H for the demonslratioii. This x^noves tbe hiatus i» 
the demonstration of Euclid, which does not show that AH and A B, the sides -of 
the squares F H and A D, must coincide. It creates another, however, for it is 
not shown by Dr. Thomson that A B is the greater of the two straight liaee 
A B and A F. But tbe same defect Iwfks in tbe demanstnrtion of EnolidL 

CorolUxry 1. — In the figure to this propositimi, the etraig^ line C F is cut at the 
point A, flteflsriy to the straight line A B at the point H. 

Copolkay 2.— -If a straight Une be divided, so that the rectangle contained by tin 
whole and the smaller segment is equal to tbe square of the greater, the 
greater segment will be similarly divided 1>y cutting -off from it a part equal 
to the amaUer sefment ; and the smaller se^nnent will be similarly divided 
by cattiB\g off from it a part equal to th^ difference, And so on continually. 



PEOP. XII. THEOREM. 

Jn obtuse-an§led irianffleSf if a perpendicular be drawn/rom eUker t^ike acute 
angles to the opposite side produced, tbe square of the side eubtendiag the 
obtuse angle, is greater than the squares of the sides contaimng the obtmse 
angle, by fvoiee the rectangle ootUained by thfi side to which, when produced, 
the perpent^euktr is drawn, and the straight One imterc^fted between the 
perpendicular and the obtuse angle. 

Let ABC be an obtuse-angled triangle, having tibe obtuse angle 
ACB ; and from the point A, let AD be drawn perpendicular to BC 
produced. The square of A B is greater than the squares of A C and 
C B, by twice the rectangle B C. CD. 

Because the straight line BD is divided into two parts at the point C; 
the square of B D is equal (H. 4) to the squares of B C and C D, and 
twice the rectangle B C. C D. To each of these equals, 
add the square of D A. Therefore the squares of B D 
and D A are equal to the squares of B C, CD and D A, 
and twice the rectangle B C.C D. But the square of B A 
is equal (I. 47) to the squares of B D and D A. And the 
square of C A is equal to the squares of C D and DA. 
Therefore the square of B A is equal to the squares of 
B C and C A, and twice the rectangle B C. D ; that is, 
the square of B A is greater then the squares of B C and C A, by twiee 
the rectangle BC.CD. Therefore, in obtuse-asL^Vi,^ ^xv»si'^^> "^^^ 

a£. D. 
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7«3 ivery triangle^ the tquare of the tide tubtending either qf the aeuie fmjfici, U 
lets than the tguares of the eidet containing that angUf by twice the reet* 
angle contained by either of these sides, and the straight lime intereeptei 
between the acute angle and the perpendicular drawn to itfrons the oppoiUt 
angle. 

Let ABC be any triangle, and the an^le ot B one of its acute angieii 
and to B G, one of the sides containing it, draw the perpendicular AD 
from the opposite angle at A TI. 12). The 

square of AC opposite to tne an^le B, ^ A 

is less than the squares of C B and B A^. A\^ ^^^ 

by twice the rectangle C B.D B. / \ ^y^/\ 

Because the straight line CB or BD^ is ^ ^ ^ ^~ ^-^ 

divided into two parts at D or at C, the 

squares of CB and BD are equal (U. 7) to twice the rectangle CB.BD, 
and the square of D C. To each ot these equals, add the square of AD. 
Therefore the squares of C B, E D, and V A, are equal to twice the 
rectangle C B. B 1), and Hie squares of A D and D C. But the square of 
AB is equal (I. 47) to the squares of BD and DA. And the square of 
AC is equal to the squares of AD and D C. Therefore the squares of 
C B and B A are equal to the square of A C, and twice the rectangle 
CB. BD ; that is, ttie square of AC is less than the squares of CB and 
BA, by twice the rectangle CB. BD. 

When the perpendicular coincides with AC, the leg B C is the straight 
line between the perpendicular and the acute angle at B j arid it 
is manifest, that the squares of AB and BC, are equal (I. 47) to 
the square of AC, and twice the square of BC. Therefore in 
any triangle, &c. Q. E D. 

Corollary . — The square of any side of a triangle is greater than equal to, 
or less than the squares of the other two sides according as the angle 
opposite to that side is greater than, equal to or less than a right 
angle ; and the difference, where it exists, is twice the rectangle con- 
tained by either of the other sides, and the straight line intercepted 
between the vertex of that angle and a perpendicular drawn to the remainiag 
side from its opposite angle. 

« 

PROP. XIV. PROBLEM, 
'To de&crihe a square that shall be equal to a given rectilineal figure* 

Let A be the given rectilineal figure. It is required to describe a 
square that shall be equal to A. 

Describe the rectangular parallelogram 
BD equal (I. 45) to the rectilineal figure 
A. If the sides B E and E D of the rec- 
tangle B Dare equal to one another, it is 
a square, and what was required is done. 
But if they are not equal, produce one of 
them BE to F, and make (I. 3) EF equal 
toED. Bisect (1. 10) BF in G. From the centre G, fkt tbp diatasvco QB 
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or QF, describe the semicircle BHF. Produce DE to meet the cir- 
cvmference in H. The square described upon EH is equal to the given 
rectilineal figure A. Join G H. 

Because me straight line BF is divided into two equal parts at 6, 
and into two unequal parts at E ; the rectangle BE. EF, together with 
the square of EG, is equal (II. 5) to the square of GF. But GF is 
equal (Dc/. 15) to GH. Therefore the rectangle BE. EF, together with 
the square of E G, is equal to the square of G H. But the squares of 
HE and EG are equal (1, 47) to the square of GH. Therefore the 
rectangle B E. E F, togetner with iLh.e square of E G, is equal to the 
squares of H E and E G. From these equals, take away the square of 
E G, which is common to both. Therefore the rectangle B E. E F is 
equal to the square of HE. But the rectangle contained by BE. EF 
is the parallelogram BD, because EF is equal to ED. Therefore BD 
is equal to the souare of EH. But BD is equal {Const,) to the recti- 
lineal figure A. Therefore the square of EH is equal to the rectilineal 
fi|pire A. Wherefore the square described upon E H, is equal to the 
given rectilineal figure A. Q. E. F. 

CorcUary. — The square of a perpendicnlar drawn from any point in a circle to its 
diameter ia equal to the rectangle contained by the segments into which it 
dlTides the diameter. 

The foUowii^g Propositions and Corollaries are added to this Book 
in some editions of Euclid. As they are comparatiyely easy to the 
student who has mastered the first and second books, we give them as 
exercises. 

Fbop. a. Theobem. — ^The sqoares of any two sides of a triangle are together 
double of the squares of h^ the third side and of the straight line drawn from 
the opposite angle bisecting that side. 

Fbop. B. Theorem. — The squares of the two diagonals of a parallelogram are 
together equal to the squares of its four sides. 

Fbop. C. Theobesi. — The squares of the four sides of a trapezium .are together 
equal to the squares of its two diagonals, and four times the square <^ the 
straight line which joins the points of tke bisection of the diagonals. 

Fbop. D. Fboblem. — To divide a given straight line into two parts so that the 
rectangle contained by its segments shall be equal to a given square, not greater 
than the square of half the given straight line. 

Fbop. E. Fbobi.em. — To produce a given straight line, so that the rectangle 
eontained by the whole line thus produced and tiie part prodooed, shall be eqaal 
to a given sqnare. 



BOOK III. 

IXBiriNlTIONS. 

I. 

BqctaL dbrdes are those of which, tlie diameters ore equal, or thoae ftoB 
tibie centres of -which the [radii, or] straight lines dra\ni to the circom- 
toanoes are equaL 

** This is not a definition, M; 8 l;heorem, the trath of wljcli itf 
tor, if the circles be applied one to another, so that their centres ccamaiSf 
the circks mnst likewise coincide, sinoe the stra%ht lines drawn front 
tiie centres^are equaL" 

Ckmcentrio circles are those which hare the same centre. 

A straight line is said to touch a circle, when it meets the cxrcom- 
ftroice, and beii^jHrodified does not cot the drde, 
that is^ does not uterseet the circamferaice. 

If a ttrsAi^t line teti^ a eit^e in the seme that deflnedl, 
it is called a tangeni (touchhig) to the circle ; but one 
whicb cuU tbo ciida^ ia eallad a inant (cnttiBg) to tba 
cfreie. 

Circles are said to touch one another "^irhen their ctremnferenees meet 
in anj point, bat do not cnt one another. 

Hie point In thtf chvainfefienoa of » circle, where a stra^gitt lino cr aaothar circle 
toochea it, it callecl thepoini qfeoatact (touch). 

IV. 

Strais^ht lines are said to be equally distant from the centre of a circle, 
when thd perpcndieuktrs drawn to them from the centre 
are equal. 

The straight lines spoken of in this definition are nsnally 
called chords (strings) because they stretch from one point of 
the circumference to another. If the perpendiculars drawn 
to them from the centre, be produced to meet the circum- 
ference, the parts of these perpendiculars between the 
chords and the circumference are called sagiita (arrows). 

V. 

And the straight line which has the greater perpendicular drawn to it, 
is said to be faruier from the centre. 

The straight line, or chord, which has the leas pecpon^cai^sx ^viiti\a Vl^ia vtSA |r 
be nearer to the centre. 
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VI. 

A segment of a drcW is the figure ooaiained bf a straight line or 

chord, and the arc, or port of the eireoonteeoce 'vdiidh it ooJbi off. 

Every chord, except a* diameter, divides a drcle into two 
unequal segments, the one greater and the other less than 
a semicircle. For brevity's sake, . 1^ theaa s^^ents be 
called suppUmantarg to each ether. 

vn. 

[The angle of a segment is that "whieh is contained hy the straight 
iine and the circiimfiarence.] 

This definition appears to be att intetpi^tloB. It ia not vstd asd need not be 
remembered. 

vin. 

An angle in a segment is the angle contained by two straight lines 
drawn from any point in the drcomference of the segment, to the ex- 
tremities of the straight line which is the base of the segment. 

The meaning of this definition is, that if from the extremities of the chord of a 
segment, two other chords be drawn to any pofait in the arc of tiie segment, the 
angle formed between these two chorda is called tila <mgi/$ im As segmeM, 

IZ. 

An single is said to insist or stand upon the citeam- 
ference intercepted between the straight Iiiiea that con- 
tain the angle. • 

The meaning of this definition Is that tike on^ in a Kgmatt \a 
said to stand upon the arc of its sspplementary segment* 



A sector of a circle is the fignre contained by two (radii, or) straight 

lines drawn from the centre^ and the arc, or part of 

the circmnference between them. 

The two radii, except when the^ are in the same straight 
line, and thu^ fiunm a diameter, divide a drde into two un- 
equal sectors, the one greater and the other less than a semi- 
circle. These may also be called wuppkmmtUav sectors. 
Sectors receive names, sometfanta indicative of the port 
which they form of the entire circle, aa a guadtwa^ or the 
fourth parted a drble; a seatonl, or sixth part ; and an octaat, or eighth part. 

XI. 
Similar segments of circles are those in which the ^ — ^ 
angles are equal, or which contain eqnal angles. (^y'^'^ys /CPN 

AXIOMS. 
I. 
If a point be taken between the centre of a circle %a5L SSm^. ^sjassoss^- 
ference, that point is within the c\tc\e\ aftdL VL ^ v»»5j»>ife Ns^^^ >ws^^-^^ 
&0 ezrcvmfereaoey it is withooJb t]b.e c^c^» 

TUa axiom is tadtly assumed by EnoUd Va X^biA 'B«xi&. 
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n. 

If two magnitudes be doubles of two other magnitudes, each d 
each, the sum of the first two is double the sum of the other two. 

lU. 

If two magnitudes bo doubles of two other magnitudes, each of eadb 
the diirercnco between the first two is double the difference between the 
other two. 

These two axioms are not given by Euclid ; they are necessary, however, tD 
complete the logical demonstration of the 20th proposition of this Bcxdc 0r. 
Thomson, in his edition gives Playfair's demonstration of them. 

PROP. I. PROBLEM. 
Tojind the centre of a given circle. 

Let A B C be the given circle. It is required to find its centre. 

Take any two joints A and B, in the circumference, and join A B. 

Bisect the straight line AB (L 10) at D. From the point D, draw 
D C at right angles (I. 11) to AB.. Let CD meet the circumference in 
C and E ; and bisect C JE in F. The point F is the 
centre of the circle ABC. For if it be not, let, if 
possible, G, a point not in C E, be the centre, and 
join GA, GDandGB. 

Because DA is equal (Const) to DB, and DO com- 
mon to the two triangles A D G, B D G, the two 
sides AD, DG, are equSl to the two sides BD, DG, 
each to each. But the base G A is equal (I. Def, 15) 
to the base GB, because they are drawn from the 
centre G. Therefore the an^le A D G is equal (I. 8) 
to the angle G D B. But when a straight line standing upon another 
straight hue makes the adjacent angles equal to one anomer, each of 
these angles is a right angle (I. Def, 10V Therefore the angle GDB 
is a right angle. But F D B is likewise (Const) a right angle. Where- 
fore the angle F D B is equal (I. Ax, 1) to the an^e GDB; that is, the 
greater equal to the less, which is impossible, iherefore G is not the 
centre of the circle ABC. In the same manner it can be shown that no 
other point out of C E is the centre. Because C E is bisected in F, any 
other point in CE divides it into unequal parts, and cannot be the 
centre. Therefore no other point but F can be the centre. Wherefore 
F is the centre of the circle ABC. Q. E. F. 

Cor. From this it is manifest, that if in a circle, a straight line 
bisects another at right angles, the centre of the circle is in the line 
wliich bisects the other. 

The simplest mode of finding the centre of a circle, is to draw any two chords and 
bisect them at right angles by two straight lines. The intersection of these 
straight lines will be the centre, by the preceding corollary. 

Exercise 1.— Given the arc of a circle, to find the centre of the arc, that is, of tbe 
circle of which it is an arc. 

Exercise 2.— To describe a drde that shall pass thioogh vn^ tbfti^ vj^iasAa^^tbioSL «nr 
iu>t in the game straight lina. ' 
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PROP. II. THEOREM. 

If any tioo points he taken in the circumference of a eirde, the Uraight 

line which joins them lies voithin the circle. 

Let ABC be a circle, and A and B, any two points in the circum- 
ference. The straight line drawn from A to B lies within the circle. 

Find D the centre of the circle ABC (III. 1), and join D A and D B.. 
In Uie arc A B, take any point F ; join D F, and let it meet the straight 
line AB in E. 

Because D A is equal (L Def, 15) to D B, the angle 
D A B id equal (I. 5) to the angle DBA. Because A£, 
a side of the triangle DAE, is produced to B, the ex- 
terior angle D E B is greater (I. 16) than the interior 
and opposite angle DAE. But the angle DAE was 
proved to be equal to the angle DBE. Therefore the 
angle DEB is also greater than the angle DBE. Bat 
the greater side is opposite (I. 19) to the greater angle. 
Therefore D B is greater than DE. But D B is equal (I. Def 15) to 
DF. Therefore D F is greater than D B, and the point E lies witiiin 
the circle (III. Ax, 1). In the same manner it may be proved that 
every other point in AB lies within the circle. Therefore the straight 
line AB lies within the circle. Wherefore, if any two points, &c. 
Q, E. D. 

This demonstration differs from Euclid's, in being direct, and not proceeding by 
the method of reducUo <id dbsurdwrn. It is preferable too, on account of the 
greater simplicity of the diagram. 

CordOary. — ^A straight line cannot cut the circumference of a drde in more points 
than two. 

PROP. III. THEOREM. 

If in a circle^ otie straight line passing through the centre of a circle bisect 
another toithin it, which does not pass through the centre, the latter 
is cut at right angles : and conversely, if it be cut at right angles it 
is bisected* 

Let AB C be a circle ; and let C D, a straight line passing through the 
centre, bisect any straight line* A B, which does not pass through the 
the centre, in the point F. The straight line A B is cut at ridbt angles. 

Take E the centre of the circle (III. 1), and join E A and E JB. 

Because AF is equal to FB {Hyp,), and FE common to the two 
triangles A F E, B FE, the two sides AF, FE, in the 
one are equal to the two sides BF, FE, in the other, 
each to each. But the base E A is eqimlJT. Def 15) 
to the base E B. Therefore the angle A F E is e^ual 
(I. 8) to the angle B F E. But when one straight 
line standing upon another makes the adjacent angles 
equal (L Def, 10) to one another, each of them is a 
right angle. Therefore each of the angles AFE, 
BFE, is a right angle. Wherefore the straight line 
CD, passing through the centre and bisecting another AB tl&s&l^sf^ 
not pass through the centre, cuts it at risVit ^sji^^c^. ^, ^ -^v - ^ 

Next, let CD cut A B at light aa^Ye^- *t>aft ^Xasc^^^^'^ w>2.>a^ 
huteded at F» 
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Next onlj two rtroight line* drawn to the circom&renoe fitoiK F, cai 
be equal to each other, one bcinff on each side of A D, 

At the point E in the Btraight hne BF make the angle FEH eqial 
to the angle F£0. Join FH. FH is the 011I7 straight line Uut 
can be drawn to the dremnfcrenoe equal to F Q, 

Because GE is equal (I. Def. lb) to EH, and EF eomtaon to tba 
twofriane-IesGRF, HEF; the two sides GE and EF are eqnal tofl» 
fwosides HEandEF, cuchtoeoch. Bnttheangle GEF ii equal((3iMd 
to the angle HEF. Thereforo the base PG i8equal(L4) to thebaaeFtt 
And no other atroizht hne hat F H, can bo drawn from F to the cvobb- 
ferenco equal to FG, For, if posBible, let FK ho eqnal to PG. BecaiM 
PKiseqiial to FG, and FG to FH, therefore FK is equal (L -,<^1) to 
FH i that is, a hne nearer to that which pasaeB through the oentn, it 
equal to one more remote ; which has been proved to be impos$3ll^ 
Therefore, if any point ho taieu, &c. Q. E. D. 

OtmlUB-ff I. — If tTTO cbordi of > circle int«nc«t e>ch othBr uid make equal ngia 

with tbe diuoeter paaring throngb their point of inteneatioii, Quj ar« cqniL 
CoroUarg 2.~U two chords of a dnU Inteneot ouh attxr and nuke vtmiai 
anglei with the diametsr pauhig (hraogh the point of thdr lutwseotiaa ; tlM 
which makM the leaat uigle villi tha dlimeter ig the graiteaL 
DETiHiTia:).— An in of i drclg la iild lobe ahkdm towuda a potnt wltbODt it, 
whea ill Uieatnight lines, drawn fhim thatpi^t- meet the MbHB piwt tr liiiill 
of the no ; and it la aald to be ooraiex iowtiii a point wilhont It, when lU tla 
BtrBlght Unea, drawn from that point, meet tiie rmnd pott or OHtafde of Ibe an, 
8tr*i{^ lined drawn tioa may point withont a circle to tomoh Uie cjnna- 
fereoee will determine the two pcdnti whieb, bdng Joined, will divide the <^ 
onmSnwuw Into the amcane and onmer pacta. 

PROP. VIII. THEOREM. 

ff from an^ potnl wil&imt a circle, liraight Unit he draim to the eiretmifir- 

CTiM; d/ Ihoee uhichfall upon, the cimcave part of the dreton/irgiui, 

the grcaUtt ia that which pattei through the centre; and qf tita ml, 

that ahich it nearer la the greateit ii greater than the more remote ; Ad 

of those uhieh fall upon the convex part of the cireitmferejtee, lite leatt 

it that which produced paseei ihratigh the centre ; and if the reel, that 

which is nearer to the least is less than the more remote .- and onity tree of 

either set qf straight lines are egual, one being on eaeh ride rftka diamelrr. 

Let AB C he a circle, and B any point withont it. Let the etroi^t 

lines DA, DE, DF, DC be drawn to the circumference. Of tho« 

which fJiU upon A E F C the concave part of the „ 

lircumferenee, D A wHch passes through Uie centre, 

's the greatest ; of the rest, D E is greater than D F, 

and D F than » a But of those which fall upon 

. H I K G, the convex part of the eircomferenco, D G 

is the least ; of the rest, DK is leas than DI, and 

DI than B H. 

Take M the centre of the circle AB C (IH. 1), and 
join ME, MP, MC, MK, MI, and MH. 

Because AM is eqnal to ME (L Def. 15). To 
each of these equals, add MD. Therefore AD is 
is equal (L.4*. 2) to EM and MD. BntEMandMD 
we greater than ED (I, 20). Thereloro oiwi Ml 
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is greater than £ D. Again, becaase M E is eqnai to M F, and M D 
common to the two triangles £ MD, FMD; the two sides £ M and MD 
are egiml to the two sides F M and M D, each to each. But the angle 
£ MI) is greater than (I. Ax, 9) the an^e F MD. Therefore the base 
E D is greater than (I. 24) the base F lO. In like manner, it may be 
bnown that F D is greater than C D. Therefore, D A is the greatest $ 
D£ is greater than DF, and DF greater than DC. 

Because MK and KD are greater than MD (L 20) and MK is equal 
(I. JDef. 15) to MG. ThereK>r& the remainder £D is s^reater than 
(L Ax, 5) the remainder OD; that is, OD is less than £D. Again, 
because M I is eqnal to M K, and M D common to the two triangles 
MID, MKD, the two sides IM and MD are eqnal to the two sides 
KM and MD, each to each. But the angle IMD is greater than the 
angle KMD. Therefore, the base ID is greater than (1. 24) the base 
KD ; that is, KD is less than ID. In nke manner it may be shown, 
&atDI, is less than DH. Therefore, DG is the least; DK is less 
than D I, and D I less than DH. 

Lastly, at the point M, in the straight line MD, make the angle 
DMB eqnal to the angle D MK (I. 23), and join DB. 

BecanseMK is equal to MB, and MD common to the triang^les 
KMD, BMD, the two sides KM and MD are eqnal to the two sides 
B M and M D, each to each. But the angle K MD is equal {Const) to 
the angle BMD. Therefore the base DK is equal (I. 4) to the base DB. 
And no straight line drawn from D to the circumference, but DB, can be 
equal to DK : for, if possible, let DN be equal to DK. Because DN 
is equal to DK, and it has been shown that DB is equal to DK. There- 
fore DB is equal (I. Ax. 1) to DN ; that is, a line nearer to the least is 
equal to one more remote, which has been proved to be impossible. If, 
therefore, any point, &c. Q. £. D. ^ 

(JordUary 1. — If two secants of a circle, drawn firom the same point without it 
make equal angles with a secant passing through that point and the centre, 
they are equal. 

Corollary 2. — If two secants of a circle, drawn from the same point without it, 
make unequal angles with a secant passing through that point and tho centre ; 
that which makes the least angle with it, is the greatest. 

PROP. IX. THEOREM. 

If from a point within a circle, more than two equal straight lines can he 
drawn to the circumference^ that point is the centre of the circle. 

Let D be a point within the circle ABC, from which the equal 
straight lines DA, DB, and DC are drawn to the circumference. The 
point D is the centre of the circle. For if the point 
X) be not the centre, let the point £ be the centre. 
Join D £, and produce it to meet the circumference 
in the points F and G (I. JDef. 17). 

Because FG is a diameter of the circle ABC, and 
from the point D, which is not the centre, straight 
lines DG, DC, DB, and DA are drawn to the cir- 
cumference. Therefore DG is the aTeate&t,'V'^Cj\% _ .,^ 
^2«ater thanDB, imd DB greatw thaaliKO^-'\V "^^^- '^^^ ^^ 
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IScewiBo equal {Hyp.)\ wliich is impogaible. Therefore £ is not tk 
centre <^ the circLe A0 C In like manner ii maybe demonfltratedf ftit 
no other point hot D is the oentrc. Therefore JD is the oentro of fliB 
oircleABC. Wherciore, if a pomt be taken, &e. Q. £. D. 

Hie preoedkig demwutTitkm depends <b tlM wagpo^Xiaa that tha thne rti^^M 
lines DA, DB, and DC ere mil on one aide of the dUmetw FG. Bat the p«W 
£ might be so choeesi, that DC and DB shonldte on opposite aidei of Ab 
diameter, and then DC might be eqoid to D B instead ef beiag jimtn |hn IL 
There is oonseqnentlj a defect in tUs deaonetntioa. Tba JBUowkig dsMa* 
stration, which is free from this defect, is gOMimllj adopted *niitrnii <f It; 
Because, frem anj point -vdiidh is not the oentie, oa%f tivo eqnal itnight lim 
{HI. 7) can be dnwn to the circimference. Therefore a point froaa whieh aon 
than two equal straight lines can be draws to the oIieiniiAr«Doe« is the eodn. 
'Wherefiore the point D Is the centre of the cirde ABC. 

Exercise. — Give a direct demonstration of this proposition, Ibaided on the aaraBny 
to Prop. III. of this Book. 

PROP. X. THEOBBM. 

If two circles intersect one another, tJie circumferenet oftheoneemmA 
cut tJuit of the other in more than twopomts. 

Let ABC and D£F, be two circles which intersect <<me anoQur. 
Their circumferences cafliiot cut each other in more than two pointa. 

If it be possible, let the eircimrfbreiioe of the circle 
FAB cut the oircumfercnce of the circle D£F in 
more than two points, — viz., in B, Q, and F. Take the 
centre K of the cirde ABC (IIL 3), and join KB, 
KG, andKF. 

Because K is the centre of the circle ABC. The 
straight lines K B, K G and K F are all equal (I. De^ 
15) to each other. Because from the point K, withm 
the circle D £ F, mooe than two equu strdght lines KB^ KG, and £F 
are drawn to the circumference IJEF. Therefore the point K is the 
centre (III. 9) of the circle DEF. But K is also (^Const.) the centre 
of the circle ABC. Therefore tha sanibe point K is the centre of the 
two circles AB C and DEF that cut one another; whidb. ( TIT, 5) is 
impossible. Therefore, one cireumfi^rence of a circle cannot cut «^notJ»<^ 
in more than two points. Q. E. D. 

Exerdse. — If two circles intersect one another, the straight line whIcSi joliu tbdr 
centres, biaecte their nommon chocd at right angles. 

PEOP. XI. THEOBBM. 

If one circle touch another mtemdlly in anypomt, the sirttiphi Um 
their centres ieing produced passes throvffh ihat poinds 

Let the circle A D E touch the cirde ABC intemallj in the point A- 
The straight line which joins their centres being produced passes throogfa 
the point A. 

For if the straight line joining their centres do not pass through 
the point A, let it pass otherwise, if possible, asFGDH; let Fbe 
tiie centre of the circle ABC, and G the centre of the circle ADE* 
loin AF and AG. 
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as 



Because two sideB of a Iziangle AQF are together greater thaa 
(I. 20) the third side. Ther^ore PG and GA are greater than FA. 
But FA is equal (I. Bef, 15) to FH. Therefore MQi and GA are 
greater than FH. From these une^uaiaiy taloe away the eommon part 
FG. Therefore the remainder AG ii greater than (L Ax, 5) the v^ 
mainder G H. But A G is equal {LD^. 15) to G D. 
Therefore GD is greater than GH; liiat iSf a part 
is greater than the whole; which is impossible. 
Therefore the straight line which joins the centres 
of the circles Al)£ and ABO^ being prodocedf 
cannot pass odierwise than through the point A; 
that is, it must pass through the pomt A. Therefore, 
if one circle^ &c. Q. K D. 

The demonstration of this proposition might be rendered clearer \fy dbtingfng tHo 
enimciation as foUo^irs : — If one circle tench another tntemally In any point, 
that point and the centres of the two tiroles are In the tame straight line. This 
Tvill form an exereise for the student. 




FBOP. XII. THSOBEIL 

Jftwo circles touch each other extemmUy in an^ jf9int, tke straight Utyt which 
Joiut their eentres ^haUpam through that point. 

Let the two circles ABC, ADE touch each other extemaUy in the 
point A. The straight line which joins their centres passes throi^ 
the point of contact A. 

For if the straiffht line joining their oentres 
do not pass through the point A, let it pass other- 
wise, if possible, as FCI)G; let F be the centre 
of the circle BAG, and G the centre of the circle 
BAD; and join FA and A G. 

^cause * is the centre of the drde ABC 
(L Dtf, 15), FA is equal to F C. Because G is 

tiie<eentreof the circle ADE, GA is eqndtoGB. Thearefore FA and 
AG are together equal (I, Ax. 2) to F€ and D G ; and the whole F G is 
greater (I. Ax, 9) than FA and AG. Bnt FAG is a triangle, and 
F G is also less than F A and A G (I. 20) ; which is impossible. There- 
fore the straight line which joins the centres of the circles BAG and 
EAD cannot pass otherwise than through the point A; that is, it 
must pass through the point A. Therefore, if two circles, &c. Q. E. D. 

13ie demonstEation of this proposition might be improyed like the preceding one, 
by making a similar change on its enunciation as follows : — If two circles touch 
each other externally in any point, that point and the centres of the two 
circles are in fiie some strai^t line. This will form another exerdt^ for the 
student. 




PROP. Xin. THEOREM. 

One circle cannot iauoh another in more points than one, either internal^ or 

eMtemaUg, 

Let the circle B B F touch, the circle *^I^ C VxiVjettwtSs^ xa. *^^ 
EB F cannot touch ABC in any o^er -^dviiJu 
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». ..„,;./,!« .^ r*,ic>-i >vin4 '/uv.r v%a:x-ji ^fa .c a wa ' yn i i^yi ~j^ ^oia«rf 
" ■ • 1/* ■ . . , , . »n^ , ' V v»rt<!'.r* V.A iCLn;l{^.^ lion, fa ■»' " " 

/,A/.A/y ^ifH-ffh*. /«**• ^ffuaU^ diitamt fff/m the ctntrt^ «v gyLgf /^ 0,^ 

// ' ' /f' *'^rif','ju\ V.u^% A f J a/id C J->, in the circle B A CD, be equal to 
*ff' ^ */i 1 1 (t,/ / iir*; w|rjftliy 'JiVant from the cestre. 

'J.."- i\ thtt'trt*- ht tht; circUi AliUC (IIL 1), and ^ C 

ft'rn V. t\t.i/f \',\' uw.\ KO [M'rpondiculars to AB and 
f I if ft \ f) ff iiff'Vr/t\y, Join K A and EC. 

l',/.t.it i¥*. s^\t^ Nfriiif^ht. lino KF, paHsing through the 
hhtiif., »■ lU Hi'. nhm[t\\\. lino A 7^ which does not pass 
\Uviu\t,\i ♦^'- M'/ih", h) ri^Iit ariglojf (III. 3), AB is 
\9\nt'U*i.i\ ui V, 'Miin.r</ni AK is cciual to FB, and AB 
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double of AF. For the same reason, CD is double of CG. But AB 
is equal {Jlyp.) to C D. Therefore A F is equal (I. Ax, 7) to C G, and 
their squares are equal. Because AE is equal to E C (I. Def, 15), the 
square of A E is equal to the square of E C. But the squares of A F and 
F E are equal (1. 47) to the square of AE, Also, the squares of^G and 
G C are equal (I. 47) to the square of E C. Therefore the squares of 
AF and FE are equal (I. Ax, 1) to the squares of C G and GE. From 
these equals, take the squares of A F and C G, which were shown to be 
equal. Therefore the remaining square of EF is equal (I. Ax. 3) to the 
remaining square of E G, and the straight line E F to the straight line 
E G. But straight lines in a circle are said to be equally distant from 
the centre, when the perpendiculars drawn to them from the centre are 
equal (III. Def, 4). Therefore AB and CD are equally distant fi^m 
tlio centre. 

Next, let the straight lines AB and CD be equaUy distant from the 
centre (III. Def, 4); that is, let FE be equal to EG. The straight 
lines AB and CD are equal. 

For, the same construction being made, it may, as before, be demon- 
strated, that AB is double of AF, and CD double of CG, that the 
squares of FE and EG are equal, and that the squares of EF and FA 
are equal to the squares of -EG and GC. From these equals, take the 
squares of F E and E G, which are equal. Therefore the remaining 
square of A F is equal (I. Ax. 3) to the remaining square of CG ; and the 
straight line AF to the straight line CG. But AB was shown to be 
double of AF, and CD double of CG. Thei'efore AB is equal (I. Ax. 
6) to C D. Therefore equal straight lines, &c. Q. E'. D. 

Exercise. — If any number of equal chorda in a circle, be bisected, one circle passes 
through all the points of bisection and touches them at these points, 

PROP. XV. THEOREM. 

The diameter is the greatest straight line in a circle; and, of all others, that 
which is nearer to the centre is greater than one more remote : and the 
greater is nearer to the centre than the less. 

Let ABCD be a circle, of which the diameter is AD, and the centre 
E ; and let B C be nearer to the centre than F G. The diameter AD is 
greater than any other straight line B C, and B C is greater than F G. 

From the centre E draw E H and E K perpen- 
diculars to B C and F'G (I. 12), respectively, and join ^ ^ 

EB, EC, and EF. ^^ 

Because AE is equal (I. Def, 15) to EB, and ED 
to E C. Therefore A D is equal (I. Ax, 2) to E B and 
EC ; but EB and EC are greater (I. 20) than B C. 
Therefore also AD is greater than B C. Because B C 
is nearer (JSTup.) to the centre than F G, E H is lew 
(m. Def, 6) than EK. Therefore the square of EH is less than the 
square of E K. But, it may be shown as in the preceding proposition, 
that B C is double of B H, and FG <?.Guble of FK, and that the squarer 
of EH and HB are equal to the squares of EK and KF. But the s^u^^ 
of EH is less than the square of E K. Theiefer^ ^^ ^^^JT^^^ 
greater than the square of FK., and the etecov^VV. ^^^ J^^-^ 
me straight Hue 1^. Therefor© alao, "B C \s ^eoiwst ^toso. ^ ^^ ^ 




66 EUCLID'S ELEMENTS. 

Next, let B C be greater than F G. The greater B C is nearer to tb 
centre than the less F G ; that is, £ H is less than £ K. 

For let the same construction be made. Because B C is greater thu 
FG (III. JDef. 6), BH is great than KF, and the square of BH is gretUnr 
than the square of FK. But, as before, the squares of B H and H£ are 
equal to the squares of FK and K£. Therefore the square of £H is 
less than the square of £X, and the straight line £ H less than EEL 
Iherefore B C is nearer (III. Def. 5) to the centre F G. Wherefcure the 
diameter, &c. Q. £. D. 

This proposition might bo preyed by prodadng E H, catting off the line thus pro- 
duced a part equal to E K. and through the point of section, drawing a <£ord 
parallel to B C, meeting? the circumference. Bj the preceding proposition Urn 
chord would be equal to F G. It could then be proved (I. 24) that BC is greater 
than this chord. Therefore B C is greater than F G. To prove the remaining 
part of the proposition in the same way, will be an exercise Ibr the student. 

Exercise. — ^The shortest chord which can be drawn through a given p<rint ia a 
circle is that which is perpendicular to the diameter passing through tliat pdnt 



PROP. XVI. THEOREM. 

If a straight line pass through one of the extremities of t/ie diameter of a 
circle, at right angles to the diameter, it touches the circutnference: 
hut ifit2^(iss through the same point not at right angles to the dia- 
meter, it cuts the circumference. 

Let ABC he a circle, A B its diameter, and D the centre. Let the 
straight line AE pass through the point A, the extremity of the 
diameter, at right angles to A B. The straight line A E touches the 
circle AB C at the point A ; that is, A E lies wolly without the circum- 
ference, except at the point A. 

In A E take any point F, and join D F. Let D F 
meet the circumference at C. 

Because, in the triangle DAF, the angle DAF 
{SyP') is a right angle. Therefore the angle DAF 
is greater than (L 17) the angle DFA, and DF is 
'greater than DA (L 19). But DA is equal to DC 
(I. Def 15). Therefore D F is greater than D C, and the 
point F (III. Ax. 1) is -without the circumference. In the same manner 
it may be shown that any point in AE, but the point A, is without the 
circumference. Therefore A E lies wholly without the circumference, 
except at the point A. Wherefore AE touches the circumference at 
the point A. 

Next, let the straight line AC pass through the point A, the 
extremity of the diameter, not at n^ht angles to AB. The strai<'ht 
line A C cuts the circumference of the circle ABC. ° 

From the centre D draw D F (1. 12) at right angles 
to A C, and let it meet the circumference at G. 

Because, in the triangle DAF, the angle DFA 
is a right angle {Const^, the angle DAF (I. 17) 
is less than the angle DFA. Therefore DF is less 
thanDA(L19). But DA is equal to DG <JL Be/. 
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15). Therefore DF is less than DG, and the point F is within the 
circumference (III. Ax, 1). But the point F is in the straight line A C 
Therefore the straight line A C cuts the circumference. Therefore, if a 
straight line pass, &c. Q. £. D. 

The demonstration of the preceduig proposition u given by Euclid, besides being 
indirect, is rather obscure, notwithstanding Dr. Simeon's improvements. The 
above demonstration is preferable, on account of its being direct, and expressed 
in fewer words. The enunciation and demonstration have also been rendered 
more foil and distmct, by the incorporation of the corollary respecting the 
tangent, or straight line which touches the circle, usually appended to this pro- 
position. 

Corollary 1. — If several circles touch each other in the same point, either inter 
nally or externally, they have all the same tangent at the point of contact. 

Corollary 2. — The tangents at the extremities of the same diameter of a drde are 
parallel. 

PROP. XVII. PROBLEM. 

To draw a straight line from a ffiven point, either in the circumference qf 
a given circle, or without tt, that shaU touch the circumference. 

Let B D C be the given circle, D a point in the circumference, and A 
a point without it. It is required to draw from A or D a straight line 
that shall touch the circumference. 

First, when the point A is without the circumference. Find the centre 
of the circle BCD, and join A E. From the centre 
E, at the distance E A, describe the circle AFG. ^ — -vjL 

From the point D, draw I)F at right angles to E A 
(I. 11). Join E F and A B. The straight line A B 
touches the circle B C D at the point B. 

Because E is the centre of the circles BCD and 
AFG, EA is equal to EF (I. Def 15) and ED to 
E B. Therefore, in the two triangles A E B, FED, 
the two sides AE and EB are equal to the two 
sides F E and E D, each to each ; and they contain the angle at E com- 
mon to the two triangles AEB and FED. Therefore the base DF is 
equal to the base A B (I. 4), the triangle FED to the triangle AEB, 
and the remaining angles to the remaining angles of the other, each to 
each. Therefore the angle E B A is equal to the angle E D F. But 
EDF is aright angle {Const). Therefore EB A is a right angle (I. .^.1). 
But a straight line which passes through the extremity of a diameter 
(or radius), at right angles to it, touches the^circle (III. 16). Therefore 
A B touches the circle ; and it is drawn from the given point A. 

Next, when the given point D is in the circumference of the circle. 
Find the centre E as before. Join D E, and draw D F at right angles to 
D E (I. 11). For the same reason as above D F touches the circle (IIL 
16), and it is drawn from the given point D. Q. E. F. 

CordUary 1. — From the same point in the circumference only one tangent can be 
drawn to the drcle ; but from the same point without the droumfetenee V««:k 
tangeits can be drawn, and these are equal to oix^ vciQ*Cbs£t« 

CoroBary 2.—The chorda in a drcle vjlaioh \oa«*i «i wti^i«nxeA ^s^*^* «% v«5?55^n>» 
«ae another, and ore each bisected a.t t^iie -(oi^X. ot QOTx\AfiX« 
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PROP. XVIII. THEOREM. 

If a straight line touch a circle, the straight line drawn from the centra 
to the point of contact, is perpendicular to the line touchi^ig the circle. 

Let the straight line D E touch the circle A B G in the point C, and 
from F, the centre, let the straight line FC bo drawn to the point of 
contact C. F Ci s perpendicular to D E. 

For, if F C be not perpendicular to D E ; from the A. 

point F draw F G perpendicular to D E and let it 
meet the "circumference m B. 

Because F G C is a right angle, G C F is an acute ' ^ 

angle (I. 17). But in any triangle, the greater side 
is opposite (I. 19) to the greater angle. Therefore 
F C is greater than F G. But F C is equal to F B 
(I. Def 16). Therefore F B is greater than F G ; 
that is, a part greater than the whole, which is impossible. There- 
fore F G is not perpendicular to D E. In the same manner it may be 
shown, that no other straight line can be perpendicular to D E but F C. 
Therefore F C is perpendicular to DE. Thei:efore, if a straight line, &c 
Q. E. D. 

If the enunciation of this proposition be slightlj altered in form, it will appear to 
to be the conyerse of the first part of Prop. XYI. Thus, if a straight line touch 
a circle, the diameter which passes through the point of contact is perpendicular 
to the tangent. 

P^OP. XIX. THEOREM. 

If a straight line touch a circle, and from the point of contact a straight 
line he drawn at right angles to. the tangent, the centre of the circle 
shall be in that straight line. 

Let the straight line D E touch the circle ABC at the point C ; and 
from C, let C A be drawn at right angles to D E. The centre of the 
circle is in the straight line C A. 

For if the centre of the circle be not in C A, let, if 
possible, F a point out of CA be the centre, and 
joinCF. 

Because D E touches the circle A B C at the point 
C, and F C is drawn from the centre to the pomt of 
contact. Therefore F C is perpendicular to D E (III. 
18), and F C E is a right angle. But A C E is also 
( JTyju.) a right angle. Therefore the angle F C E is 
equal (I. Ax. 1) to the angle ACE; that is, the less to the greater, 
which is impossible. Therefore F is not the centre of the ch'cle A B C 
In the same manner it may be shown, that no other point out of C.A, is 
the centre. Therefore the centre of the circle is in C A. Therefore, 
if a straight line, &c. Q. E. D. 

If this proposition be slightly altered in its enunciation it will appear to be 
another form of the converse to the first part of Prop. XVI. If a 8tr.iigl:t Ime 
touch a circle, and from the point of contact a straight line be drawn 'at right 
angles to the tangent, it is a diameter. This suggests, theoretically speaking, an 
easy mode of finding the centre of a given circle. 

Miefvife,'^Tbrough a given point within oi ml\xou^ «k t^-^ca t»»SL<^, \ft ^^^ ,, 
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chord eqnal to a given straight line. For either point, the given straight lino 
must not be greater than the diameter of the circle. For the internal point, 
the given straight line must not be less than the chord drawn at right angles to 
the diameter passing through that point. 

PROP. XX. THEOREM. 

TJte angle at the centre of a circle is double of the atigle at the circum- 
ference standing upon the same arc, that is, upon the same part of 
the circumference. 

Let ABC be a circle, BEC an angle at the centre, and BAG an angle 
at the circumference, standing upon the same arc or 
part of the circumference B C. The angle B £ C is 
double of the angle BAG. 

Join A E, and produce it to F. First, let the centre 
of the circle be within the angle BAG. 

Because EA is equal to EB, the angle EAB is 
equal (I. 5) to the angle EBA. Therefore the two 
anj2:les EAB and EBA are double of the angle EAB. But the angle 
B E F is equal (I. 32) to the two angles E AB and EBA. Therefore 
also the angle BEF is double of the angle EAB. For the same reason, 
the angle FEG is double of the angle E AG. Therefore the whole angle 
BEC is double (III. Ax, 2) of the whole angle BAG. 

Next, let the centre of the circle be without the angle 
BAG. 

It may be demonstrated, as in the preceding case, 
that the angle F E G is double of the angle FAG, and 
that FEB, a part of the first, is double of FAB, a 
parf of the other. Therefore the remaining angle 
B E C is double (III, Ax, 3) of the remaining angle 
BAG. Therefore the angle at the centre, &c. Q. E. D. 

In this proposition, there ought to be three cases ; viz., l. "When the centre of the 
circle is o» a leg of the angle at the circumference ; 2. When it is vMMn the 
legs of that angle ; and 8. When it is tcUhout the legs of that angle. Euclid has 
only given the two latter cases as above demonstrated ; but the demonstration of 
the first case is included in that of the second (which is Euclid's first), by con- 
sidering the angle at the centre, as F E G, and the angle at the circumference as 
FAC. 

When the angle at the circumference reaches or exceeds a right angle in 
magnitude, it is plahi that the angle at the centre must, if this proposition be 
uuiverijally true, reach or exceed two right angles. Now the demonstration 
above given holds equally true in these cases ; and it is probable that Euclid 
considered them as included in it, because he has omitted in the Greek, the 
second case of the next proposition, which expressly requires this extension of 
meaning in the present proposition. 




PROP. XXI. THEOREM. 

Tlie angles in the same segment of a circle are equal to one 

another. 

Let A BCD be a circle, and BAD and BED t«i.^^^ \xi. •Cjaa ^^sss^a 
segment B AED. The angles B AI> axvOi'a'EA^ \jx^ ^Qjvia>L\ft a^^^^^^<s^^- 
Th'st, let the segment B AED "be gtealer V}!aasL ^ ^k:^^^^'^^^- 
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Take F, the centre of the circle ABCD (UI. 1), and join BF 
andFD. 

Because the angle BFD at the centre, and the angle 
BAD at the circumference, stand upon the same arc 
BCD, the angle BFD is douhle (III. 20) of the 
angle BAD. For the same reason, the angle BFD 
is douhle of the angle BED. Therefore the angle 
BAD is equal (I. Ax, 7) to the angle BED. 

Next, let the segment B A E D he not greater than a 
semicircle. 

Join A F, produce it to C, and join C E. Because 
the segment B A D C is greater than a semicircle ; the 
angles BAG and B E C are equal, hy the first case. 
Because CBED is greater than a semicircle, the angles 
CAD and CED are also equal, by the first case. 
Therefore the whole angle B A D is equal (I. Ax. 2) to 
the whole angle BED. "Wherefore the angles in the 
same segment, &c. Q. E. D. 

CoroUarjf. — The vertices of any number of equal angles, whose legs all pass throujsh 
the same two points, and on the same side of the straight line which joins them, 
are in the oircumferenee oi a oirole, of which that straight line la a chord. 

PROP. XXII. THEOREM. 

The opposite angles of any quadrilateral^figure inscribed in a cireUf are 

together equal to two right angles. 

Let ABCD he a quadrilateral figure in the circle ABCD. Any two 
of its opposite angles are together equal to two right angles. 

Join A C and B D. The angle CAB is equal to the 
angle C D B (III. 21), because they are in the same 
segment CDAB. And the angle ACB is equal to 
the angle A D B, because they are in the same seg- 
ment ADCB. Therefore the two angles CAB and 
ACB are together equal (I. Ax. 2) to the whole 
angle ADC. To each of these equals, add the angle 
aSc. Therefore the three angles ABC, CAB, and 
B C A are equal to the two angles ABC and ADC (I. Ax. 2). But the 
three angles ABC, CAB, and BCA are equal (I. 32) to two right 
angles. Therefore the two angles ABC and ADC are equal (I. Ax. 1) 
to two right angles. In the same manner it may be shown that the 
two angles BAD and DCB are equal to two right angles. Therefore 
the opposite angles, &c. Q. E. D. 

This proposition may be demonstrated by reference to Prop. XX. in its extended 
meaning. Thus, the two angles at the circumference ABC and ADC, with the 
angles at the centre, standing on the same arcs (though not drawn in the figure), 
stand on the whole circumference. But the angles at the centre standing on the 
wiiole circumference are equa] to four right angles, and they are also double 
of the angles ABC and A DC. Therefwe the angles ABC and ADC are 
equal to two right angles. 

CoroUary. — If the opposite angles of a quadrilateral inscribed in a circle be eqnal 
to one another, they are both right angles. 

Exercise. — If the opposite angles of a quadrilateral be eui^i^lem^entasY to eaoh other 
a circle may he described about it. 
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PROP. XXIII. THEOREM. 

Upon the same straight line, and upon the same side of it, there cannot 
he two similar segments of circles, not coinciding with one 

another. 

• 

Upon the same straight line A B, and upon the same side of it, let 
there he, if possihle, two similar segments of circles, A C B and A I) B. 
not coinciding "with one another. 

Because the circumference ACB cuts the circum- 
ference A D B in the two points A and B, they cannot 
cut one another (III. 10) in any other point. Iherefore 
one of the segments must fan within the other. Let 
A C B fall within A D B. Draw the straight line B CD, 
and join C A and D A. 

Because the segment A C B is similar {Syp.) to the segment A D B, 

and similar segments of circles contain (III. JDef 11) equal angles. 

Therefore the angle A C B is equal to the angle A D B ; that is, the 

exterior angle of me triangle A CD is equal to its interior angle, which 

is impossible (1. 16). Therefore upon the same straight line, and on the 

same side of it there cannot be two similar segments of circles which 

do not coincide. Q. E. D. 

Corollary. — ^If there be two segments o£ drcles on the same base or chord, the 
larger segment contams the smaller angle. 

PROP. XXIV. THEOREM. 

Similar segments of circles upon equal straight lines, are equal to one 

another, and have equal arcs. 

Let A E B and C F D be similar segments of circles upon the equal 
straight lines AB and CD. The segment AEB is equal to the segment 
CFD, and the arc AEB to the arc CFD. 

For if the segment A E B be applied to the 
segment C F D, so that the point A may be 
on the point C, and the straight line AB 
upon the straight line CD. The point B 
shall coincide with the point D, because AB is equal to CD. Therefore, 
the straight line AB coinciding with the straight line CD, the 
segment AEB must coincide (III. 23) with the segment CFD, because 
they are similar. Therefore the segment A E B is equal (I. Ax, 8) to 
the segment CFD, and the arc AEB to the arc CFD. Wherefore 
similar segments, &c. Q. E. D. 

CoroUary, — Sectors, of which the arcs hare equal chords, are equal. 

PROP. XXV. PROBLEM. 

A segment of a circle being given, to describe the circle of which it is the 

segment. 

Let A B C be the given segment oi a dcdo. U V& x^ajjaxfe^ \.^ ^^^^c5s» 
the circle of which it is the segment. 




72 EUCLID'S ELEMENTS. 

Biiect AC in D (I. 10), from the point D draw D B at right an^ 
toACri. ll)andjoinAB. 

First, let the angles A B D and B A D bo equal to one another. 

Because the straight line BD is equal to I) A (1. 6), and also (L Ax* 1) 
to I) (', the three htraight lines D A, D B, and D C are all equal. There- 
fore 1) is the centre (III. 9) of the circle. From the centre D, at the 
distance of any of the three straight lines DA, D B, or D C, describe a 
circle, and it shall pass through the other points. Therefore the circle 
of which A B C is a segment is described. 

Next, let the angles ABD B 

and BAD bo unequal to one B , B 

At the point A, in the straight // \ a^3^C ( Z^X i 
lino AB, make the angle BAE j^ » J ^^P^ ' ' ^ 
equal (1. 23) to the angle A B D. ^ ^ ^ E ^ l> C 

Produce BD, if necessary, to meet AE inE, and join EC. 

Becauso the angle ABE is equal to the angle BAE, the straight 
lino B E is equal (I. 6) to the straight line E A. Because A D is equal 
to D C, and D E common to the triangles AD E and CD E, the two sides 
AD and DE, are equal to the two sides CD and DE, each to each. 
But the angle A D E is equal to the angle C D E, for each of them 
{Const ^ is a right angle. Therefore the base AE is equal (I. 4) to the 
base E C. But A E was shown ' to be equal to E B. Therefore the 
three straight lines AE, EB, and EC are equal (I. Ax, 1) to one 
another, and E is the centre (III. 9) of the circle. From the centre E, 
at the distance of any of the three straight lines AE, EB, or EC 
describe a circle, and it shall pass through the other points. Therefore 
the circle, of which ABC is a segment, is described. Wherefore, a 
segment of a circle being given, the circle is described of which it is a 
segment. Q. E. F. 

GoROLLAKY. — In the first case, because the centre D is in A C, the 
segment AB C is a semicircle. In the second case, if the angle ABD 
bo greater than the angle BAD, the centre E falls without the segment 
AB C, and it is therefore less than a semicircle. But if the angle ABD 
bo less than B A D, the centre E falls within the segment ABC, and 
it is therefore greater than a semicircle. 

ThiH problem may be most easily solved by one constmction as follows : — Draw 
any two chords A B and A C ; bisect them, and from the points of bisectios 
draw strnight lines at right angles to these chords, prodacing them till they 
meet. The point where they meet is the centre of the circle. Because (III. 1. 
Cor.^ the centre of the circle is in each of these perpendicalara, it must be at the 
point where they meet. This problem is, in fact, the same as that given in 
Prop. I. ; viz.. To And the centre of a circle, of which the whole or part only of 
the circumference is given. 



PROP. XXVI. THEOREM. 

In equal circles^ equal angles stand upon equal arcs, tchether they he at 

the centres or circumferences, 

T.#>t ABC and DEF be et^ual circles, aiv^L \e\, \Xib vjcc^^'^^ 1^^^ xsasi 
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E H F at their centres, and BAG and E D F at their circumferences, be 
equal to each other. The arc B K C is equal to the arc ELF. 

Join B C and E F. 

Because the circles ABC and DEF 
are equal, the straight lines drawn &om 
their centres (III. Def, 1) are equal; 
therefore the two sides B G and G C, are 
equal to the two E H and H F, each to 
each. But the angle at G is equal 
{Hyp.) to the angle at H. Therefore the 
"base B C is equal (I. 4) to the base EF. Because the angle at A is equal 
{Syp.) to the angle at D, the segment B AC is similar (III. Def. 11) to 
the segment EDF, and they are upon equal straight lines BC and EF. 
But similar segments of circles upon equal straight lines, are equal (III. 
i^4) to one another. Therefore the segment BAG is equal to the 
segment EDF, and the arc BAG to the arc EDF. But the whole 
circumference A B C is equal {Hyp.) to the whole circumference DEF. 
Therefore the remaining segment B K G is equal (I. Ax. 3) to the re- 
maining segment ELF, and the arc BKG to the arc ELF. Wherefore, 
in equal circles, &c. Q. E. D. 

Corollat^y. — Equal angles either at the centre or the circumference of the same 
circle, stand upon equal arcs. 

Exercise. — Parallel chords in a circle intercept (take between them) equal arcs. 



PROP. XXVIL THEOREM. 

Tn equal circles^ the angles which stand upon equal arcs, are equal to one 
another, wheUier they he at the centres or circumferences. 

Let ABC and DEF be equal circles, and let the angles BGC and 
EHF at their centres, and BAG and EDF at their circumferences, 
stand upon the equal arcs BG and EF. The angle BGG is equal to the 
angle EHF, and the angle BAG to the angle EDF. 

If the angle B GG be not equal to the angle EHF, one of them must 
be greater than the other. Let the angle 

BGG be the greater, and at the point G, ^Z^r— ->^ ^'-— *<D 

in the straight line B G, make the angle 
B GK equal (L 23) to the angle EHF. 

Because the angle BGK is equal to 

the angle EHF, and equal angles stand -j^ \^C 1?^^ 7F 

(III. 26) upon equal arcs. Therefore the 
arcBK is equal to the arc EF. But 

the arc EF is equal {Hyp.) to the arc B G. Therefore also BK is equal 
(i.Ax. 1) to B(J, the less to the greater, which is impossible. Where- 
fore the angle BGG is not unequal to the angle EHF; that is, the 
angle BGG is equal to the angle EHF. But the angle at A is half 
of the angle BGC (IH. 20) and the angle at D half of the angle EHF. 
Therefore the angle at A is equal (I. Ax, 7) to the angle at D. Where- 
fore, in equal circles, &c. Q. E. D. 

Coroaary.— The angles either at the cciitro ot \3aft (&sQ<in!&<st«DAf^ ^^'^'waas^ ^SaSis^x 

which stand upon equal aics, aie eqiaal. -^ 

Exercise 1. — The chords which inteioepl e<^Tu\ «wa oi «k ^ix<:^ft^*«»'^"'*^*^ 
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Euclid's elements. 



Lxercvte '2.— To draw a straight line throogh a given pdnt that ahall be panlU ti 
a giveu straight line ; by means of the preceding oorollarj. 



PROP. XXVIII. THEOREM. 

In equal circles, equal straight lines cut off equal ares, the greater equal to 

tJie greater, and the les$ to the less. 

Let ABC and DEF be equal circles, and BC and £F equal straigbt 
luies in them, which cut off the two greater arcs BAG and £ D F, and 
tlic two less arcs B G C and E II F. The greater arc B A C is ^nal to 
the greater arc E D F, and the less arc B G C to the less arc E H F. 

Take K and L, the centres of the circles (III. 1), and join BK, KC, 
EL, and LF. 

Because the circles ABC and DEF 
are equal, the straight lines drawn 
from their centres (III. Def, 1) are 
cquaL Therefore BK and KC are equal 
to EL and LF, each to each. But the 
base B C is equal iSyp-) to the base EF. 
Therefore the angle BKC is equal (I. 8) 
to the angle ELF. Because equal 
angles stand upon equal arcs (III. 26) the arc B G C is equal to the 
arc E H F. But the whole circumference A B C is equal {Hyp,) to the 
whole circumference E D F. Therefore the iremaining arc B A C, is 
equal (I. Ax, 3) to the remaining arc ED F. Therefore, in equal circles, 
&c. Q. E. D. 

In this and the following propositions, it is assumed by Euclid, that the strai^t 
lines or chords are less than the diameter. Dr. Thomson, in his edition, adapts 
the enunciation and demonstration of both to the case of the diameter alio ; but 
this seems to be an unnecessary refinement, as the diameter evidently biseoti the 
circles, making the arcs equal, and conversely. 

ChrdUary, — In the same circle, equal chords cut off equal arcs, the greater equal to 
the greater, and the less to the less. 




PROP. XXIX. THEOREM. 
In equal circles, equal arcs are subtended hy equal straight lines. 

Let ABC and D E F be equal circles, and let the equal arcs B G C and 
EHF be subtended by the straight lines BC and EF. The straight line 
B C is equal to the straight Hne E F. 

Take K and L (III. 1) the centres 
of the circles, and join B K, K C, 
EL, andLF. 

Because the arc B G C is equal to 
the arc EHF, the angle BKC is 
equal (IIL 27) to the angle ELF. 
Because the circles ABC and DEF 
are equal, the straight lines from 
their centres arc equal (III. Def, 1). Therefore B K and KC are equal 

E L azzd X F, each to each. But tKe angle "BTS^ C \a en^^ \a >iJSia %s^gA 
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ELF. Therefore the base B C is equal (I. 4) to the base E F. There- 
fore, in equal circles, &c. Q. E. D. 

Corollary.— la the same circle, equal arcs ar« sabtoided by equal straight lines. 

PROP. XXX. PROBLEM. 

To hisect a given are ; that is, to divide it into two equal-parts. 

Let A D B be the given arc. It is required to bisect it. 

Join AB, and bisect (I. 10) it at C. From the point C, draw CD at 
right angles (L 11) to AB. The arc ADB is bisected at the point D. 

Join A D and D B. Because A C is equal to C B, and C D common to 

the triangles A C D and BCD, the two sides A C and 

C D are equal to the two sides B C and CD, each to each. ^ 

But the angle A CD is equal to the an8;le BCD, because /^^^T^^^^s 

each of them is a right angle. Therefore the base A D ^'^^ ' ^^ 

is equal (I. 4) to the base B D. But equal straight lines A c B 

cut off equal (III. 28) arcs, the greater equal to the 

greater, and the less to the less ; and AD and DB are each of them less 

lian a semicircle, because D C (III. 1. Cor,) passes through the centre. 

Therefore the arc AD is equal to the arc DB. Therefore the given arc 

is bisected at D. Q. E. F. 

Corollary. — The perpendicular which bisects any chord of a circle, bisects also the 
arc which it cuts off. 

Tlie trisectUm of any are of a circle on elementary principles, is as impossible as the 
trisection of an angle. 

PROP. XXXI. THEOREM. 

In a circle, the angle in a semieirch is a right angle; the angle in a 
segment greater than a semicircle is less than a right angle ; and the 
angle in a segment less than a semicircle is greater than a right 
angle. 

Let AB CD be a circle, of which the diameter is B C, and the centre 
E ; and, let any straight line C A divide the circle into the segments 
ABC and ADC. The angle in the semicircle B AC is a right angle; 
the angle in the segment ABC, which is greater than a semicircle is 
less than a right angle; and the angle in the segment ADC, which is 
less than a semicircle, is gpreater than a right an^le. 

Take any point D in the arc ADC, andjomAB, 
A D, D C, and A C. Also join A E, and produce B A to F. 

Because BE is equal (I. Def, 15) to EA, the angle 
E A B is equal (1. 5) to the angle E B A. Because A E 
is equal to EC, the angle E AC is equal to the angle B{ 
E C A. Therefore the whole angle B A C is equal 
(I. Ax. 2) to the two angles ABC and A C B. But 
F A C, the exterior angle of the triangle A B C, is equal 
(I. 32) to the two angles ABC and ACB. Therefore the angle BAG 
is equal (I. Ax. 1) to me angle F AC, and each of thsccL ^ I^c^.X^Ss^ -sk. 
right angle. Therefore the angle B A.C m «l «en3assaOL<i Sa "a. -c\!^gKs5^^»3^ss^ 
Because the two angles ABC and "BKC ol ^ftia \!Ma\3s^ ^^"^ '^'^ 
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togc'tlicr lcfl6 than two rif^ht angles (I. 17), and BAG has been proved 
to be a right angle. Therefore ABC is leas than a right angle. Where- 
fore the angle in a segment ABC greater than a semicircle, is less than 
a light angle. Because A BCD is a quadrilateral figure inscribed in a 
circle, anv two of its opposite angles are equal (III. 22) to two right 
angles, llierefore the augies ABC and A DC, are equal to two rigiit 
anglc.M. But ABC has been proved to be less than a right angle. 
ThtToforo the angle ADC is greater than a ri^ht angle. Wherefore the 
angle in a segment ADC less than a semicircle is greater than a right 
angle. Therefore, in a circle, &c. Q. E. D. 

CoH. From this it is manifest, that if one angle of a triangle be equal 
to the other two, it is a right angle : because the angle adjacent to it is 
equal (I. 32) to the same two; and when the adjacent angles are eqoal 
(1. l)ef, 10) they are right angles. 

Dr. Thomfon, in his edition, simplifies the demonstration of this proposition, by Hut 
application of Prop. XX., after the following manner: — The angle BAC at 
the circumference is half the two angles at the centre formed by prodneing AE. 
But these angles are equal to two riglit angles. Therefore BAC is a right angle; 
and it is the angle in a semicircle BAC. The angle B AD is greater than tlie 
angle B A C (I. Ax, 9). Therefore the angle BAD is greater than a right angle; 
and it is the angle in a segment BAD, less than a semicircle. In like manner, 
by drawing a straight line from the point A, within the angle BAC, it may be 
Mhown that the angle in a segment greater than a semicircle ia less than a nglit 
angle. 

Ki^erclse. — To draw a perpendicular to a straight line from one o£ its extremities, 
without producing it, by means of the first part of this proposition. 

TROP. XXXII. THEOREM. 

If a straif/ht line touch a circle, and from the point of contact a straight 
lifie be drawn cutting the circle ; the angles which this straight line 
jnakea with the tangent are eqiial to the angles in the alternate seg- 
ments of the circle. 

Let tli2 straight lino EF touch the cu'cle A BCD at the point B 5 and 
from the point B, let the straight line BD be drawn, cutting the circle, 
and dividing it into the two segments DCB and DAB, of which DCB 
is less, and DAB greater than a semicircle. The angles which BD 
makes with the tangent £F are equal to the angles in the alternate 
segments of the circle; that is, the angle DBF is equal to the angle in 
the segment DAB, and the angle D BE to the angle in the segment DCB. 

From the point B, draw B A at right angles (I. 11) 
to EF, take any point C in the arc DCB, and join 
AD, DC, and CB. 

Because the straight line EF touches the circum- 
ference of the circle A BCD at the point B, and BA is 
drawn at right angles to the tangent from the point 
of contact B, the centre of the circle is (III. 19) in 
B A. Therefore the angle A D B in a semicircle (III. 31) 
is a right angle. Because the other two angles BAD 
and ABD, in the triangle ADB, are equal to (I. 32) a right angle, and 
ABF is (Cbn«^.) a right angle. Therefore the angle ABF is equal to 
the two angles BAD and ABD (I. Ax, I], From l\i<e^ ^c^ialstake 
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away the common angle ABD. Therefore the remaining angle DBF is 
equal to the remaining angle BAD (I. Ax. 3), which is in the alternate 
segment of the circle. Because ABCD is a quadrilateral figure in a 
circle, the opposite angles BAD and BCD are equal (III. 22) to two 
right angles. But the two angles DBF and DBE are equal (I. 13) to 
two right angles. Therefore the two angles DBF and DBE are equal 
(I. Ax. 1) to the two angles BAD and BCD. But the angle DBF 
has been proved equal to the angle BAD. Therefore the remaining 
angle DBE is equal (I. Ax, 2) to the remaining angle BCD, which is 
in the alternate segment of the circle. Wherefore, if a straight line, &c. 
Q. E. D. 

la Dr. Thomson's edition, the case, in which the straight line catting the circle 
passes through the centre, is considered ; this is so evident, that it appears to 
be au unnecessary addition. 

CoroHary 1. — ^If the angles which any straight line meeting a circle makes with a 
chord, be equal to the angles in the alternate segments, that straight line 
touches the circle. 

Corcllary 2. — Tangents to a circle at the extremities of the same chord are equal, 
and make equal angles with it on the same side. 

CoroUary s. — The chord which joins the pouits of contact of parallel tangents is a 
diameter. 



PROP. XXXIII. PROBLEM. 

Upon a given straight line to describe a segment of a circle ^ which shall 
contain an angle equal to a given rectilineal angle. 

Let AB be the given straight line, and C the given rectilineal angle. 
It is required to describe upon the given straight line AB, a segment 
of a circle, which shall contain an angle equal to the 
angle C. ^ OH- 

First, let the angle C be a right angle. 

Bisect AB in F (L 10), and from the centre F, at the 
distance FB, describe the semicircle AHB. Because 
the segment AHB is a semicircle, the angle AHB is 
an angle (III. 31 ), and therefore it is equal to the given angle C. 

Next, let the angle C be an oblique angle. 

At the point A, in the straight fine AB, make the angle BAD equal 







to the angle C (I. 23) ; and from the point A, draw AE at ri^ht anglo3 
(L 11) to AD. Bisect AB in P* (L 10) ; and from F, di-aw FG at right 
angles (L 11) to AB. Join GB. 

Because AF is equal to FB, and FG commoiL tci MJs^^ \x\ssv^^^ ^^^i< 
and BF G, the two sides AF and F G are e«vu"a\. \.o W^ X.'sr^ '^^^T^ v^"^ 
FQ, each to each. But the angle A.'FCi \b ^c^^ VJ^.X>eJ.^»^ ^^ 



ITrx f^insi ^ cut TTwnrrn* G--±. a=s:s^e "im vaaat ^^ -^ xii£ il 
mad ytsai 'isjcanacL 'fut wi jt- 2. Ziif ssrmsiii *- r= i- niiii;iLtm> «r £s^|i 

*f!^ttt. w -aii in^rit C 'rjisfifciTr "lilt Hnci* C s «Diifcl h 1. .^2. 1 1 to 

Zi9r*a^„ — V 'f'91 lift isoE^ ^i» xz^ xgnoBSs tktt ^boe. xnC :;ibit jij e it i SBilu; seT a 



Fiiv?^. TTxr r PS&SLZ 






f^rrc-nd v> cat off frsc^ iLe drc-jf: A£C & ae g-i Jii lia: saZl ooaahi an 




j^AJsta ILLL 1.1. Kic siine 
j////t h, 5ii tbt fttmli'a: iise BF. mskfr :*ie 
Ma(4^. f BC Wjra;; 'L !:;;> to tire iS2!e D. llir 
n^^ftw^nt HAC f;fjL*j<diLi &a &i:el£ eoisai to tlie 

Vp'f:SM)!h leas', Ktrtdf^ Hs^ £ F t!Hiches the 
'^;«r<;i^ A H C, t.»d B C :f drawn from tlie point cf 





t}i/f tJw ar*;fI/5 D. WJierefore, from the giren drde A B C, file segment 
/} A C i% cut off^ containing an angle eqoal to the given angle 1). 

^ ij* s» 

/fr/r/r^x-'TbrvMi/sh a giren point to draw a stnigbt fiae that shall eat off; fiom a 
Kimn eirc'tf a tefpaaent oontaining a giyen angle. 

PROP. XXXV. THEOREM. 

If in a fdrcU two $traight linei cut one another^ the rectangle contained by the 
H^mmtn t^ the me is equal to the rectmufle contained 6y the sepnentt of 
thu ttther, 

Jfi the circle ABCD let the two straight lines AC and BD, cnt one 
snotlurr in the point E. The rectangle contained hy AE and EC ia 
ffqvMl to tbo rectangle contained by BE andE I). 
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^ First, let AC and BD pass each through the centre E. Because 
^ ie segments AE, EC, B E and ED are all equal (L Bef. 15). There- 
fore the rectangle A E.E C, is equal to the rectangle 
^I).ED. 

^ Secondly, let the one BD pass through the centre, 
gjUdd cut the other A C, which does not pass through 
^Uhe centre, at right angles, in the* point E. 
J Find F, the centre of the circle AB CD, and join AF. 
J Because B D passing through the centre, cuts the straight line A C, 
. -wliich does not pass through the centre, at right angles 
in E (III. 3), A E is equal to E C. Because the straight 
^ line B D is cut into two equal parts at the point F, and 
"" into two unequal parts at the point E, the rectangle 
BE.ED, together with tho square of EF, is equal (II. 5) 

* to the square of FB; that is, to the square of FA, 

* because F A is equal to F B. But the squares of A E and 

* E F, are equal (I. 47) to the square of F A. Therefore 
the rectangle BE.ED together with the square of EF, 
is equal (I. Ax, 1) to the squares of A E and E F. From these equals 
take away the common square of E F. Therefore the remaining rect- 
angle BE.ED is equal (I. Ax,Z) to the remaining square of AE; 
that is, to the rectangle AE.EC. 

Thirdly, let BD, passing through the centre, cut the other AC, 
which docs not pass through the centre, at E, but not at right angles. 

Find F the centre of tJte circle, join AF, and from F draw FQ 
perpendicular (I. 12) to A C. 

Because A G is equal (HI. 3) to G C, the rectangle 
AE.EC, together with the square of EG, is equal 
(II. 5) to the square of AG. To each of these equals, 
add the square of GF. Therefore the rectandb 
A E.E C, together with the squares of E G and G F, 
is equal (I. Ax. 2) to the squares of A G and G F. 
But the squares of E G and G F, are equal (I. 47) to 
the square of EF. And the squares of AG and GF 
arc equal to the square of A F. Therefore the rect- 
angle A E.E C, together with the square of E F, is equal to the square 
of A P ; that is, to the square of F B. But the square of F B is equal 
(II. 5) to the rectangle B E.E D, together with the square of EF. There- 
fore the rectangle AE.EC, together with the square of EF, is equal 
(I. Ax, 1) to the rectangle B E.ED, together with the square of EF. 
From these equals take away the common square of E F. Therefore the 
remaining rectangle A E.E C,is equal (Ax, 3) to the remaining rectangle 
B E.E D. 

Lastly, let neither of the straight lines A C and B D 
catting each other, pass through the centi*e. 

Find the centre F (IIL 1), and through E, the poLat 
of intersection of the straight lines AC and DB, draw 
the diameter G H. 

Because the rectangle AE.EC is equal, by the 
preceding case, to the rectangle G E.E H. And tbfi 
rectangle BE.ED is equal to the aame Te&\idXi^<& 
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GE.E H. Therefore the rectanprle AE.EC is equal (L jix, 1) to the 
rectangle B E.E 1). Wherefore, if two straight lines, &c. Q. E. D. 

The second case of this proposition is included in the demonstration of Prop. ZIYf 
Book IT. A demonstration including all the cases may be d^yed from Fropa 
IV. and XVI.. of Book VI. 

Corollary. — If the rectangle? contained by the segments of the diagonals of «7 
quadrilateral figure, be equal, a circle may be described about it. 

PROP. XXXVI. THEOREM. 

If from any point tcithout a circle two straight lines be draian, one of tckiek 
cuts the circle, and the other touches it; the rectangle contained by the 
whole line which cuts the circle, and the part of it without the circle, is 
equal to the square of the tangent. 

Let D be any point without the circle ABC, from -which the two 
straight lines DA and DB are drawn, of which DA cuts the circle 
and DB touches it. The rectangle AD.DC is equal to the square 
ofDB. 

First, let DA pass through the centre E. 

Join EB, and (III. 18) EBD is a right angle. 

Because the straight line AC is bisected in E, and 
produced to D, the rectangle AD.DC, together with 
the square of EC, is equal (II. 6) to the square of ED. 
But CE is equal to EB. Therefore the rectangle AD.DC, 
ton^ether with the square of EB, is equal to the square 
of ED. But the square of ED is equal (I. 47) to the 
squares of E B and B D. Therefore the rectangle AD.DC, 
together with the square of EB, is equal (I. Ax, 1) to 
the squares of EBandBD. From these equals, take 
away the common square of EB. Therefore tho remaining rectangle 
AD.DC is equal {Ax, 3) to the square of the tangent DB. 

Next let DA not pass through the centre of tho circle ABC. 

Find E the centre of the circle (III. 1), draw EF perpendicular to 
AC (I. 12) and join EB, EC, and ED. 

Because the straight line EF, passing through the 
centre, cuts the straight line AC, which does not pass 
through the centre, at right angles, it bisects AC (III. 3). 
Therefore AF is equal to FC. Because the straight line 
A C is bisected in F, and produced to D, the rectangle 
AD.DC together with the square of FC, is equal (II. 6) 
to the square of FD. To each of these equals, add the 
square of F E. Therefore the rectangle A D.D C, together 
with the squares of CF and FE is equal (I. Ax, 2) to 
the squares of DF and FE. But the square of ED is 
equal (I. 47) to the squares of DF and FE. Also, the square of EC is 
equal to the squares of CF and FE. Therefore the rectangle AD.DC, 
together with the square of EC is equal (I. Ax, 1) to the square of ED. 
But CE is equal to EB. Therefore the rectangle AD.DC, together 
with the square of E B, is equal to the square of ED. But the squares 
of EB and BD are equal (1. 47) to the square of ED. Therefore 
the rectangle AD.DC, together with the square of EB, is equal to 
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the squares of EB and BD. From these equals take away the 
common square of EB. Therefore the remaining rect- 
angle AD.DC is equal (I. Ax. 3) to the square of 
Dfi. Wherefore, if from any point, &c. Q. E. D. 

Cor. — If from any point without a circle, there be 
drawn two straight hues cutting it, as A B and AC, the 
rectangles contained by the whole lines and the paits of 
them without the circle, are equal to one another ; viz., 
the rectangle B A.AE, to the rectangle CA.AF : for each 
of them is equal to the square of the straight line 
AD, which touches the circle. 

A demonstration indading both cases of this proposition may 
be derived from Props. IV. and XVII. of Book VI. 

Exercise 1. — If two circles cut each other, the straight line joining the points of 
intersection, if produced, bisects the straight line which touches both cix^es. 

Exercise 2. — ^From a given point without a circle, whose distance from the oir- 
cumference is not gi-eater than the diameter, to draw a secant which shaU be 
bisected hj the circumference. 




PBOP. XXXVII. theorem: 

If from a point without a circle there be draum two straight lines, one of which 
cuts the Circle f and the other meets it; and if the rectangle contained by 
the whole line which cuts the circle, and the part of it without the circle, 
be equal to the square of the straight line which meets it, that straight line 
touches the circle* 

Let any point D be taken without the circle ABC, and from it let 
two straight lines DA and DB be drawn, of which DA cuts the circle 
and DB meets it. If the rectangle AD.DC be equal to the square ot 
D B, D B touches the circle. 

Draw the straight line DE, touching the circle 
ABC, in the point E(nLl7). FindF, the centre of the 
cii'cle (III. 1) ; and join FE, FB, and FD. 

Because F E D is a right angle (III. 18), DE touches 
the circle ABC. But DA cuts the circle (Hyp.). 
Therefore the rectangle A D.D C is equal (III. 36^ to 
the square of DE. But the rectangle AD.DCf, is 
{Hyp^ equal to the square of DB. Therefore the 
square of D E is equal (I. Ax. 1) to the square of D B, 
and DE to DB. But FE is equal to FB (I. Bef. 
15). Wherefore the two sides DE and EF are equal to the two sides 
D B and B F, each to each ; and the base F D is common to the two 
triangles DEF and D B F. Therefore the angle DEF is equal (I. 8) to 
the angle DBF. But D E F is a right angle. Therefore also D B F is 
a right angle (Ax. 1) and B F, if produced, is a diameter. But the 
straight line passing tlirough the extremity of a diameter, at right 
angles to it (UI. 16), touches the circle. Therefore DB touches the 
circle ABC. Wherefore, if from a point, &c. Q. E. D. 

Exerci9e.-~lf tangents to a drole be drawiv A^oxwit^ \Jq» «xta«ss6fi«^ ^.^^^ 
two diameters which intersect eacli ottiw. l\ife «Xx\iJi%\v\.\vwi V^^iswt*^'^^***'^*^ 
tions of these tangents will pasa throug)ki \\i^ t«ivVc^ oi ^Xl^ ca^^- ^ 
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The following Propositioos may be added to this Boole, aa BxeraaM oa 
different propositlooa oontained in it. They -will inolnde neeeHBZj 
references also to the previous Books. 

Fkop. a. Thsobem. — Jftaty oiiord of a flin^ 1m piodoeed, till tlM part pn&aott 
be equal to the nuUos of the oircle; and* if ttont the outmu^'eztremltj of tbii 
•ecant, another leoaat be drawn through the oentro of Ihe oisole ; thcj will ia- 
tercept ares of the droamliBrence, snoh that the eonYCZ aro la 0110-tliird.of tla 
conoave aro. 

Prop. B. Tbeobbm. — If two etralght lines intersect each other, within a drois, 
and cut tlie oircomferenee, the angle at the point of their intersection ia eqaal ts 
half the angle at the centre standing on the sum of the oppoelte-aroe interoepCsd 
between them ; bat, if they intersect each other wlthoot aditde, and either cnt the 
circumference or touch it, the angle at the point of their intenMotioa is aqaal to 
haif the angle at the centre, ttanding on the diflbreaee of the ana Intflreepted 
between them. 

Pbop. C. TObobem. — If the circumferences of a circle be cat by two straig^ lines, 
perpendicular to each other at any point, the squares of the four aegmentf 
between that point and the poUits where they meet the oirotunferenee, are 
together eqoal to the square of the diameter. 

Prop. D. Pbobleh — To divide a giyen straight line into two parts, snoh that the 
square of one of them may be equal to the rectangle contained by the other 
and a given straight line. 

Pbop. K. Problem. — To draw a straight line that shall touch two circles given in 
position, provided the one is not wholly within the other. 

PaoBi F. Theorem. — ^If the diameter of a given circle be produoed, and two 
points be taken on opix>site sides of the centre, such that the rectangle contained 
by their distances tMim the centre is equal to the square of the radius, any circle 
which passes through these points bisects the circumference of the given circle. 

In concluding this Book, it may be remarked that Prop. XXXVI. suggests a mode 
of determ^ing the diameter of the earth. For, in the figure to the Hurt case of 
that proposition, if the cironmference of the drcle ABC represents that of tlie 
earth, A C the diameter of the earth, C D the altitude of any mountain above 
the level of the earth's surface, and I) B the distance of the visible horiaon ; it 
is plain that if CD and DB be given in numbers, AG maybe found, in 
numbers, from the nature of the proposition, by an easy arithmetical oompnta* 
tion. The diameter of the earth being thus found to be nearly 8,000 miles (say 
exactly 7,920 miles), it may be proved by the application of this same pcoposi> 
tion, that the distances of the visible horizon In leagues, are very nearly as the 
square mots of the altitudes in Jixthonu; that is, supposing the aitUudea of the 
centre of the visible horizon to be 1, 4, 9, 16, 25, &o., fistf^ms, the disUmees of 
the visible horizon will be very nearly 1, 2, 3, 4, 5, frc. leagues. Hence, also 
conversely, the altitudes in fathoms are very neariy as the squares of the dis- 
tances in leagues; that is, supposing the disUmees of the visible horizon to be 
1, 2y 3, 4, ft, fcc. kagjtee, the altitudes of its centre will be very nearly 1, 4, 9, 16, 
85, &o.faffioms. Tills rule, of course, applies only to altitudes within the limits 
of the highest mountains on the surface of tho earth. 
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DETimnoNs. 





One rectilineal figure is said to be inscribed in ano&er, when all the 
angular points of the inscribed figure are upon the sides of 
the figure in \vhich it is inscribed, each upon each. 

Acoording to this definition, itis plain that the faiaeribed figure must 
have as many angles as the figiire in which it is inscribed has 
sides, and consequently as manj aUea. 

n. 

In like manner, one rectilineal figure is said to be described about 
another, when all the sides of the ciFcnmscribed figure pass through the 
angular points of the fijgure about which it is described, each through 
each. 

Accordmg to this definition also; it is plain that the eironmsoribed figure must 
have as many sides as the figure abcwit whiab it is desorihed has an^^es, and 
consequently aa many anglea. 

XXL 

A rectilineal figure is said to be inscribed in a oirclei 
when all the angular points of tbe inscribed figure aoe 
upon the cironmferenoe of tiie circle. 

TV. 

A rectilineal figure is said to be described about a 
circle, when each side of the circumscribed figure 
touches the circumference of the circle. 

According to these definitions there is no limit to the number 
of the sides and angles of the rectilineal figure that may be in- 
scribed in a ckde, or described about it 

V. 

In like manner, a circle is said to be inscribed in a rectilineal figure, 
when the circumference of the cirele toudies each side of the figure. 

VI, 

A circle is said to be described about a rectilineal 
figure, when the circumference of the droie pas3es 
ti&ough all the angular points of the figure aboi^ 
which it is described. 

vn. 

A straight line is said to be placed in a circle^ '^Vibss^ ^Oofo ^£s:^x55qs&ss«^ 
of it are in the circumference of \h& cvxQ\d« 
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The meaning of this definition ig, that to place a straight line la a clrele» la to dm 

a chord in the eircle of a given length. 

A reetillnear figure or polygon which has all its sides eqoal to one another It 
caWed eqtdlateral i and that which has all its angles equal to one another it 
called equiangular, 

A pwygon which has all its sides and all. its angles eqnal to one another, it called* 
regukw polygon. Polygons receive particular names, according to the number U 
their ffides and angles. Thus beginning with the triangle and the trapezium, for 
the sake of uniformity these are called the trigone and the tetroffon ; but these 
terms are generally restricted to the equilateral triangle and the square. A 
polygon of Jive sides, is called a pentagon; of tix sides, a h/exagon; of seven sides, 
a heptagon ; of eight sides, an octagon ; &c A polygon of ten sides ia called a 
decagon; of twelve sides, a duodaxtgon; and of jifiem sides, a guindeeagant or 
more properly tkptnUdecagon, 

PROP. I. PROBLEM. 

In a given circle to place a straight line, eqwd to a given straight Une 

fjohich is not greater than the diameter.' 

Let ABC be the giyen circle, and D the given straight line, not 
greater than the diameter. It is required to place in tho circle ABC a 
straight line equal to D. 

Find the centre of the circle ABC (IIL 1), 
and draw the diameter BC. If BC is equal to 
D, what is required is done; that is, m the 
circle AB C, a straight line B C is placed equal 
to D. But if B C is not equal to D, it is greater 
than D {Hyp:), From CB cut off CE equal to 
D (I. 3). From C as centre, at the distance 
CE, describe the circle AEF; and join CA. 

Because C is the centre of the circle AEF, CA is equal (I. Def. 15) 
to C E. But CE is equal ( Const) to D. Therefore C A is equal (I. Ajx, 1) 
to D. Wherefore in the circle ABC, a straight line CA is placed equal 
to the given straight line D, which is not greater than the diameter of 
the circle. Q. E. F. 

Exercise. — In a given circle, to place a straight line eqnal and parallel to a straigfat 
line given in position, and not greater than the diameter. 

PROP. n. PROBLEM. 
In a given circle to inscribe a triangle equiangular to a given triangle. 

Let ABC be the ^ven circle, and DEF the given triangle.. It is 
required to inscribe in the circle ABC a triangle equiangular to the 
triangle DEF. 

Draw the straight line G H touching the circle 
in the point A (III. 17). At the point A, in 
the straight line AH, make the angle HAC 
equal (1. 23) to the angle DEF. At the point 
A, in the straight line A G, make the angle 
GAB equal to tho angle DFE. Join BCj 
the triangle ABC is the triangle required. 

Because GH touches the circle ABC, and 
\C is a chord drawn from the point oi coxv\a.^it ^ik'a ^\\^\'5^ H.A.G is 
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equal (III. 32) to the angle ABC in the alternate segment of the circle. 
But the angle HAC is equal to {^Const) the angle DEF. Therefore 
also the angle ABC is equal (I. Ax, 1) to DEF. For the same reason, 
the angle ACB is equal to the angle DFE. Therefore the remaining 
angle BAG is equal (L 32 and AxA) to the remaming an^le EDF. 
Wherefore the triangle ABC is equiangular to the triangle DEF, and 
it is inscribed in the circle ABC. Q. E. F. 

Exercise,— 'Jf a triangle be inscribed in one of two concentric circles, equiangular 
to a given triangle, it is required to inscribe the same in the other circle, s» 
that iti sides may be parallel to the sides of the former. 

PROP. III. PROBLEM. 

About a given circle to describe a triangle equiangular to a given 

triangle. 

Let ABC be the given circle, and DEF the given triangle. It is 
required to describe about the circle ABC a triangle equiangular to 
the triangle DEF. 

Produce BF both ways to the points 
G and H. Find the centre K of the 
circle ABC (III. 1), and from it draw 
any straight hue KB. At the point K 

in the straight line KB, make the angle —j — ^ i x k 

BKA equal (I. 23) to the angle DEG, /V 7 X / X 

JBnd the angle BKC equal to the angle ' ^L^ X —i — X. 

JDFH. Through the points A, B, and C, 

ilraw (HI. 17) the sti-aight Imes LM, MN, and NL, touching the circle 

ABC. The triangle LMN is the triangle required. 

Because the straight lines LM, MN, and NL touch the circle AB C id 
the points A, B, and C, and the straight lines KA, KB, and KC, aro 
drawn from the centre to the points of contact, the angles at the points 
A, B, and C (III. 1 8) are right angles. Because the four angles of .the 
quadrilateral figure AMBK are equal to four right angles (1. 32, Cor, 8), 
and the two angles KAM and KB M are {Const,) right angles. There- 
fore the two angles A KB and A MB are equal (I. Ax. 3) to two right 
angles. But the angles DEG and DEF are equal (L 13) to two right 
angles. Therefore the two angles A KB and AMB are equal (I. Ax, 1) 
to the two angles DEG ana DEF. But the angle AKB is equal 
(Const) to the angle DEG. Therefore the remaining angle AMB is 
equal (I. Ax, 3) to the remaining angle DEF. In like manner it can 
be shown that the angle LNM is eqiud to the angle DFE. Therefore 
the remaining angle MLN is equal (I. 32 and Ax, 3) to the remaining 
angle EDF. Wherefore the triangle LMN is equiangular to the 
triangle DEF ; and it is described about the circle ABC. Q. E. F. 

The oonstmotion and demonstration of this propTnition wonid be as easily effected 
by first inscribing in the circle, a triangle equiangular to the given one, and then 
drawing tangents to the circle, through its three angular points. In the 
preceding demonstration, to prove that tiie tangents ML and NL must meet, 
it is only necessary to join AG, and apply the 9th and 12th Axioms of Book 1 
In the same way, it can be shown that MN and MIi,«»'^%!A.*fc'^jr& «sA/^&?s^ 
must meet. The construction migYit \» %\wst\«Sife^ \il ^vsft»s3s^^^^-v« 
making the aoglea which the partpTOduo«aLm^«afiWti^ik.«^^^^^'»^^^'^ 
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eqnl to tha ngltt DEF sod DF8 In tiie triangle DBF, wftiioat pm i Mi if 
£F. The constmetion and denunutration of the propoattion in tbia way vifl 
fbnn a useful exereise to the rtodent. 

PROP. IV. PEOBLEM. 
To inscribe a circle in a given triangle. 

Let ABC be the given trian^e. It isreqnired to inscribe a circle init 
Bisect the angles ABC and B CA by the straight lines BD and CD; 
and let these straight lines meet one another m the point I> (L 9). 
From the point D draw DE, DF, and DG perpen- 
dicular (I. 12) to AB, BC, and CA, respectively. 
Because the angle £ B B is equal ( Const) to the angle 
FBD, and the right angle BED (I. Ax. 11) to the 
right angle B F D. Therefore tjie two triangles E B D 
and F B D have two angles of the one equal to two 
angles of the other, each to each ; and the side B D, 
winch is opposite to one of the equal angles in each, is 
common to both. Therefore their other sides are equal 
(1. 26), and DE is equal to D F. For the same reason, 
D G is equal to D F. Therefore D E is equal (I. Ax. 1) to I>G, and the 
three straight lines BE, BF, and BG, are equal to one anotheE. 
Wherefore the circle described from the eentre B, at the distance of one 
of them, will pass through the extremities of the other two, and touch 
the straight lines A B, B C, and C A. Because the angles at the poiatB 
E, F, and G, are right angles, and the straight line drawn throus^ the 
extremity of a diameter at right angles to it, touches the cirde (IIL 16). 
Therefore the straight lines A B, B C, and C A toudi the circle in tiie 
points E, F, and G. Wheie&re the circle EFG is inscribed in the 
triangle ABC. Q. E. F. 

The general i^robiem which inehides thia propiiBition is: — To desorfbe a efanle 
touching three giren stndght lines which do not pass through the same point, 
and which are not aU parallel to each other. If two of the straight ih»gf be 
parallel, there may be two equal circles which MfU the required conditions, Tia., 
one on each side of the straight line whieh intersects the psndlela. JEf the 
straight lines form a triangle, there will be Ibur circles touching the straight 
lines, one inscribed as above, and the others toudiing tlie three sides extemaily 
and each of ihe other two sides produced. The examinatitm and solutioB of 
these oases of this problem will form a very nseftil ezenNse. 

CerdUary 1. — The three straight lines whieh bisect tlie three angles of a triangle 
meet in the centre of the inscribed circle. 

OoTdOary 3. — In a right-angled triangle the diameter of its inscribed circle is eqnl 
to the difference between the sum of the legs and the hypotenuse; and tlie 
diameter of the ofarde which touches the hjrpotenuse, and the l^s piodueed 
externally, is equal to the sum of the three sides, or the perimeter of the triangle. 

CordUary 3. — The area of any triangle is equsl to the rectangle contained by the 
radius of the inscribed circle and half the sum of the three sides, or semiperimdei 
of the triangle. 

PROP. V. PROBLEM. 
To describe a circle about a given triangle. 
Let ABC be the given triangle. It is required to describe a circle 
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Bisect A6 and AC in the points D and E (L 10), and frmn these 

points draw D¥ and £F at nght a^les to AB ana AC respectively 

'I. 11]. The straight lines DF and "EF produced meet one another. 

V, if D E were jinned, the angles whush DE would make with 







them would be less than two right angles. Therefore (I. Ax. 12) they 
meet one another. Let them meet in F, and join FA. Also, if the 
point F be not in B C, join BF and CF. 

Because AD, is equal to DB, and DF which is common to the two 
triangles ADF and BDF, is at right angles to AB, the base AF is 
equal (I. 4) to the base FB. In like manner, it may be shown that CF 
is equal to FA. Therefore BF is equal (I. Ax. 1) to FC; and FA, 
FB, and FC, are equal to one another. Wnerefore the circle described 
from the centre F, at the distance of one of them, will pass through 
the extremities of the other two, and be described about the triangle 
ABC. Q. E. F. 

CoEOLLABYr — ^It IS manifest, that when the centre of the circle 
falls within the triangle, each of its angles is less than a right ansle, 
eaeh of them being in a se^ent greater than a semicircle ; but, imen 
the centre is one of the sides of the triangle, the angle opposite to 
this side, being in a semicircle, is a right an^e ; and, if the centre falls 
without the triangle, the angle opposite to me side beyond which it is, 
being in a segment less than a semicircle, is greater t£an a right angle 
(ni. 31). Coaversei^y if the ^ven triangle be acute-angled, the centre of 
the circle falls within it; if it be a. right-angled trian^e, tiie centre is in 
the side opposite to the ri^ht angle; and if it be an obtuse-angled 
triangle, the centre &l]s without Uie triangle, beyond the side opposite 
to the obtuse angle. 

This propoflition is virtually the same aa .that to d«seribe a drde that shaU pass 
through any three points not in the same straight line; or, as that ta complete 
a circle of which an arc or a segment is given. 

CoroOary. — ^The three straight lines whith bisect the sides of a triangle at right 
angles to them, meet in the centre of its circumscribed circle. 

The succeeding Proposition in this Book* may be greatly shortened 
by the following lemmas (things taken for granted, as proved) to which 
arc added the demonstrations. 

j^vn/nKM. 1. — ^Any regnlar polygon may have <me circle described about it, and 
another inscribed in it : and the same point is the centre of both circles. 

For, it is plain, first, that if all the angles of a regular polygon be bisected, the 
bisecting lines must aU meet in the same point* and are all equal to -one 
another ; becaase it can be proved that any two straight lines which bisect two 
adjacent angles must meet (I. Jx. 12), and are equal to one another (I. e). If 
therefore, a oirde be described v^th this point as a eentt« a^^VsA «t&\ai&»& ^\;«aB« 
one of these straight lines, it will paaa lYitou%\i «\\ X^ftfe «xv^«x^n^»;^^ 
polfgon, and will be described aboutit ^lN.I>e|.Y>. ^\.Na ^'«&».^T»ssK^*'a» 
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perpendiealars be drawn from the polat where the biseetinf llnej meet, to all Ht 
aides of the polygon, these perpendicalars most be all eqoal to one another, 
beeaase the rides of the polygon are equal chords of the circumBoribed dnb 
(III. 14). Therefore, if a circle be described with this point as a centre, at lbs 
distance of any one of these perpendiculars, it will pass through the extremitio 
of all the others, and will touch the sides of the polygon (III. 16); because !tie 
angles at these extremities made by the rides of the polygmi are right angtoi; 
and this drcle will be inscribed in the polygon (IV. Dtf. 8). 

QmjUary. — ^The centre of the Inscribed or circumscribed circle of anj regvAn 
polygon, may be found by bisecting any two a4}acent angles, or any tvo 
acUacent rides. For the point where the bisecting straight lines meet is lbs 
centre required. 

Lemma 2. — If any regular polygon be inscribed in a drde, tangents to the oirelc 
dra\vn through its angular points, will form a r^^ar polygon of the same 
number of rides described abmit the circle. 

For, the angles which the tangents make with the rides of the inscribed figure, 
are equal (IIL 82) to the angles in the alternate segments. But these seg- 
ments are all equal (III. 28), because their chords are {ffyp.) equal. There- 
fore, all the triangles formed by the chords and the tangents are equal (I. 6 
and 26) to one another ; their rides are all equal, which are the halTca of the 
rides of the circumscribed polygons ; and all t^eir third angles are equal, which 
are the angles of the circumscribed polygon. This polygon is therefore equi- 
lateral (1. 26) and equiangular, and it is described about the droll* (IV. Z>^. 4). 

PROP. VI. PROBLEM. 
To inscribe a square in a given circle. 

Let A BCD be the given circle. It is required to inscribe a square 
in it. 
Draw the diameters, AC and BD, at right angles to one another 

SI. 1 and 1. 11); and join AB, BC, CD, and DA. 
e quadrilateral figure AB CD is the square required. 
Because the angles at the centre £ are equal (Const), 
tiie straight lines AB, BC, CD, and DA are all equal 
(in. 26). Therefore the quadrQateral figure AB CD 
IS equilateral. Because the angles BAD,ABD,BCD, 
and CD A are all angles in a semicircle {Const) they 
are all right angles Qll. 31). Therefore the quadri- 
lateral figure A BCD is rectangular. But it has been shown to be 
equilateral. Therefore it is a square (L Def. 30), and it is inscribed in 
the circle A BCD. Q. E. F. 

CoroOetry, — The square inscribed in a drele is doable the square of Its radius, or 
half the square of its diameter. 

PROP. VII. PROBLEM. 
To describe a square about a given circle. 

Let AB CD be the given circle. It is required to describe a square 
about it 

Draw two diameters AC and BD of the circle A BCD, at right 
angles to one another (III. 1 and I. 11), and through the points A, 
B, C and D, draw the straight lines FG, GH, HK and KF, touching 
the circle (DL 17). The quadrilateral figure GHKF is the square 
required* 
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Because the angles at the points A, B, C, and D are right aiifflea 
VOcmsU), GF is parallel to HK, and GH to FK (I. 28). Therefore 
G K, G D, and G C are parallelograms. But A C is 
equal to BD (ComtX, Therefore, GF is equal to 
GH (I. Ax, 1), and the paraUelogram GK is equi- 
lateral. Because G£ is a parsLuelo^am, and the 

angle AEB a right angle [Qmst,), Therefore, GE Bl ==H \\> 

is a squai-e (I. 46, Cor^, and the angle at G is a 

right angle. In the same manner, it can be shown 

that the angles at F, K, and H are right angles. h C K 

Therefore the parallelogram GK is rectangular. But 

it -was shown to be equilateral. Therefore G K is a square, and it is 

described about the circle A B C D. Q. E. F. 

Othenmae. — Inscribe a sqnare in the oirde AB D, and through its angular poinii 
draw tangents to the circumference. The figure formed by these tangents will 
be the square required (lY. Lemma 2). 

Corollary 1. — ^The square described about the circle is the square of the diameter, 
and double of the inscribed sqnare, or four times the square of the radius. 

Coronary 2. — By bisecthig the arcs of the circle subtending the sides of the inscribed 
sqnare, and drawing chords to the different points of bisection from the angular 
points of the square, a regular odagon may be inscribed in the circle ; and by 
drawing tangents throuj^h the angular points of the inscribed octagon, a regular 
octagon may be described about the circle. In the same manner, by the con- 
tinuous bisection of arcs, a series of regular polygons may be inscribed In a 
circle, and described about it, the numbers of whose sides are successiTely 16, 82, 
64, 128, &c. 



PROP. VIII. PROBLEM. 
To inscribe a circle in a given square, 

Jjct A B CD be the given square. It is required to inscribe a circle 
in it. 

Bisect each of the sides A B and A D in the points F and E (L 10). 
Throup^h E draw EH parallel to AB or D C (I. 31), 
and through F draw FK parallel to AD or BC. 
With centre G, and distance G E, describe the circle 
E F H K, and it is the circle required. 

Because each of the figures AG, BG, GD, and 
GC is a square (I. 46 Cor. and Ax, 7), the four 
straight lines G E, G F, G H, and G K are equal to 
one another ; and the circle described from the centre 
G at the distance of one of them G£, will pass 
through the extremities of the other three, and touch the straight lines 
A B, B C, C D, and D A. Because the angles at the points E, F, H, and 
K are right angles (I. 29), and the str^ght line drawn through the 
extremity of a diameter, at right angles to it, touches the circle (III. 
16). Therefore each of the straight lines AB, BC, CD, and DA 
touches the circle. Wherefore the circle E F H K is inscribed in the 
square ABCD. Q. E. F. 

OtAerwiM.— Find the centre of the insoribed circle (TV. Zemma 1> 0» .N>«A' ^*^*^ 
it draw a perpendicular to one of the Ad«a. "^VOoL^Xsia «awi\x^ ^aA.>iS»'««vss^- 
dicnlar as ndius describe a dide, and \\ ^wfHW^'isA t&x^<&'K«3f£a«^ 
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PROP. IX. PROBLEM. 
To describe a circle about a given square. 

Let ABCD be the given square. It is required to describe a dreii 
about it. 

Join A C and B D, cutting one another in E. 'With 
centre E, and distance E A describe the circle ABCD, 
and it is the circle required. 

Because the diagonals of every parallelogram bisect 
each other, and the diagonals of a squaxe are equaL 
Therefore the four straight lines E A, E B, EC, and 
EB are equal to one another (L Ax. 7V and the 
circle descnbed from the centre E, at the distance of one of them E A, 
will pass through the extremities of the other three. Wherefore the 
circle A B C D is described about the square ABCD. Q. E. F. 

Otftenoise. — Find the centre of the circumscribed circle (IV. Lemma 1« Cor,) and 
with this centre, and the distance of one of the angular points of the square as 
radios, describe a circle, and it will be the circle required. 

PROP. X. PROBLEM. 

To describe an isosceles triangle, having each of the angles at the base 

double of the iMrd angle. 

Take any straight line AB, and divide it in the point C (IL 11), so 
that the rectangle AB.BC may be e^ual to the square of CA. Irom 
the centre A, at the distance AB, describe the circle BDE. In this circle 
place the straight line BD equal to AC p[V. 1), and join DA. The 
triangle A B D has each of its angles A B D and A D B double of the 
angle BAD, 

Join D C, and about the triangle ADC describe 
the circle ACD (IV. 5). 

Because the rectangle A B.B C is equal to the 
square of AC, and AC is equal (C<m5^.) to BD. 
Therefore, the rectangle A B.B C is equal (1. Ax, 1) 
to the square of B D. Because from the point B, 
"without the circle ACD, two straight lines BA 
and BD are drawn to tlie circumference, one of 
which cuts and the other meets the circle, and the 
rectangle A B.B C, contained by the whole of the 
cutting line, and the part of it without the circle, is equal to the square 
of BD which meets it. Therefore the straight line BD touches the 
circle ACD (III. 37). Because BD touches the circle, and D C is drawn 
from the point of contact D, the angle BD C is equal (lit. 32) to the 
angle D A C in the altei*nate segment of the circle. To each of these 
equals add the angle CD A. Therefore the whole angle BDA is equal 
(L Ax, 2) to the two angles CD A and D A C. But the exterior angle 
BCD is equal (L 32) to the two angles CDA andD AC. Therrfore 
also BDA is equal (L Ax. 1) to BCD. But BDA is equal (L 6) to the 
an^le CBD, because the side AD is equal to the side AB. Therefore 
the angle CBD, or DBA, is eqnal (1. Ax. Vj \o >t>aa ^oj^tt ^^T^* 
Wberetbre the tliree angles BDA, DB ^an^ BCTi «te«3^Vi tsQ» 
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another. Because the angle BBC Is equal to the angle BCD, the side 
BD is eqnal (I. 6) to the ade Da But BD is equ^ to CA (Omst). 
Therefore also C A is eqnal (I. Ax, 1) to CD, and the angle CD A to 
the angle DAC (I. 5). Therefore the two angles CD A and DAC are 
together, donhle of the angle DAC. But B CD is equal (I. 32) to the 
two angles CD A and DAC. Therefore also the angle JBCD is double of 
the angle DAC. But the angle BC D was proyed to be equal to 
each of the angles BDA and DBA. Therefore each of the angles 
BDA and DBA is double of tbe angle DAB. Wherefore an isos- 
celes triangle A B D has been described, having each of the angles at 
the base double of the third angle. Q. £. P. 

The constnictfon of this problem may be giiiiplifl«l bf making a triangle A B D, 
having its three sidee AB, AD, and BC, eqnal to three given straight lines, 
according to Prop. XZII. Book I. 

CoroUary 1. — Tlie angle A at the Tertex of the triangle AB D is one-fifth of two 
right angles, and each of the angles at the base two^fiCths of two right angles. 

CoroUary 2. — The angle A is one-tenth of four right ai^iks, the .arc B D is one- 
tenth of the circnmference, and the chord B D is the side of a regular decagon 
inscribed in the circle BD£. 

Corollary 3. — ^A right angle may be qtanquisecUd, that is, divided into five eqnal 
parts. 

CoroUary 4. — By donbling tiie arc BD one-fiflJi part of the circnmference is 
obtained ; and, by drawing its chord, the side of a regular pentagon inscribed in 
a circle, may be fi>nnd. 

ExercSae 1. — Te inacribe a regular decagon in a oixcle, and to describe another 
abontit. 

Exerdae 2. — To inscribe a regular pentagon in a drele, and to describe another 
abont4t. 

These exercises may be ^eeted by the applicaifon of the preceding eoioUttiea 
Build's method is giren in Hie next piopositiQns. 

PROP. XI. PROBLEM. 
To inscribe a reffubar ptntagon tn a given etrele. 

Let ABODE be the given circle. It is required to inscribe in it a 
regular pentagon. 

Describe (IV. 10) an isosceles triangle FGH, having each of the 
angles at G and H double of ihe angte at F. 
In the circle AB CD E mscribe (IV. 2) the tri- 
angle A C D equiangular to the triangle FGH, 
so that the angle CAD may be eqnal to the 
angle at F, and the angles A CD and CD A 
equal to the angles at G and H. Therefore each 
of the angles A CD and CD A is double of the 
angle CAD. Bisect tiie angles A CD and 
CD A (1. 9) by the straight lines CE andDB. Join AB, BC, BE, axpi 
E A. The pentagon A B C D E is the pentagon required. 

Because each of the angles A C D and CD A is double of the angle 
CAD, and they are bisected W the strai^t lines C E and D B^ tha ftx^ 
angles DAC, ACE, ECD, CDB,aiid%I>Kwcft^ifflSQ.^V^«c»%s^^s«S^^ 
But eqnal angles stand (in. 26^ upoii woaX. ««»• ^Ttv^tA^-t^^^ ^«l 
arcsAB, BC, CD, DE, and la A.a«j^q«Ci.\»«!»«».o;J^t^ 
atvs are mtbtended (IIL 29) hj eqpsiX fitnoi^l^^nfi.'*^ 
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Straight lines AB, B C, CD, DE, and E A are eqnal to one another. 
Wherefore the pentagon A B C D E is equilateral. Because the arc AB 
is equal to the arc D E. To each of these equals add the arc BCD. 
Therefore the ^vhole arc A B CD is equal (I. Ax. 2) to <^e whole arc 
EDCB. But the angle AED stands on the arc ABCD, and the 
.jagle B AE on the arc EDCB. Therefore the angle B AE is equal 
(in. 27) to the angle AED. For the same reason, each of the angles 
ABC, BCD, and CDE is equal to the angle BAE, or AED. There- 
fore the pentagon A B C D E is equian|rular. But it has h^n shown to 
be equilateral. Therefore, in the given circle ABCDE, a regular 
pentagon ABCDE has been described. Q. E. F. 

CoroOary 1.— The interior angle of a pentagon is three-fiflhB of two right angles, 
or six.fiftha of one right angle, that is. one right angle.and a fifth part of a right 
angt'. 

Corollary 2.— The exterior angle of a regolar pentagon is two-fifths of two right 
angles or four-fifths of one right angle. 

Exerdae.'^To describe a regolar pentagon on a given straight line. 

PROP. XII. PROBLEM. 
To describe a regular pentagon about a given cirde. 

Let A B C D E be the given circle. It is required to describe a regular 
pentagon about it. 

Find A, B, C, D, and E, the angular points of a regular pentagon 
inscribed in the circle (IV. 11). Through the points A, B, C, D, and 
E, draw the straight lines GH, HK, KL, LM, and MG touching 
the circle (III. 17). The pentagon G H K L M is the pentagon required. 
Take the centre F, and Join FB, FK, FC, FL, and FD. 

Because tangents drawn from the same point without a circle are 
equal, KB is equal to KC. Because in the two triangles KB F and 
KCF, the two sides BK and KF are equal to the sides CK and KF, 
and the base FB is equal to the base FC. There- 
fore the angle B K F is equal to the angle C K F 
(I. 8). In the same manner it may be shown 
that the angle C F L is equal to the angie D F L, 
and the an^e C L F to the angle D L F. Because 
the angle BFC is equal to the angle CFD 
(III. 27). Therefore the angle KFC is equal to 
the angle L F C (I. Ax, 7). Because in the two 
triangles KFC and L F C, two angles KFC and 
K C F of the one are equal to two angles L F C 
and L C F of the other, and the side C F is common to both. Therefore 
the side C K is equal to the side C L, and the angle C K F is equal to 
the angle C L F (1. 26). Wherefore K L is double of K C, and the angle 
BKC double of FKC. In the same manner it m^ be shown that 
K H is double of K B, and the angle C L D double of C L F. Therefore 
K L is equal to KH, and the angle BK C to the angle CLD (I Ax. 7). 
In the same manner it may be shown that H G, G M, and M L are eack 
equal to HK or KL ; and that the an^es K H G, H G M, and GML 
aiv each equal to the angle H K L or K li M.. TVvaTe&ste^ tha i^ntagon 
OHKL M 18 both equilateral and eamanguVat. ^f^'et^iot^ «. tc^^^ 
pentagon OHK L M has been described about Claa tixw^'a* ^"^.IS . 
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Otkemrise, — Find the angular points A, B, C, D, E, of a regular pentagon inscribed 
in the circle (IV. 11). Through these points draw tangents to the circle 
ABCDE, and they ^ will form a regular pentagon described about the circle 
(IV. Lemma 2), 



PROP. XIII. PROBLEM, 

To inscribe a circle in a given regular penfagon. 

Let ABCDE be the given regular pentagon. It is required to 
in8cril)e a circle in it 

Bisect the angles BCD and CDE by the straight lines CF and 
D F (1. 9). From the point F, in -which they meet, 
draw the straight lines F B, F A, and F E. Draw 
also the perpendiculars FG, FH, FK, FL, and 
F M to the sides of the pentagon. From centre 
F, with distance FH, describe the circle GHKLM, 
and it is inscribed in the pentagon. 

Because the angles FCD and FDC iJ,Ax, 7) 
are equal, F C is equal to F D. Because in the two 
triangles B C F and D C F, the side B C is equal to 
the side D C {Hyp.), C F is common, and the angle 
B C F is equal to the angle D C F {Const,). Therefore B F is equal to D F, 
and also to C F. The angle C B F is also equal to the angle C I) F, and is 
the half of the angle ABC. In the same manner it may be shown that 
the angles A and E are bisected by the straight lines A F and E F. 
Because the two angles FCH and F CK are e^ual {Const), and the two 
angles FHC and FKC are also equal, being right angles {Const.), 
Therefore in the two triangles FHC, FKC, two angles of the one 
are equal to two angles of the other, and the side F C is common to both. 
Wherefore, the two triangles are equal (I. 26), and FH is equal to FK. 
In the same maimer, it may be shown that F L, F M, and F G, are each 
of them equal to F H, or F K. Therefore the five straight lines F G, 
FH, FK, FL, and FM are equal to one another, and the circle 
described from the centre F, at the distance of one of them F H, will 
pass through the extremities of the other four, and touch the straight 
lines A B, B C, C D, D E, and E A. Because the angles at the points G, 
H, K, L, and M are ri^ht angles, and a straight Ime drawn through 
the extremity of the diameter of a circle at right angles to it (III. 16) 
touches the circle. Therefore each of the straight lines AB, B C, CD, 
D E, and E A touches the circle. Wherefore me circle GHKLM ia 
inscribed in the pentagon ABCDE. Q. E. F. 

O^Aertoise.— Find F the centre of the inscribed drcle (IV. Lemma 1, Cor.\ and with 
radius F H describe the circle GHKLM, and it is inscribed in the pentagon 
ABCDE. 

PROP. XIV. PEOBLEM. 

To describe a circle about a given regular peido^ww^ 

Ut ABCDE be the giyen xeguVai ^gcii^ai^Qrti. "V\.\^ x^^^^^"^ 
describe a circle about it. 
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Bisect the anglei B C D end C D E by the atraig^ linea C JF aad F D 
(I. 9). From liie point F, in which they meet, draw 
the straight lines F B, F A, and F E. With centre 
F, and distance FC, describe the circle ABCDE, 
and it is described about the pentagon. 

Because it may be shown, as in the preceding pro- 
position, that the side CF is equal to the side PD, 
and that F B, F A, and F E are each of them equal 
to FC or FD. Tliercfore the five straight lines F A, 
FB, FC, FD, and FE axe equal to one another. 
And the circle described from the centre F, at the distance of one of 
them, will pass through the extremities of the other four. Wherefore 
the circle AB CDE is described about the pentagon ABODE. Q. £. F. 
(HTienffhe. — ^Fiad F the eentre of th« drcamscribed oitele (lY. Lemma 1. Oor.), 
and with radios FA.de80iitMthftdrole ABCD£, andititdaMrUMd aboattlw 
pentagon ABODE. 

PEOP. XV. PROBLEM. 

To nueribe a regular hexafom m « gwen eireU, 

Let ABCDEF be the given ciide. It is required to inscodbe a 
regular hexagon in it. 

Fmd the centre G of the circle ABCDEF (IIL 1), and draw the 
diameter A G D. From D, as a centre, at the distance 
DO, describe the circle EGCH, join EG and CO, 
and produce them to the points B and F. Join A B. 
BC, CD, DE, EF, and FA. The hexagon ABCDEF 
is a regular hexagon. 

Because G is the centre of the circle ABCDEF, 
G E is equal to G D. Because D is the centre of the 
oiide EGCH,DE is equal to DG. Therefore GE 
is equal to ED (I. Ax, 1), and the triangle EGD is 
eqnuateraL Because the three angles E G D, G D £, 
and D E G, are equal to one another (I. 5, Cor,), But 
the three angles of a triangle are eqaal to two rig^t angles (I. 32). 
Therefore the angle E G D is the third part of two right angles. In the 
same maiuier it may be shown that the an^le D G C is alsK> the third 
part of two right angles. Because the straight line G C maizes with 
E B the adjacent angles E G C, C G B equal to two right angles {1. 13), 
the remaimng angle C G B is the third part of two right angles. There- 
fore the angles EGD, D Q C. and C G B are equal to one another. 
And the verticd angles BG A, AGF, and FGE (L 15) are equal to 
these angles, each to each. Therefore the six angles EGD, DGC, 
C G B, B G A, A G F, and F G E are equal to one another. But equal 
angles stand upon equal arcs (III. 26). Therefore the six arcs A B, B C, 
CD, DE, EF, and FA are equal to one another. And equal arcs are 
subtended by equal straight lines (III. 29). Therefore the six straight 
lines A B, B C, C D, D E, E F, and F A are equal to one another, and the 
hexagon ABCDEF is equilateral. Again, because the arc A F is 
equal U> the are E D. To each of these equals, add the arc A B CD. 
Therefore the whole arc F A B C D is eq\ia\ to t\ie \\\io\ft «s^'S»T^ Qi^ i^ 
j^at the angle FED stands upon the arc ¥ A.^CT^»wia.VJEka %a^^ 
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AF£ aponthearo EDGBA. Therefore the as^e A F £ isequalto 
the angle F£D'(IIL 21)* In ihe same manner it may he shown that 
the other an^es of the hexagoa A B C 1) £ F are each eqnal to the angle 
AF£ or F£Di Therefore tiie hexagon is equiangular. And it was 
shown to be equilateral. Therefore the r^^ular hexagon ABCBEF 
is inscribed in the giyen,circle ABCBEF. Q. E. F. 

Cob. L — ^From tius it is manifest, that the side of the hexagon is 
equal to the straight line drawn from the centre to the cironmference, 
tnat is, to the radius or aemidiameter of the circle. 

If through the {joints A, B, C, D/ £, F there be drawn straight lines 
touching the circle, a regular hexagon will be described about it : and a 
circle maj be inscribed in a given regular hexagon, and circumscribed 
about it in the same manner as was done in the case of the regular 
pentagon. 

OffienobK. — Vitid tbe centre G of tiiB«insle A BC D£ F, and drsw may radina AG. 
Draw the chord A B equal to A G- (I¥. 1), and join BG. B^eanse the triangle 
A G B is equilatenrl, theanglo A^G B it one-tUrd of two right angles (1. 82), or 
Mie-dfxth of Ibur right angkest Bat all the angles at G are eqaal to four right 
angles. Therefore, the aro A B i« one^sixtb of the oircumferenoe. Braw chords 
equal to A B, in the circumference all round the circle, and contiguous to each 
other (lY. J),— viz., BC, CD, D£, £F, and FA. The figure ABCD£F is a 
regular hexagon. 

Because the chords AB, B C, C D, D £, £ F, and FA are all equal, the hexagon 
is equilateral. Because each of its angles stands upon four-sixths of tne circum- 
ference, they are equal to each other (III. 27). Therefore the hexagon is 
equiangular. Wherefore in the chxle A B C D £ F a regular hexagon is inscribed. 

CoroUary 2. — The interior angles of a regular hexagon are each equal to two-thirds 
of two right Angles, or to a right angle and a third of a right angle. 

CoroUarp 8. — A regular hexagon may be described on a giTen straight line. 

CoroUary 4. — The area of the regular hexagon is six times that of the equilateral 
triangle described on the same straight line. 

Corollary 5. — If the alternate angular points of a regular hexagon be joined, it will 
form an equilateral triangle. Thus, if A, £, and C be joined an equilateral 
triangle will be inscribed in the circle; and if tangents to the circle be drawn 
through these points, an equilateral triangle will be described about it. 

PROP. XVI. PROBLEM. 
To inscribe a regtUar quindecagon in a given circle. 

Let A B C D be the given circle. It is required to inscribe a regular 
quindecagon in it 

Find A C the side of an equilateral triangle inscribed in the.circle 
(IV. 2), and A B the side of a regular pentagon 
inscribed in the same (IV. 11). Bisect B C in E 
(UI. 30). Join B E and E C, and place (IV. 1) in 
the circumference straight lines equal to these, 
and contiguous to each other, all round the circle. 
The figure A B C D F is a regular quindecagon. 

Because of such equal parts as the whole circum- 
ference A B C D F contains fifteen, the arc A B C, 
i^hich is the third part of the "whole, coiitam'& ^n^\ 
and the arc A B, which is the fif lla. paiX, ol VJcia . . 

whole, contains three. Therefore tkeir d\ftcteiwi^ ^C» cotvN^s:^'^* ^^ 
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the same parts, and BE, E C are, each of them, the fifteenth part of 
the whole circumference A B C D, and the figure A B E C D F is equi- 
lateral. Because each of Its angles stands upon thirteen-fifteenths of the 
circumference, it is also equiangular (Ul, 27). Therefore a r^ulor 
quindecagon is inscribed in the circle A B C. Q. E. F. 

In the same manner as was done in the pentagon, if through the 
angular points of the inscribed quindecagon, strai^t lines be drawn 
touching the circle, a regular quindecagon will be described about it ; 
and likewise, as in the case of the pentagon, a circle may be inscribed 
in a given regular quindecagon, and circumscribed about it 

Otherunse. — Find two sides of the regular pentagon, and one tide of the regnlar 
trigon inscribed in the circle, and oommendng at the same point in the drcum- 
ference. Join the points in which the second side of the pentagon and the side 
of the Irigon terminate. The chord thus drawn will be the side of the inscribed 
pentedecagon or quindecagon. Because of such equal parts as the whxAe circum* 
ference contains fifteen, the arc subtended by the two sides of the regulav 
pentagon contains two-fifths or six, and the arc subtended by the side of the 
trigon contains one-third or five. Therefore their difference contains (me* 
fifteenth or one of those parts, which is the side of the quindecagon required. 



BOOK V. 

DEFINITIONS. 
I. 

A LESS magnitude is said to be a part of a greater magnitadey when 
the less measures the greater ; that is, when the less is contained a 
certain number of times exactly in the greater. 

The \ampart is here eyidenily onderBtood in a restricted sense, and one which la 
commonly expressed by the phrase aUquot part. Better terms are tneoiuri 
or aubmuUiple, either of which signifies tiie same as pari or dUtjpiot pari, and 
conveys a more distinct notion of the meaning. 

n. 

A greater magnitade is said to be a mtdtiple of a less, when the 

greater is measured by the less; that is, when the greater contains the 

less a certain number of times exactly. 

The meaning of this definition, taken in connexion with the preceding one, will be 
best understood by adopting two distinct terms which are correlative; via., 
multiple, and nibmtUip^, Thns, if one magnitade contains another an exad 
number of times, the greater magnitade is called the fnutt^of the smaller ; and 
the smaller, the subrntdHple of the greater. 

in. 

The mutual relation of two magnitudes of the same kind to one 
another, in respect of quantity, is c^ed their^ratio. 

The term raiio is employed to express the relation of two like magnitudes to each 
other, whether they be commenaurable or incommennmiUe, that is, whether they 
have a common measure or not. Thus, the diagonal of a square has a certain 
ratio to the side of the square ; but this ratio cannot be expressed, like many 
others, in commensurate terms ; for their common measure^ or common unit is 
unknown. 

ir 

Magnitudes are said to have a ratio to one another, when tne less 
can be multiplied so as to exceed the other. 

This definition is intended as a test of the likeness or similarity of any two 
magnitudes ; for unless the one can be multiplied so as to exceed the other in 
magnitude, they cannot be said to be of the tame kkid, and so cannot have any 
ratio to each other. 

V. 

The first of four magnitudes is said to have the same ratio to the 
second, which the tlurd has to the fourth, when any equimultiples 
whatsoever of the first and third being taken, and any equimultiples 
whatsoever of the second and fourth ; if the multiple of the first be less 
than that of the second, the multiple of the third is «.lBi^\s»a^^k^&Sk. ^2&s^ 
of the fourth; or, if the multiple oi \ixe ^rs\. \» ^s^oaiLVR '^^^'^ 
second, the multiple of the tiii^ ia fi;\so ec^\o ViwA* ^ ^Qos^1^^«ss^^ - 
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if the multiple of the first be greater than that of the second, the mo]!' 
tiple of the third is also greater than that of the fourth. 

This is the most important definition of the Fifth Boole Upon it, as a hinge 
or centre, turns the whole doctrine of proportion delivered in this Book, and 
applied in the sixth and sabseqaent Books. Volumes have been written to 
explain its meaning, and yet aflber all it is very simple. It is plain in the first 
place, that of any four magnitudes such as are spoken of in the definition, tlie 
first two must be homogeMouSt or both of the same kind, and the last two 
roust be homogmwiUt or both of the same kind; but these two kinds may be 
different in themselves ; that is, each pair may be heterogeneous, or of a different 
kind. Secondly, it is plain that by equibmuitipUs of two magnitudes, is meant 
that each magnitude is taken or repeated the same number qf times, l^ow, by 
taking eqnimaltiples of the first and third of tlte supposed magnitudes, and 
eqnimaltiples of the second and fourth of the same magnitudes, if it can be 
shown from the nature of the case to which this test is applied, that when the 
multiple of the first is grater than that of the second, the multiple ot the third 
must also be greater than that of the fourth ; or that when the multiple of 
the first is equal to that of the second, the multiple of the third must be equal 
to that of the fourth ; or, lastly, when the multiple ot the first ia less than 
that of the second, the multiple of the third most be lesa than that.of the 
fourth ; then, it necessarily follows according to this definition, that the first has 
to the second the same ratio that the third has to the fourth ; that is, that 
there is an equality of ratios between the first pair and the second pair of magni- 
tudes. The application of this definition to particular cases, however, will be 
sure to render it much more clear and distinct to the learner. 

VI. 

Magnitudes which have the same ratio are called proportionals. 
N.B. — ^"When four magnitudes are proportionals, this property is 
usually expressed by saying, the first is to the second, as the third to the 
fourth." 

This definition merely explains the term proportional as applied to magnitudes 
such as are supposed in the preceding definition, whidi constitutes the test of 
proportiorucility. 

VII. 

When of the eqiumultiples of four magnitudes (taken as in the 

fifth definition), the multiple of the first is greater than that of the 

jecond, but the multiple of the third is not greater than the multiple 

of the fourth; then the first is said to have to the second a greater 

ratio than the third magnitude has to the fourth: and, on the contraiy, 

the third is said to have to the fourth a less ratio than the first has to 

the second. 

This definition becomes plain and easy after the fifth definition is understood. It 
may be be considered as a test (^ ntm^proportUmaiUyt 

vm. 

Analogy, or proportion, is the similitude of ratios. 
This definition has been greatly objected to. Much of the objection may be re- 
moved by adopting the word sameness or equality, instead of trHJHtttkt, thifl 
change being justified by the phraseology of tho fifth definition itself. 

IX. 

Proportion consists in three terms at least 

WTiea a proportion consfsts of three termt t\ie\T or^et \.% coiriilmidL.cK wtatv \><^ tM 
Avt hag the same ratio to th« second ivbicih th« «ecoiu9L\\&a \a V^a x:d^X!^^ 
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X. 

When three magnitades are continual proportianals, the first is said to 
teve to the third, the duplicate ratio of that which it has to the second. 

When three magnitudes are continual proporttooaiUi the ratio of the first to the 
third is compounded of two equal ratioa.— viz., the ratio of the first to the second* 
and the ratio of the second to the third ; hence, it is called duplicate ratio. 

XI. 

"When four magnitades are continual proportionals, the first is said to 
have to the fourth, the triplicate ratio of that whicb it has to the second, 
and so on ; quadruplicate, &c., increasing the denomination stiU by unity 
in any number of proportionals. 

When four magnitudes ara continual proportionals, the ractio of the first to the 
liourth is compounded of three equal ratios,— viz., the ratio of the first to the 
second, the ratio of the second to the third, and the ratio of the third to the 
fourth; hence, it is called triplicate ratia In like maimer,'quodru^ioate ratio it 
a ratio compounded of four equal ratios, &c. 



When there are any number of magnitudes of the same kind, the first 
is said to haye to the last of them the ratio compounded of the ratio 
which the first has to the second, and of the ratio which the second has 
to the third, and of the ratio which the third has to the fourth, and so 
on unto the last magnitude. 

For exampte, if A, B, C, D be Ibur magnitadet of the same Idnd, the first A to 
said to have to the last D, the ratio compounded of the ratio of A to ,B, aad of 
the ratio of B to G, and of the ratio of to D ; or, the ratio of A to D is said to 
be compounded of the ratios of A to B, B to C, and C to D. 

And if A has to B <h« same ratio which E has to F; and B to C the same ratio 
that G has to H } and C to D the same that K has to L ; tliea, by this d^iii> 
tion, A is said to haye.to D the ratio compounded of ratios which are the same 
with the ratios of £ to F, G to H, and K to L.. And the same thing is to be 
understood when it is more briefly expressed by saying, A has to D the ratio 
compounded of the ratios of £ to F, G to H, and K to L. 

In like manner, the same things being supposed, if M has to N the same ratio 
which A has to D ; then, fbr shortness' sake, M is sakl to bare to K the ratio 
oompoonded of the ratios of B to F, G to H, and K to L. 

This definition marked A, is usually called ^ definUion (^ compound ratio. It was 
supplied by Dr. Simson, and was considered by him to have originally belonged 
to the Elements, though not in the Greek text. 

xn. 

In proportionals, the antecedent terms are called homologous to one 
another, as also the conseq^uents to one another. 

Ftoportioiials consist of a series of ratios. In any ratio, which, of course, consists 
of two term or iruvnvftMfef, the^«£ term of the ratio is called the antecedent, 
and- the second term the oomecpieM. In an ordinary proportion consisting of 
Jbur terms, the firtH and the thirds being the aideeedentM of the two ratios, aie 
called homotogom terms,— that is, terms which offree toith one andUur as to tiiair 
name; and the second and the fourth being the coi\»e.qujexi& ^t "O^^ \:«^x:«i»KM^ 
are also called homologous terms. 

^'Gmmeten autlce xm of the fdULcrwin^ ^ftOoaas^ ^wSia ^ ^•^^srs.xs 
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signify certain ways of changing eitlier the order or magnitude of pro- 
portionals, so that they continue still to be proportiona]& 

[The memory need not be burdened with theie cjqJsnitioni until th« propodtiMf 
be studied to which they refer.] 

xm. 

FermtUandOf or aUemando, by permutation or alternately* This 
phrase is used when there are four proportionals, and it is inferred that 
tilie first has the same ratio to the third which the second has to the 
fourth ; or that the first is to the third as the second to the fourtli : as 
is shown in Prop XYL of this Fifth Book. 

XIV. 

Invertendo, by inversion ; when there are four proportionals, and it is 
inferred that the second is to the first as the fourth to the third.-^ 
Prop. B. Book V. 

XV. 

ComponendOf by composition ; when there are four proportionals, and 
it is inferred that the first together with the second, is to the second, as 
the third together with the fourth, is to the fourth. — ^Prop. 18, Book V. 

XVI. 

Dtvtdendo, by division; when there are four proportionals, and it is 
inferred that tne excess of the first above the second, is to the second, 
as the excess of the third above the fourth, is to the fourth. — ^Prop 17, 
Book V. 

xvn. 

Convertendo, by conversion; when there are four proportionals, and it 
is inferred, that the first is to its excess above the second, as the third to 
its excess above the fourth. — ^Prop E. Book V. 

xvm. 

^x aquali (sc. distantia), or ex aquo, from equality of distance : when 
there is any number of ma^tudes more than two, and as many others, 
such that they are proportionals when taken two and two of each rank, 
and it is inferred that the first is to the last of the first rank of magni- 
tudes, as the first is to the last of the others : " Of this there arc the two 
following kinds, which arise from the difEerent order in which the 
magnitudes are taken, two and two." 

XIX. 

J3x isqualiy from CKqualitv. This term is used simply by itself, when 
the first magnitude is to the second of the first rank, as tne first to the 
second of the other rank ; and as the second is to the third of the first 
rank, so is the second to the third of the other ; and so on in order : and 
the inference is as mentioned in the preceding definition ; whence this 
is called ordinate proportion. It is demonstrated in Prop. 22, Book V. 

XX. 

JEx {equali in jproportione perturhatd aeu inordincUctf from equality in 
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pertnrbate or disorderly proportion {Prop, 4, Zih. II, Arehimedis dd 
wJuBrd et cylindrd). The tenn is used Wnen the first magnitude is to 
tne second of the first rank, as the last but one is to the last of the second 
rank ; and as the second is to the third of the first rank, so is the last 
but two to the last but one of the second rank; and as the third is to 
the fourth of the first rank, so is the third from the last to the last but 
two of the second rank; and so on in a cross order : and the inference is 
as in the 18th definition. It is demonstrated in Prop. 23, Book V. 

[The Latin tenns explained in these eight definitions aie usually replaced by the 
Engli^ words which express their meaning. Bot they are retained in most 
editions of Enolid, as being useM in reading good old authors on geometry.] 

AXIOMS. 
I. 

Equimultiples of the same, or of equal magnitudes, are equal to one 
another, 

n. 

Those magnitudes, of which the same or equal magnitudes are equi- 
multiples, are equal to one another. 

This axiom means that eqai-snbmnltiples of the same or of eqmd magnitudes, are 
equal. 

in. 

A multiple of a greater magnitude is greater than the same multiple 
of a less. 

IV. 

Of two magnitudes, that one of which a multiple is greater than the 
same multiple of the other, is the greater. 

V. 

A part or sabmultiple of a greater magnitude is greater than the same 
part or submultiple ot a less magnitude, 

VI. 

Of two magnitudes, that one of which a part or submultiple is greater 

than the same part or submultiple of the other, is the greater of the two. 

These two axioms are not Euclid's, but they are added as useful for reference. 
The magnitudes in the Fifth Book are usually represented by straight lines, for 

the sake of shnplicity; but any other kind of figures may be employed to 

indicate magnitudes in general. 

PJEIOP. I. THEOREM. 

Jff any number of magnitudes be equimultiples of as many other magni^ 
tudes, each of each ; tohat multiple soever any one of the first fnagm- 
tudes is of its part, the same multiple is aU the first magnitudes (faU 
the other magnitudes. 

Let any number of magnitudes A B and C D be equimultiples of as 
many others E and F, ea{£ of each. Whatsoever multiple A B is of E, 
the same multiple is A B and C D together, of E and F together. 

Divide AB into magnitudes each equal 
to E, viz. AG and GB; and CD into CH ^ ^ B C H P 
and H D, each equal to F. Because the 

number of the magnitudes C H and H D is g ^ 

equal to the number of the others A.O 
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and GB (JSTyp/); and AG is equal to £, and CH to F (Con^M. Thot*- 
fbre AG end CH together are equal (I. Ax. 2) to E and iF togetlicr. 
Because GB Li equal to E, and HD to F. Therefinre GB and HD 
together are equal to E and F together* Wherefore a^ many znagnitudfle^ 
asAB containi each equal toE, Bo many do AB and CD together 
contain each equal to E and F together. Therefore, whatsoever multi^ 
AB is of E, the same multiple is AB and CD together, of E uid 
F together. The same demonstration holds in. any number of magni- 
tudes, which is here applied to two. Therefore, if any number of 
magnitades, be equimultiples of as many others, each of each; what- 
soever multiple any one oi them is of its part, the same midtiple is all 
the first magnitudes of all the others. Q. E. D. 

PROP. II. THEOREM. 

If the first magnitude he the same multiple of the second thai the third is 
of the fourth f and the fifth the same multiple of the second that the 
sixth is of the fourth; then the first together with the fifth is the 
same multiple of the second, that the third together with the sixth is 
of the fourth. 

Let A B the first, be the same multiple of C the second, that DE the 
third, is of F the fourth; and BG the fifth, the same multiple of C the 
second, that E H the sixth, is of F the fourth. A G, the first together 
witii the fifth, is the same multiple of C the second, that D H, the third 
together with the sixth, is of F the fourth. 

Because A B is the same multi- 
ple of C that D E is of F {Sgp.), ^ ^ O J> E H 

A B contiins as many magnitudes 
each equal to C, as JD E contains 
each equal to F. For the same 
reason, JBG contains as maDv each equal to C, as EH contains each 
equal to F. Therefore the wnole A G contains as many each equal to C, 
as the whole D H contains each equal to F. Therefore A G is the same 
multiple of C that D H is of F; that is, A G, the first and fifth together, 
is the same multiple of the second C, that D H, the third and sixth 
together, is of the murth F. If, therefore, the first be tiie same multiple, 
&c. Q. E.D. 

Corollary. — ^From this it is plain, that if any number of magnitudes 
A B, B G, G H be multiples of another C ; and as many D E, E K, K. L 
be the same multiples of F, each of each ; the whole of the first, — ^viz., 
A H, is the same multiple of C, that the whole of the last, — viz., D I^ 
iflofF. 

ABGHDB K L 



C— 
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PROP. in. THEOREM. 



If the first be the same mult^le of the second, which the third is of the fourths 
and if of the first and third there be taken equimultiples ; these are egui- 
mu^/tples, the one of the second, tmd the other of tKe/ourtK, 

-Let A the Grat, he the same multiple oi "B K!i^*& «!exsQ&j^^ ^Cbs^X. Ci ^^bi^ 
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thiid, 18 of D the fourth; and of A and C lot equimultiples £F and GH 
be taken. E F is the same multiple of B, that G H is of D. 

Divide EF into the magnitudes 
EK and KF, each equal to A; S K F G L F 

and GH into GL and LH, each — 

equal to C. ^ q 

Because the number of the 

magnitudes E K. and K F is equal b I>— - 

to the number of the others G L 

and L H ; and A is the same midtiple of B, that C is of D. But EK 
is equal to A, and G L equal to C Therefore £ K is the same multiple 
of B, that G L is of D. For the same reasfm, K. F is the same multiple 
of B, that L H is of D. Because the first £ K is the same multiple of the 
second B, which the third G L is of the fourth D, and the fifth £F is 
the same multiple of the second B, which the sixth L H is of the fourth 
D. Therefore, E F the first together with the fifth, is the same multiple 
of the second B (V. 2), which G H the third together with the sixth, is 
of the fourth 1). The same demonstration holds, if there be more parts 
in £ F and G H, each equal to A and C respectively. If, therefore, the 
first, &c. Q. E. D. 

PROP. IV. THBOEBM. 

ijf the first of four magnitudes has the same ratio to the second which the 
third has to the fourth ; any equimultiples whatever of the first and 
third have the same ratio to any equimultiples of the second and fourth; 
viz., " the equimultiple of the first has the same ratio to thai of the 
second, which the equimultiple of the third has to that of the fourth" 

Let A the first have to B the second, the same ratio which the thii-d C 
has to the fourth D ; and of A and C let there be taken any equimultiples 
whatever E and F ; and of B and D any equimultiples whatever G and 
H. £ has the same ratio to G, 
which F has to H. K M ■■ 

Take of E and F any equimul- ^ 

tiples whatever K and L, and of G « - 

a£d H any equimultiples whatever a B 

MandN. 

Because E is the same multiple C — I> 

of A, that F is of Cj and of £ and 

F equimultiples K and L have been 

taken. Therefore K is the same ^ N - 

multinle of A, that L is of C (V. 3). 

For the same reason, M is the same multible of B, that N is of D. 
Because, as A is to B, so is C to D (J3y^.J, and of A and C certain 
equimultiples K. and L have been taken, and of B and D certain equi- 
multiples M and N have been taken. Therefore if K be greater than M, 
L is greater than K ; if equal, equal ; and if less, less (V. Def 5). But 
K. and L are any equimultiples whatever of E and F (Const,), and M 
and N any whatever of G ai^ H. Therefore as £ is to G, so is F to H 
(V. De/ 5). Therefore, if the first, &c. Q.^.1^. ^ 

CoiJoiiAKY.— likewise, if tke firot \i^ VHaa wmi^ ^"^o^^'^^J^S^ 
prbieb the third has to &e fourth, then aXwy %ss^ %»^5toaS5opgvs»^^^^ 
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of the first and third shall hare the same ratio to the second and fourth; 
and in like manner, the first and the third shall have the same ratio to 
any equimultiples whatever of the second and fourth. 

Let A the first, have to B the second, the same ratio which the thirl 
B has to the fourth D, and of A and G let E and F be any equimultiples 
whatever. Then £ shall be to B as F to D. 

Take of £ and F^any equimultiples whatever, K and L ; and of B and 
D any equimultiples whatever, O and H. 

It may be shown as before, that K. is the same multiple of A, that L 
is of G. Because AistoB, asGistoD {Myp,)t and of A and C certain 
equimultiples have been taken, — ^viz., K. and L ; and of B and D certain 
equimultiples G and H. Therefore, if K be greater than G, L is greater 
man H ; if equal, equal ; and if less, less (V. Def. 5). But K and L are 
any equimultiples whatever of £ and F (Const), and G and H any 
whatever of B and D, Therefore, E is to B, as F is to D (V. Def. 6). 
And in the same way the other case is demonstrated. 

PROP. T. THjEOBEM. 

If one magnitude be the same multiple of another, which apart first taken from 
the first is of apart taken from the. other; the first remainder is the same 
multiple of the second remainder, that the one magnitude is of the other. 

Let the magnithide AB be the same multiple of the magnitude CD, 
tfloat AE taken from the first, is of GF taken from the other. 
The remainder E B is the same multiple of the remainder F D, that 
ABisofCD. 

Take AG the same multiple of FD, that A E is of ^ ^ E B 
CF. 

Because A E is the same multiple of G F, that E G o F B 

is of G D (V. 1), But A E (J^p.) is the same multiple 

of CF, that AB is of CD. Therefore EG is the same 
multiple of CD, that AB is of CD ; andE G is equal to AB (V. Ax. 1). 
Take from each of these equals the common magnitude A E ; and the 
remainder A G is equal, to the remainder E B. But A E is the same 
multiple of CF, that A G is of FD {Const), and A G is equal to EB. 
Therefore A E is of the same multiple of C F, that E B is of F D. But 
A E is the same multiple of C F, that AB is of G D (Byp). Therefore 
E B is the same mu%le of F D, that A B is of C D. Therefore, if one 
magnitude, &c. Q. E. D, 

PROP. VI. THEOREM. 

If two magnitudes be equimultiples of two other magnitudes, and if eguimuti^Us 
of the second magnitudes be taken from the first ; the remainders are either 
equal to the second magnitudes, or equimultiples of them. 

Let the two magnitudes AB and CD be equimultiples of the two 
ma^itudes E and F ; and let A G and C H, taken from the first, be also 
eqmmultiples of E and F. The remainders 
GB and HD are either equal to E and F, A G B 
or e^uimnltiples of them, ^ 

^K Make CKeq€al to :B. — ! ^ « 
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Becanse A G is the same multiple of E, that CH is of F {Hyp,) ; 
and GB is equal to £, and CK. to F. Therefore AB is the same 
multiple of £, that KH is of F. But A B {Hyp,) is the same multiple of 
E, that C D is of F. Therefore KH is the same multiple of F, that 
CD is of F; and KH is equal to CD (V. Ax. 1). From these 
equals, take the common magnitude C H. The remainder K. C is equal 
to the remainder HD. But KC is equal to F {Const), Therefore 
H D is equal to F. 

Next let GB be a multiple of E. HD is the same multiple of F« 

Make C K. the same multiple of F, that G B is of E, 

Because A G is the same multiple of E, 
thatCHisofF(J2i(p.);andGBthesame A. Q B 

multiple of E, that CK is of F. There- ^ — 

fore A B is the same multiple of E, that k H D 

KH is of F (V. 2). But AB is the same F— 

multiple of E, that CD is of F j {Hyp,), 

Therefore K H is the same multiple of F, that C D is of F ; and K H 
is equal to CD (Y. Ax, 1). From these equab, take CH, and the 
remamder K C is equal to the remainder H D. Because G B is the same 
multiple of E, that KC is of F {Const), and KC is equal to HD, 
Therefore H D is the same multiple of F, that GB is of E. If, there- 
fore, two magnitudes, &o. Q. E. D. 

The four following propositions marked A, B, C, D, were introduced by Dr. 
Simson, as properly belonging to this Book, though not found in the original 
Greek ; and, as necessary to complete the demonstration of some subsequent 
propositions. 

PROP. A THEOREM. 

If the first of four magnitudes has the same ratio to the second, which the third 
has to the fourth; and if the first be greater than the second, the third is 
also greater than the fourth; if equal, equal; and if less, less. 

Take any equimultiples of each of the magnitudes; as the doubles of 
each. 

Because {Def, 5,), if the double of the first be greater than the double 
of the second, the double of the third is greater uian the double of the 
fourth. But, if the first be greater th^ the second, the double of the 
first is greater than the double of the second, and the double of the third 
is greater than the double of the fourth. Therefore the third is greater 
than the fourth. In like manner, if fhe first be equal to the second, or 
less than the second, the third can be proved equal to the fourth, or 
less than the fourth. Therefore, if the first, &c. Q. E. D. 

PROP. B. THEOREM. 

If four magnitudes he proportionals, they are proportionals when taken inversely. 

Let A be to B, as C is to D. Inversely {JDef, 14), B is to A as D ig 
toC. 

A B C D 



G £ H ^ 



Take ofB and D any equimuldplea ^\ia.\»N«c'«k%aM^r8% %»aw^ K'^sSw 
C any eqnimidliplea wnatever Q and. b!, ' 
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First, let £ be greater than G, ihea G is lecMi than E. Because A is 
to B, as C is to D {Bw.), and of A and C, the first and third, G and 
H are eqmmoltiples ; and of B and B, the second and fourth, E and F 
are eqnimoltiples. But G is less than E. Therefore H is less than F 
(V. JDtf. 5}, tiiat is F is greater than H. Wherefore, if E be greatw 
than G, F is greater than H. 1^ like manner, if E be equal to G, F 
may be i^own to be equal to H; and if less, less. But E and F, tare 
any equimultiples whatever of B and D {Const,); a^d G and H anj 
whatever of A and C. Therefore, asBistoA, soisDtoG (V. Def. d). 
Therefore, if four magnitodes, &c. Q. £. D. 

PROP. C. THEOREM. 

If the first be the stone multiple of the second, or the same part of it, that the 
third is to the fourth; the first is to the second, as the third is to tbi 
fourth. 

Let the first A, be the same multiple of the second B, that the third C, 
is of the fourth D. Tben AistoBasCistoD. 



A B C- 

E G F- 



Takc of A and C any equimultiples whatercr E and F ; and of B and 
B any equimultiples whateyer G and H. 

Because A is the same multiple of B that C is of B (JSyp.), and E the 
same multiple of A, that F is of C (Const,), Thereiore £ is the same 
multiple of B, that F is of B (V. 3), that is, E and F are equimultiples 
of B and B. But G and H are equimultiples of B and D (Const), 
Therefore if E be a greater multiple of B than G is of B, F is a greater 
multiple of B than £[ is of B; mat is, if E be greater than G, F is 
greater than H. In like manner, if E be equal to G, or less than G, it 
may be showti that F is equal to H, or less than H. But E and F aro 
any equimultiples whatever of A and G ( Const,) ; and G and H any equi- 
multiples whatever of B and B. Therefore AistoB, asCistoB 
(y.nef.5). 

Next, let the first A be the same part of the second B, that the third 
C is of the fourth B. A is to B, as C is to B. 

Because A is the same part of B 

that C is of B. Therefore B is the A B D 

same multiple of A that B is of (X 

Wherefore, by the preceding case, BistoA,asBistoC. Therefore 
inversely, AistoB, as CistoB (V. B.). Wherefore, if the first be the 
same multiple, &c. Q« B« D. 

PROP. D. THEOREM. 

If the first be to the second as the third is to the fourth, and if the firwt be a 
multiple, or a part of the second; the third is the same multyjle, or the 
same part qf the fourth. 

Let A betoBasCiBto'D. 
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In the first place, let A the first be a multiple of B the second. The 

third C is the same multiple of the fourlh D. 



B- 



E P- 



Take £ equal to A, and whatever multiple A or E is of B, make F the 
same multiple of D. 

Because A is to B, asCistoD {JSfyp.) ; and of B the second, and D 
the fourth, equimultiples have been taken, E and F. Therefore A is to 
E, as C isto F (V. 4, Cor,). But A is equal to E (Const.). Therefore C is 
equal to F (V. A). But F is the same multiple of D that A is of B 
{Const). Therefore C is the same multiple of D that A is of B. 

Next, let A the first, be a part of B the second. The third G is the 
same part of the fourth D. 

Because A is to B, as C is to D (Hyp.). Inversely, B is to A, as D to 

C. (V. B). But A is a part of B . ^ ^ ^ 

{Hyp.). Therefore B is a multiple ^ ^ ^ 

of A. Wherefore, by the preceding case, B is the same multiple of C ; 

that is, C is the same part of D tlmt A is of B. Therefore, if the fixst, 

&G. a E. D. 

f 2ii8 proposition is the oonvene of the preoedhig one. 

PROP. Vn. THEOEEM. 

Equal magnUudeB haoe the tantB ratio to a magnitude of the same hind : and etm- 
versely,a magnitude has the same ratio to equal magnitudes (tf the same hhuL 

Let A and B be equal magnitudes, and G any other of the same kind. 
First, the magnitudes A and B have each the same ratio to G. 

Take of A and B amr equimul- 
tiples "whatever D and E, and d C ^ ^ C~ 

any multiple whatever F. jy jj P 

Because D is the same multiple 
of A, that E is of B (ConstJ), and A is equal to B (Byp.). Therefore D 
is equal to E (V. Ax. 1). Wherefore, if D be greater than F, E is greater 
than F; if equal, equal; and if less, less. But D and E are any equi- 
multiples of A and B ( Qmat), and F is any multiple of G. Therefore, 
as A IS to G, so is B to G (V. I)ef. 5). 

Secondly, the magnitude G has the same ratio to A that it has to B. 

For the same construction being made, it may be shown as abore, 
that I) is equal to E. Therefore if F be greater than D, F is likewise 
greater than E ; if equal, equal; and if less, less. But F is any multiple 
whatever of G, and D and E are any equimultiples whatever of A and 
B. Therefore G is to A as G is to B (V. Def. 5). Therefore, equal 
magnitudes, &c. Q. E. D. 

PEOP. VIII. THEOREM, 

Cf unequal magnitudes^ the greater has a greater ratio to a magnitude of the 
same kind, than ike Ues has: and eomoersekft a magnUude has a greater ratio 
to the less qf unequal magnitudes of the same kindf than it has to thA Qtr«al«r. 

Let AB, B be two unequal TMg!abQAea,ol^\a^ K."^S5^*C5afc ^^a&^x 
and let D be any other magnitade oi lili^e «»xxi^\;3Sk^ 
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First, the greater AB has a greater ratio to D, than B C has to D. 



flg.i. 



Fig. 2. 



Fig. 8. 
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If the magnitude which is not the greater of the two A C and C B, be 
not less than D (as in fig. 1), take £ F and F G, the doubles of A C and 
CB. But, if that which is not the greater of the two A C and C B, be 
less than I) (as in figs. 2 and 3), take equimultiples of A C and C B, — yiz,, 
£ F and F G, each greater th^ D. In all the cases, take H the double 
of D, K its triple, and so on, till L the multiple of D be found which 
first becomes greater than F G; and K the multiple of D which is next 
less than L, or the next preceding which is not greater than F G : that 
is, F G is not less than K.. 

Because £ F is the same multiple of A G, that F G is of C B {Const,). 
Therefore F G is the same multiple of CB that £G"is of AB (V. l)j 
that is, £ G and F G are equimultiples of AB and C B* But F G is not 
less than K, and {Const) £ F is sreater than D* Therefore the whole 
£ G is greater than K and D togcmer. But K together with D is equal 
to L ( Const). Therefore £ G is greater than L, But F G is not greater 
than L {Const); and £G and FG were proved to be equimultiples of 
A B and B C ; and L is a multiple of D (Const), Therefore A B has to 
D a greater ratio than B C has to D (V. Def. 7). 

Secondly, D has to the less B C a greater ratio than it has to 
AB. 

For, the same construction being made, it may be shown, as above, 
that L is greater than F G, but not greater than £ G ; and L is a 
multiple of D (Const). And FG and £G were proved to be equi- 
multiples of CB and AB. Therefore D has to CB a greater ratio 
than it has to AB (V. Def. 7)» Wherefore, of imequal magnitudes, && 

a£. D. 

PROP. IX. THEOREM 

Magnitudet which have tJie same ratio to a magnitude of the same kind, are equal 
to one another : and connfersefy, magnitudes to which a magnitude qf the 
same kind has the same ratio, are egual to one another. 

Let the magnitadeB A and B have each, the same ratio to a magni- 
tnde C of the same kind. The magnitaiiQ K \a eo^fvai \a ^^ tqm^« 
tudeB. 
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For if A be not equal to B, one of them must be greater than the other. 
Xet A be the greater. As in the 
preceding proposition, take D and A— ^ D 



S!, equimultiples of A and B, and ^ ^ . 

F a multiple of C, such that D 

may be greater than F, but £ not greater than F. 

IBecause Aisto GasBistoG {Ifyp.), and of A and B, are taken 
equimultiples D and £, and of C is taken a multiple F. But D is greater 
than F {Const). Therefore E is also greater than F (V. Def. 5). But 
E is not greater than F {Const.) ; whicn is impossible. Therefore A and 
B are not unequal ; that is, they are equaL 

Next, let the magnitude G have the same ratio to each of the mag- 
nitudes A and B. The magnitude A is equal to the magnitude B. 

For, if A be not equal to B, one of them must be greater than the 
other ; let A be the greater. As in the preceding proposition, take £ 
and D equimultiples of B and A, and F a multiple of G, such that F may 
be greater than E, but not greater than D. 

Because GistoB, asGistoA (-Hyp.), and F the multiple of the firsts 
is greater than E the multiple of the second. Therefore F, the multiple 
of the third, is greater th^ D the muliijple of the fourth (V. Def. 5). 
But F is not greater than D (Si/p.) ; which is impossible. Therefore 
A and B are not unequal ; that is, they are equaL Wherefore magnitudes 
which, &c. Q. E. l5. 

PBOP. X. THEOREM. 

Of two magnitudeSf that which has the greater ratio to another magnitude 
of the same kind, is the greater qf the two ; and that magnitude to 
which another magnitude of the same kind has the greater ratio ^ is the 
less of the two* 

Let A have to G a greater ratio than B has to G. A is greater 
than B. 

As, in the preceding proposition, take D and £ equimultiples of A 
and B, and F a multiple of G, such, that D is greater than F, but 
E not greater than F (V. Def 7). 

Because D and £ are 

equimultiples of A and ^ P 

B, and JD is greater ^ E 

thanE(Con«/.). There- 
fore A is greater than B (V. Ax. 4). 

Next, let G have a greater ratio to B than to A. B is less than A. 

Take a multiple F of G, and equimultiples of £ and D, of B and A, 
such that F is greater than £, but not greater than D (V. Def 7). 

Because £ and D are equimultiples of B and A, and E is less than D 
{Const.). Therefore B is less than A (V. Ax, 4). Therefore, of two 
magnitudes, &c. Q. £. D. 

PROP. 3X THEOREM. 
Jtatios that are equal to the same ratio, are equal to one another. 
If A is to B as G is to D; and G is to D, as £ is to F. A is to B, as 
E is to F. ^7. 

Take of A, C, and E, any eqim\il\ip\ea 's?\iate^ct, ^>^% «dS^"*-v ^ss^^ 
ofB, D, and F any equimultiples "wbate^^* ^>^> w^^'^* 
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Became A is to B as Oisto D, and G and H are taken eqidmnltipleiof 
A and C ; and L and M, of B 

and D. If G bo greato: than Q— H K — 

L, n is greater than M ; if eqnal, 

equal; and if less, less (V. Bef. ^ ^ ^ 

§. Again, because C is to D, as g P jp 

18 to F, and H andK are taken 

equimnltiples of C and £; and M L ■ ■ M H- 

and N, of D and F. If H be 

neater than M, K. is greater than N ; if eqiial* equal ; and if less, ksa. 
Sat if G be greater than L, it has been (mown that H is greater than 
M ; if equal, equal ; and if less, less. Therefore, if G be greater tbi»n L, 
K is greater than N ; if equal, equal ; and if leai, less. But G and K 
are any equimultiples whatever of A and £ ; and L and N any whateyer 
of B and F. Therefore, A is to B ^ £ is to F (V. Def. 5). ^V¥liere« 
fore, ratios that, &c. Q. £. D. 

PBOP. XIL THEOBBM. 

ijT any nmnber of magnitudes heproportionah, as one of the antecsdenti 
is to its consequent, so are aUthe anteeedenis taken together to aUtke 
consequents. 

Let any number of ma^tudes A, B, C, U E, and F,' be proportionals; 
that is, as A is to B, so is C to D ; and as C is to D, so is £ t» F. A is 
to B, as A, C, and E together, is fyo B, D, and F together. 

Take of A, C, and E any ^ „ 

equimultiples whatever G, H, and 

"K; and of B, D, and F any equi- a C E 

multiples whatever, L, M, and N. 

Because A is to B, as C is to B— d— — P 

D ; and C is toDasEistoF; 

and that G, H, and K are equi- i* M a 

multiples of A, G, and E ; and L, M, and N ; equimultiples of B, D, ahd 
F. Therefore, if G be greater than L, H is greater than M, and K 
|;reatcrthan N; if equal, equal; and if less, less (V. Def, 5). Wherefore 
if G be greater than L, then G, H, and K togedier, are greater than 
L, M, and N toge&er ; if equal, equal ; and if less, less. But if there be 
any number of magnitudes equimiutiples of as many others, each of each, 
whatever multiple one of them is of its part, the same multiple is the 
whole of the whole fV. 1). Therefore G, and G, H, and K together, are 
any equimultiples (^ A, and A, C, and E togetiber. For the same 
reason L, and X, M, and N together, are any equimultiples of B, and 
B, D, and F together. Therefore A is to B, as A, G, and E 
together, are to B, D, and F together (V. Def, 5). Wherefore, if any 
number, &c. Q. E. D. 

PROP. Xni. THEOREM. 

^ the first has to tlie second the same ratio which the third has to the 
fourth, hut the third to the fourth a greater ratio than the fifth has to 
.^Ae szvth; thejirst has also to the second a greater ratio them the fifth 
Aas /o the sixth, 

Let A the £r8tg have the same xatio to "B Wi^a ^^iwu^ -srVos^ ^ '^os^ 
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third, has to D the fourth; butC the chixdagreater ratio to D the fourth 
than £ the fifth, has to F the sixth. 

The first A has to the second B, 
a greater ratio than the fifth £, has 
to the sixth F. . ^ C E 

Take G and H equimultiples of C 
and £, and K and Ij equimultiples 
of D and F, such that G may be 
greater than K, but H not greater 

than L (V. Def. 7). Whatever multi^ G is of C, take M the same 
multiple of A ; and whatever multiple K is of D, take N the same multi- 
ple QI B. 

. Because AistoB, asCistoD (JSt/p^), andM and G are equimultiples, 
iof A and C ; and N and K are equimultiples of B and D. Therefore, 
if M be greater than N, G is greater than K; if equal, equal; and if 
iess, less (V. Def. 6). But G is greater ihaalL (Const). Therefore M 
is greater than N. But H is not greater than L (Const) ; and M and 
H are equimultiples of A and £ ; and N and L equimultiples of B and F. 
Therefore A has a greater ratio to B, than £ has to F (V. Def, 7). 
Wherefore, if the first, &c. a E. D. 

CoBOLLAKT. — If the first hare a greater ratio to the second, than the 
third has to the fourth, but the third the same ratio to the fourth, which 
the fifth has to the sixth ; it maj be demonstrated, in like manner, 
that the first has a greater ratio to the second, than the fifth has 
to the sixth. 

PROP. XIV. THEOBEM. 

If the first has the same ratio to the second which the third has to the 
fourth ; and if the first he greater than the thirds the second is greater 
than the fourth ; if equals equal; and if less, less. 

Let the first A have the same ratio to the second B, which the third C, 
has to the fourth D. 

First, if A be greater than C ^ ^^g-^- ^ ^ Jg- ^' a!!!L!l. 
(fifc 1), B is greater than D. ^ ^ ^ 

Because A is greater than C, and ^ B E— 

B is another magnitude of the same 

kind, A has to B a greater ratio C C C 

than C has to B (V. 8). But, as 
AistoB, soisCtoI) (JSTyj?.). 
Therefore also C has to D a greater 

ratio than C has to B (V. 13). But of two magnitudes, that to which 
another of the same kind has the greater ratio is the less (Y. 10). There- 
fore D is less than B ; that is, B is greater than D. 

Secondly, if A be equal to C (fig. 2), B is equal to D. 

For A is to B, as C, that is, A is to D. Therefore B is equal to D 
(V.9). 

Thirdly, if A be less than C (fig. 3), B is leas than D. 

EOT C is greater than A, and C is to "D, aa K. \a \ft ^. J^"*?^^ 
P is greater than B, by the first case •, tbsA, \a»"B \a\«Ba VSoa^x"^* ^-^^ 
"^ if the £rst, &o. Q. E. D. 
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PBOP. XV. THEOBEK. 



Magnitudes have the same ratio to one another io?uch their equimuU^aJei 

have. 

Let A B be the same multiple of G, that BE is of F. C is to F, as 
ABistoDE. 

Divide AB into m^pitudes, each AG HB DK LE 

equal to C, viz., AG, G H, and H B ; 

and D E into as many (-Hy«.) magni* q j, 

tudes, each equal to F, viz., JD K, jL L, 
and L E. 

Because the magnitudes AG, G H, H B, are all equal to one another, 
and the magnitudes D K, K. L, L E, are also equal to one another. 
Therefore AG is to DK as GH to KL, and as HB to LE (V. 7). 
But as one of the antecedents is to its consequent, so are all the ante- 
cedents together to all the consequents together (V. 12). Therefore, as 
AGistoDK, soisABtoDE. But A G is equal to 0, andDKtoF 
{Chnst.). Therefore as C is to F, so is A B to BE. Therefore, magni- 
tudes, &c. Q. E. B. 

PBOP. Xrj. THEOBEM. 

If f oar magnitudes of the same kind he praportionttlSf they are oho prih 

jportionals when taken aUernately. 

Let A, B, C, and B be four magnitudes of the same kind, and let A be 
to B, as C is to B. They are also proportionals when taken alternately 
{Def. 13) ; that is, A is to C, as B to B. 

Take of A and B, any equimultiples what- e^ _— g 

ever, E and Fj and of C and B any equi- 
multiples whatever, G and H. 

Because E is the same multiple of A, that 
F is of B, and that magnitudes have the same 
ratio to one another which their equimulti- 
ples have (V. 15). Therefore A is to B as 

E is to F. But asAistoB, soisCtoB {Hyp.), Therefore as C is to 
B, so is E to F (V. 11). Again, because B and H are equimultiples of 
C and B. Therefore as C is to B, so is G to H (V. 15). But it was 
proved that as C is to B, so is E to F. Therefore, as E is to F, so is G to 
H (V. 11). But when four magnitudes are proportionals, if the first be 
greater than the third, the second is greater than the fourth : if equal, 
e^ual ; if less, less (V. 14). Therefore, if E be greater than G, F like- 
wise is greater than H; if equal, equal; and if less, less. But E and 
F are any equimultiples whatever of A and B {Const,) and G and H 
any whatever of C and B. Therefore A is to C as B to B. (V. Def. 5.) 
If then four magnitudes, &e. Q. E. B. 

PROP. XVII. THEOBEK. 

If four magnitudes he proportionals: hy division the excess of thejirsi 
above t/ie second is to the second^ as the excess of the third ahov^ the 
Jburth ts to the fourth. 

I^t ABjBEfCB, and D F, bifc \jTopoT^OTi«!\s\ V\Mb\.\a, w^ K."^ \*i^^ 
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80 is CD toDF. And let A£ be the excess of AB abore BE; and 
CF the excess of CD above DF. As A£ is to EB, so is CF to FD 
(V. Def. 16). 

GHKX LHKP 



E B C F D 



Take of AE, EB, CF, and FD any equimultiples whatever GH, 
HK., LM, and MN ; and of EB and FD any other equimultiples what- 
ever KX and NP» 

Because GH is the same multiple of AE, that HK is of EB {ChnsiX 
Therefore, GH is the same multiple of AE, that GK is of AB (V. 1). 
But GH is the same multiple of AE that LM is of CF {Const), Jliere* 
fore GK is the same multiple of AB, that LM is of CF. Again, 
because L M is the same multiple of CF, that MN is of FD {OmitX 
Therefore LM is the same multiple of CF, that LN is of CD (V. 1). 
But LM was shown to be the same multi^e of CF, that GK. is of AB. 
Therefore G K is the same multiple of A B, that L N is of C D ; that is, 
GK and LN are equimultiples of AB and CD. Next, because HK is 
the same multiple of EB, timt MN is of FD (Con«f.), and KX the same 
multiple of EB, that NP is of FD (Const), Therefore HX is the same 
multiple of EB, that MP is of FD (Y. 2). Because AB is to BE as 
CD is to DF (Hyp,), and GK and LN are equimultiples of AB and CD, 
and H X and M P are equimultiples of E B and F D. Therefore if GK 
be greater than H X, L N is greater than M P; if equal, equal ; and if 
less, less (V. IM. 5). But if G H be neater than KX, by adding the 
common part H K to these unequals, GK is greater than HA (I. Ax» 4). 
Wherefore also LN is greater than MP. By taking away MN from 
tiiese unequals, LM is greater than NP (I. Ax, 5). Therefore, if G H be 
greater than K X, L M is greater than N P. Li like manner it may be 
shown that if G H be equu to KX, L M is equal to NP ; and if less, 
less : but G H and L M are any equimultiples whatever of A E and C F 

iConst.\ and KX and NP are any whatever of EB and FD. There- 
ore, AE is to EB, as CF is to FD (V. Def. 6). If then magnitudes, 
&c. Q. E. D. 

The term dMsion used in the ennnciation of this proposition, is not used in the 
aritlimetical sense of that term, but in that of separation or subtraction. 

PEG P. XVIIL THEOREM. 

Jffbur magnitudes be proportionals ; by composition^ the first and second together 
are to the second^ as the third and fourth together are to the fourth. 

Let AE, EB, CF, and F D be proportionals; that is, as AE to EB, 
80 let CF be to FD. And, let AB be the sum of AE and EB ; and 

G KOHL NPM 
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CD the Bum of QFandr FD. As A^ to ^^, w \e ^^ ^^^ ^ -"^^ 
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Take of AB, BE, CD, and DF any equimultiples ^hateytr QHp 
HK, LM, and MN; and of BE, 'D'F, any other eqninmltiple» whal' 
eyerKOandNP. 

Because K.0 and NP are cquimnltiples of BE and DF; andS^H 
and NM are likewise equimultiples of BE and DF. If K.O, the 
multiple of B E, bo greater than K H, which is also a multiple of B E. 
Therefore, NP, the multiple of DF, is also greater than NM, the 
multiple of the same D F ; if K O be equal to K H, NP is equal to N M; 
and if le^ less. 

First, if KO be not greater than ELH; NP is not greater tkas 
NM. Because, GH and HK are equimultiples of AB and BE, and 
A B is greater than B E. Therefore OH is greater than H K {Ash 3); 
but KO is not greater than K H (Myp.), Therefore Q H is greater 
l^an K O. In luce manner it may be shon^n, that LM is greater thtfi 
NP. Therefore if K O be not greater than KH, GH, the xiiiltipl& of 
A B, is greater than K O, the nmhi^ of B E ; and Uk&mae L M» the 
multiple of D, is greater than NP, the multiple of DF. 

Next, let K. O be greater than KH. Therefore, as has been shown, NP 

G K HO LKUP 



A E B C F D 

is greater than NM. Because the whole GH is the same multiple 
of the whole AB, that HK. is of BE. Therefore the remainaer 
GK is the same multiple of the remainder AE that GH is of AB 
(V. 5), which is the same that L M is of CD. In like manner, because 
LM is the same multiple of CD, that MN is of DF.' Therefore the 
remainder LN is the same multiple of the remainder CF, that ihe 
whole L M is of the whole C D (V. 5). But it was shown that L M is 
the same multiple of CD, that G Ki s of A E. Therefore GK is the 
same multiple of AE, that LN is of CF; that is, GK and LN are 
equimultiples of AE andCF. ButKO and NP are equimultiples of 
BE andDF; andif from KO and NP there be taken HK and MN, 
which are likewise equimultiples of B E and D F. Therefore, the re- 
mainders H O and M P are either equal to B E and D F, or equimul- 
tiples of them (V. 6). 

First, let H and MP be equal to BE and DF. Because A E is to 
EB, as CF to FD (JECyp.), and GK and L N are equimultiples of AE 
and CF. Therefore GK is to EB, as LN to FD (V. 4, CorX But 
HO is equal to EB, and M P to FD. Therefore GK is to HO, as 
LN to MP. Wherefore if GK be greater than HO, LN is greater 
than M P ; if equal, equal ; and if less, less (V. A^. 

Next, let HO and MP be equimultiples of £ B and FD. Because 

OK H O LNMP 
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AE is to EB, «j CF to F D (Bt/p.)i «^^ ot fi.^ ^u^ ^^ ^^ .\»3aKL. 
^guimultiples GK pjid LN; and of "E'B ani^. "fi^, ^^ ^^^^^Q=^ 
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HO and MP. If G K be greater than H O, LNis greater than MP; 
if equal, equal; and if less, less (V. Def, 5) ; which was likewise shown 
in tfie preceding cmae. Bat if GH be greater than K. O, taking K H 
firom both, GK is srester than HO (I. Ax. S). Therefore also LN 
is greater than Mr. Bj adding NM to these nnequals, LM is 

r eater than N P (I. Ax. 4). Th^efore, if G H be greater than K O, 
M is greater than NP. In like manner it ma^be shown, that if 
GH be equal to K.0, LM is equal to NP; and if less, less. But in 
tiie case in which K O is not greater than SL H, it has been shown that 
GH is always greater than £ O, and likewise LM greater than NP. 
And GH and LM are any equimultiples whateTer of AB and CD 
{C<mst,\ also K O and NP are any whatever of B £ and D F. There- 
fore, as AB is to BE, so is CD to DF (V. Bef. 5). If four 
magmtades, && Q. E. D. 

Th« tenn camq^otHkm used in the emmcistkiii cf this propositioo, Bignifies fiimpl j 
tbe addition of the two magnitiidea, or the finding of one magnitude equal to 
both. 

PBOP. XIX. THEOREM. 

Jf then be two magmiudes nteh that the first U to the stcondt as a part of the 
first is to a part of the second; the remamder is to the remainder as the 
firet is to the second. 

Let AB be to CD, as AE a part of AB is to CF a part of CD. The 
remainder EB is to the remainder FD, as A B is to CD. 

Because AB is to CD, as AE to CF; There- ^ ^ ^ 

fiae alternately, BAistoAE, as DCto CF(V.16). 
Because EB is the excess of AB above AE, and DF q ^ 15 

the excess of C D above C F. Therefore, as B E is 

to EA, so is DF to FC (V. 17). But alternately, as 
BE is to DF, so is E A to FC(V. 16), and as A E to CF, so is ABto 
to CD (Hyp.). Therefore BE is to DF, as AB is to CD (V. 11). 
Wherefore, if there be two magnitudes such, &c. Q. E. D. 

Corollary. — If there be two magnitudes such that the first is to the 
second as a part of the first is to a part of the second ; the remainder is 
to the remainder, as the part of the first is to the part of the second. 
The demonstration is contained in the preceding. 

PBOP. E. THEOREM. 

If four magnitudes be proportionals^ they are also proportionals by conversion ; 
thai iSt the first is to its excess above the sscojid, as the third to Us ejpcess 
obotfe the fourth. 

Let AB be to BE, as CD to D F. And let AE be the excess of A B 
above BE, and CF the excess of CD above DF. A B is to A E, as 
DC io CF. Because AB is to BE, as CD to DF 

{Syp,). Therefore, by dividon,AE is to EB, as CF to ^ ^ ^ 

FD (V. 17). But, by inversion, B E is to E A, as D F 

to F C (V. B). Wherefore, by composition, B A is to o F D 

A E, as DC is to CF (V. 18). If therefore four, &c. 

Q.E.D. 

TbUproposmon was added by BT.SVmaoTL, «& i^ wjJa*ateo8»VstL "^-^^jf^^?^^^ 
next proposition gi?en in tbe origlxial GTe€k« '«ibiOQ.\«fe ^'d^ax^'^'^^'^^^***^ 
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FEOP. XX. THEOBEM. 



If there be three magnitttdee, and other three, whteh, taken two and two, have 
the tame ratio ; and if the first be greater than the third, the fourth is 
greater than the sixth ; if equal, eqwU; and if less, less. 

Let A, B| and C be three magnitudes, and D, E, and F other threei 
which taken two and two have the same ratio ; viz., as A is to B, so is 
D to E ; and asBistoC, soisEtoF. IfAbe greater than C, D is 
greater than F ; if equal, equal ; and if less, less. 

First, let A be greater than C. 
D is greater than iK ^ ^ ^ 

Because A is greater than C, and ^ jj F-— — 

B is any other magnitude ; and, of 

unequal magnitudes, the greater has a greater ratio to a magnitude of 
the same kind than the less has (V. 8). Therefore A has to B a greater 
ratio than C has to B. But asjDistoE, soisAtoB {Hyp,). There- 
fore D has to E a greater ratio than C has to B (V. 13). Because B is 
C, as E to F {Hyp,). Therefore, by inversion, CistoB, asFistoE 
(V. B). But D was shown to have to E a greater ratio than C has to B. 
Therefore D has to E a greater ratio than F has to E (V, 13, Cor,), But 
of two unequal magnitudes that which has a greater ratio to another 
magnitude of the same kind is the greater of the two (V. 10). Therefore 
D is greater than F. 

Secondly, let A be equal to C. D is equal to F. 

Because A and C are equal to one 

another, AistoB, asCistoB A— B c— 

(V. 7). But A is to B, as D to E ^^ ™ « 

{Hyp,), and C is to B, as F to E ^ * 

\Hyp^. Therefore D is to E, as F to E (V. 11, and V, B). Where- 
fore D is equal to F (V. 9). 

Next, let A be less than C. D is less than F. 

For C is greater than A; and as 
was shown in the first case, C is to B, 



as F to E. In like manner, B is to p E F . 

A, as E to D. Therefore F is neater 

D, by the first case j that is, I) is less than F. Therefore, if there be 

three, &c. Q. E. D. 

PBOP. XXI. THEOEEM. 

If there he three magnitudes, and other three," which have the same ratio taken 
two and two, but in a cross order ; and if the first magnitude be greater 
than the third, the fourth is greater than the sixth ; if equal, equal; if 
less, less. 

Let A, B, and C be three magnitudes, and D, E, and F other three, 
which have the same ratio, taken two and two, but in a cross order, — 
viz., as A is to B, so is E to F, and asBistoC, soisDtoE, IfAbe 
greater than C, I) is greater than F ; if equal, equal ; and if less, less. 

First, let A be greater than C. 
X> h greater than F, A — — . B- Q ■ 

^Because A ia greater ^eiiC, ^ ^ T^ 

^oa JS IS any other magnitude, 
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A has to B a greater ratio than C has to B (V. 8). But as £ to F, so is 
A to B (JSvv.), Therefore £ has to F a greater ratio than G has to B 
(Y. 13). Becaase B is to C, as D is to £ (Hyp.). Therefore, by in- 
version, C is to B, as £ is to D Of.'B), But £ "was shown to have 
to F a greater ratio than C has to JB. Therefore £ has to F a greater 
ratio than £ has to D (V. 13, Cor,) But of two unequal magnitudes 
that to which another magnitude of the same kind has a greater ratio 
is the less of ^the two (V. 10). Therefore F is less than D ; that is, D is 
greater than F. 

Secondly, let A be equal to C. D is equal to F. 

Because A and C are equal, A is 

to B, as C is to B 0^. 7). But A is ^ B C 

to B, as £ is to F {Myp,), and C is to ». „ ^ 

B as £ is to D. Therefore, £ is to * 

F, as E is to D (V. 11). Wherefore D is equal to F (V. 9). 

Next, let A be less than C. D is less 
thanF. ^ ^ ^ ' 



For C is greater than A ; and, as was i> jj -p 

shown, C is to B, as £ is to D. In like 

manner B is to A, as F is to £. Therefore F is greater than D, by case 

first ; that is, D is less than F. Therefore, if there be three, &c. Q. E. D. 

PROP. XXII. THEOREM. 

jy there he any number of magnitudes^ and as many others^ which taken 
two and two in order ^ have the same ratio \ the first shaU have to the 
last of the first magnitudes^ the same ratio which the first has to the 
last oftJie others. 

First, let there be three magnitudes. A, B, and C, and as many others 
D, £, and F, which taken two and two in order, have the same ratio» 
that'is, such that Ais to BasDistoE; and as B is to C, so is £ to F. 
A is to C, as D is to F. 

Take of A and D, any G K M 

equimultiples whatever 6 



B 



and H; of B and £, any 

equimultiples whatever K d E F 

andL; and of C and F any 

whatever M and N. H L— — N 

Because A is to B, as D 
is to £, and G and H are equimultiples of A and D, and K and L equi- 
multiples of B and E. Therefore as G is to K, so is H to L TV. 4). For 
the same reason, KistoMasListoN. Because there are three magni- 
tudes G, K, and M, and other three H, L, and N, which two and twO| 
have the same ratio. Therefore if G be greater than M, H is greater 
than N ; if equal, equal ; and if less, less (V. 20). But G and H are any 
equimultiples whatever of A and D, and M and N are any equimultiples 
vrhatever of C and F (Const). Therefore, asAisto C, so isDtoF 
(V. Def 5). 

Next, let there be four magnitudes, A, B, C, audB^w^^^^^'W^ 
F, G, and H, which two and two liave ^^b «asafe T^>aar-'^-^^ ^^ o ^.v^ 

5£>isj&'toF;asBistoC,BO isF toO^ m<QL«j^^\«; ^a^^^^^^ 

AistoD, aaE ia to H 



A.B.G.D 
£.F.G.H 
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Became A, B and C are three magnitodea, and E, F and G other 

three, which taken tiro and two, have ihs same ratio. 

Iheseiace hj the fiiregetng case, Aisto C, asEisto 

GL But CistoD, asGistoH. Thevefaire again, hy 

the first case, AistoD, asEistoH; and so on, what- 

erer he the number of magnitades. Therefore, if there 

be any number, &c Q. £• D. 

JSr.B. This pfopotitioii !• umally «it«d bjr the words "ev ^sqmS," gt "ex wsim,"* 
that is, from equality of distance (D^ 19). 

PEOP. XXIII. THBOEEM. 

ff there he any number of magnitudes^ and as manp other b^ which taken 
two and two in a cross order ^ ka/ve the amne ratw ; thejirsi shaU haute 
to the last of the first magnitudes the eame ratio which thefirei has 
to the last of the osiers. 

First, let there be three magnitudes A, B and C, and other three D, 
E and F, which taken two and two in a cross order have the same 
ratio; that is, such that AifitoB,asEistoF; asd as B is to C, so is D 
to E. A is to C, as D is to F. 



A B 



D B-— F 

K M N 



Take of A, B and D any equimultiples whatever G, H and K ; and of 
C, E and F any equimultiples whatever, L, M and N. 

Because G and H are equimultiples of A and B, and magnitudes have 
the same ratio which th«r equimultiples have (V. 15). Therefore as A 
is to B, so is G to H. For the same reason, as E isto F, soisMtoN. 
But as A is to B, so is E to F {Hyp.), Therefore as G is to H, so is M 
to N (V. 11). Because as B is to C, so is D to E (JS^p.), and H and £ 
are equimultiples of B and D, and L and M of C and E. Therefore as 
H is to L, so IS K to M (V. 4). But it has been shown that G is to H, as 
M is to N. Therefore, there are three magnitudes G, Hand L, and other 
three K, M tmd N, which have the same ratio taken two and two in a 
cross order; and if G be greater than L, K is greater than N: if equal, 
equal ; and if less, less (V. 21). But G and K are any equimultinles 
whatever of A and B {Const,); and L and N any whatever of C ana F. 
Therefore as A is to C, so is D to F (V. D^. 6). 

Next, let there be four magnitudes A, B, C and D, and other four E, F, 
O and H, which taken two and two in a cross order have the same 
latio, viz., A to B, as G to H,' B to C, as F to G; and C to D, as E td 
F. A is to D, as E is to H. 

Because A, B and C are three magnitudes, and F, G 

and H other three, which taken two and two in a I ^ -r c jy 
cross order, have the same ratio. Therefore, by the first • • • 

<«i^A isto 0, asFif toH. But C is to D, as E is | E»F.Q.H 
to F. Wherefore again, by the fiiat case, A. ^\o *0, " 

^ JS is to H; and ao on, whateTer \>e ^!bfi n»xQ^e^ ^xw^igbatoa^^ia^. 
^aerefore, if there be any number, &c. (^."Ei-li. 
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K.B. This propositkm is DsnAll7 dted 1>7 the vrards ** ex taqacH in proportbmt 
j)erturbaid;'* or ** ex€BgHopertutboto,i!taAiBtiM diiord«rly proportion. 

FEOP. XXIV. THEOBBM. 

If thejirst has to tlie second the same ratio which the third has to the 
fourth ; and the fifth to the second the same ratio which the sixth has 
to the fourth ; the^first andjifih together have to the second, the same 
ratio which the third and sixth together haw to the. fourth. 

Let A 6 the first, have "to C the second, the same ratio which D E the 
third, has to F tiie fourth; and let B G the fifth, have to C the second, 
the same ratio which £H the sixth, has to F the fourth. A G, the first 
and fifth together, have to C the second, the same ratio which DH, the 
third and sixth together, have to F the fourth. 

Because BG istoC, asEH 
is to F. Therefore by inversion, ^ B G D E H 

C is toBG, asFistoEH (V. 

B). Because, as A B is to G, so is q j 

DE to F (.Hyp,), and as C isto 

BG, sois F to EH. Therefore, ex ceauali, K'R is to BG, asDE to EH 

gl. 22). Because A G is the sum of A B and B G, and D H the sum of 
E and EH. Therefore aa AG is to GB, so is DH to HE(V. 18). 
But as G B is to C, so is H E to F {Hyp.), Therefore, ex aquali, as A G is 
to C, so is D H to F (V. 22). Wherefore, if the first, &c. Q. E. D. 

CoBOLLAHY 1. — If the same hypothesis be made as in the proposition, 
the excess of the first and fifth is to the second, as the excess of the 
third and sixth is to the fourth. The demonstration of this is the same 
as that of the proposition, if division be used instead of composition. 

Corollary 2. — ^The proposition holds true of two ranks of magni- 
tudes, whatever be their number, of which each of the first rank has to 
the second, the same ratio that the corresponding one of the second 
rank has to a fourth magnitude. 

FROP. XXV. THEOEEM. 

Jf fowr magnitudes of the same kind he proportionals, the greatest and 
least of them together are greater than the other two togethei\ 

Let the four magnitudes AB, CD, E and F be proportionals; that is 
A B is to C D, as E to F. And let A B be the greatest of them, and con- 
sequently F the least (V. 14, and A). A B and F are together greater 
jtihan C l5 and £ together. 

Take AG equal to E, and CH equal A a B C H D 
to F. 

Because AB is to CD, as E is to F, j,_ ^ j, ^ 

and A G is equal to E, and C H equal to 

F. Therefore AB is to CD, as AG is to €H(V. 11, and 7). Because A B 
is to C D, as A G is to C H, the remainder G B is to the remainder H D, 
as AB is to CD (V. 19). But AB is greater than Cl>{Hyp,). There- 
fore G B is greater than H D f V. A). Because A G is equal to E, and 
CH to F. Therefore, AG and F together, are eojssiL ^ C^ ''^^^ 
together (I. Ax.. 2). If to the uaeam\ Toajgisi^G^^'e* ^'^ *^^< "^V V^ 
wSich GB is the greater, tkere \je adie^L «^TMftJSBtos^^%--*'^-^^^^ 
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the two AQ and F, and to HD, the two CH and E. Therefore AB 
and F together are greater than G D and E together (I. Ax. 4). There- 
fore, if four magnitudes, &c. Q. £• D. 

CoroOary.— The sum of the extremes of three eontiniiBl proportionals is greater 

than doable the mean. 
The following ** proposttions," says Dr. Simson, *< are annexed to the fifSth. Book 
because they are frequently made use of, both by ancient and modem geometers : 
and in many cases, compound ratios cannot be brought into demonstration, 
without maUng use of them." 

\ PROP. F. THEOREM. 

Ratios compounded qf equal ratios ^ are equal to one another. 

Let A be to B, as D is to £; and B to C, as £ is to F. The ratio 
compounded of the ratios of A to B, and of B to C, which {Def, A) is the 
ratio of A to C, is equal to the ratio which is compounded 



A.B.c 
D.E.P 



of the ratios of D to £, and of £ to F, which is the ratio 
of D to F. 

Because there are three ma^itudes; A, B and C, and 

other three D, E and F, which, taken two and two, 

in order, have the same ratio. Therefore ex (squali, A is to C, as I) 

is to F (V. 22). 

Next, let A be to B, as £ is to F, and B to C, as D is to E. 

Because there are three magnitudes A, B and C, and other three 
D, E and F, which taken two and two, in a cross order. 



A.B.C 
D.E.F 



have the same ratio. Therefore, ex cBquali in proportione 
perturhata, A is to C, as D is to F (V. 23). Wherefore, the 
ratio of A to C, which is compounded of the ratios of A 
to B, and B to C, is the same with the ratio of D to F, 
which is compounded of the ratios of I) to E, and £ to F. 

And in like manner the proposition may be demonstrated, whaterer 
be the number of ratios in either case. Q. E. D« 

PROP. G. THEOREM. 

If several ratios he equal to several other ratios, each to each ; the ratio 
compounded of ratios which are equal to the first ratios, each to each, 
are equal to the ratio compounded of ratios which are equal to the 
other ratios, each to each. 

If A is to B, as £ is to F; and C is to D, as G is to H; also, if A is 
to B, as K is to L } and C is to D, as L is to M. Moreover, if E is to F, 
as N is to O ; and 6 is to H, as O is to P. K is to M, as N is to P. 

The ratio of K to M {Def, A) is compounded 



A.B.C. D.K.L.M 
B.F.G.H.N.O.P 



of the ratios of K to L, and of L to M, which 
are equal jJSyp*) to the ratios of A to B, and of 

G to D. The ratio of N to P is compounded of 

the ratios of N to O, and of O to P, which are 
equal {Hyp,) to the ratios of £ to F and of F to 6. 

Because & is to L, as A is to B, that is, as E to F, that is as N to O 
[Hyp^ ; and, L is to M, as C is to D, that is, as G is to H, that is, as O 
33 tor. Therefore, ex isgiMli, K.istoM, aal<(i&\Dl^^. ^i^. 
'Hierefore, if several r&UoBf &c. Q. E. B 



BOOK ^ PBOF. H.r-K« 121 



PEOP. H, THEOREM. 



If a ratio which is compounded of several ratios he equal to a ratio which 
is compounded of several other ratios ; and if one of the first regies, 
or the ratio which is compounded of several of them, he equal to one 
of the last ratios, or to the ratio which is compounded of several of 
them : the remaining ratio of the first, or, if there he more than 
one, the ratio compounded of the remaining ratios, is equal to the 
rerrutining ratio of the last, or, if there he more than one, to the 
ratio compounded of these rerhaining ratios. 

Let the first ratios be those of A to B, B to C, C to D, D to E, and E 
to F ; and let the other ratios be those of G to H, H to E., SL to L, and 
L to M. Also let the ratio of A to F, compounded of the first ratios, 
be equal to the ratio of 6 to M, compounded oi the other ratios. Besides, 
let the ratio of A to D, compounded of the ratios of A to B, B to C, and 
C to D, be equal to the ratio of G to K, compounded of the ratios of G 
toH, andHtoK. 

The ratio compounded of the remaining first ratios, viz., of the ratios 
of D to E, and E to F, which compounded ratio is the ratio of D to F, 
is equal to the ratio of BL to M, which is com- 



A.B.C.D.E.F 
G.H.K.L.M 



pounded of the remaining ratios of K to L, and L 
to M of the other ratios. 

Because (Sg^,) A is to D, as G is to K. There- 

fore, by inversion, D is to A, as K to G (V. B.). 

Because AistoF, asGistoM (J3yp.)* Therefore, ex cequali, D is to F, 

as K is to M (V. 22). If, therefore, a ratio which is, &c. Q. E. D. 

PROP. K. THEOREM. 

Jf there he any number of ratios, and any number of other ratios such, 
that the ratio compounded of ratios equal to the first ratios, each to 
each, is equal to the ratio compounded of ratios which are eqtial, each 
to each, to the last ratios ; and if one of the first ratios, or the ratio 
which is compounded qf ratios equal to severci of the first ratios, each 
to each, he equal to one of the last ratios, or to the ratio compounded 
of ratios which are eqtial, each to each, to several of the last ratios ; 
the remaining ratio of the first, or, if there he more than one, the ratio 
eomfjfounded of ratios equal, each to each, to the remaining ratios of the 
first, is equal to the remaining ratio of the last, or, if there he more 
than one, to the ratio compounded of ratios which are equal, each to 
each, to these remaining rcUios, 

Let the ratios of A to B, G to D, and E to F, be the first ratios : and 
the ratios of G to H, K to L, M to N, O to P, Q to R, be the other 
ratios : and let A be to B, as S to T; and C to D, as T to V; and E to 
F, as V to X : and therefore {Def A), the ratio of S to X is com- 
pounded of the ratios of S to T, T to V, and V to X, which are equal to 
the ratios of A to B, C to D, and E to F : each to each. 

Also, let G be to H, as Y to Z : and KtoLasZtoa; MtoNasato 
b; OtoP, as5toc; and Q to 'R,aactod: and therefore (JDef. A^ tha 
ratio of Y to (? is compounded of the Tatioa olX \ft 7*^7* \» o.^ Oi "^^-v^^^^a 
c, and ctod, which are equal, each to eeuck, \o ^ei T»^an» ^'^^'^^^''^ x^ 
Z,MtoN,Oto P, and Q to R : wliexeioi^ ^JHyp-Y'^Ha'^^^^^^ 
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Also, let the ratio of A to B* that is, the ratio of S to T, which is one 
of the £b*st ratios, be equal to the ratio of e to ^, which i^ compounded 
of the ratios of e to f, and/ to g, which {JSyp*) are equal to the ratios of 
O to H, and K to L, two of tlie other ratios ; and let the ratio of A to / 
be that which is compounded of the ratios of A to A;, and k to /, which 
are equal to the remaining first ratios, viz., of Cto D, and £ to F. 

Also^ let the ratio of m top, be that which is compounded of the ratios 
of m to n, n to 0, and o to p, which are equal, each to each, to the 
remaining other ratios, viz., of M to N, O to P, and Q to R. 

The ratio of h to / is equal to tjie ratio of m to^; that is, A is to 
^ as mis to p. 









h. k. L 
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Because « is to /, as G to H, that is, as Y to Z; and /is to ^, as K 
to L, that is, as Z to a. Therefore, ex mquaU, « is to ^, as Y to a (.V.22). 
But A is to B, that is, S is to T, as e is to g {Hyp,), Therefore S is 
to T, as Y is to d (V. 11). Wherefore, by inversion, T is to S, as a is 
to Y (V. B). But S is to X, as Y is to D {Hypj). Therefore, ex 
aquaU, TistoXasdistot^. Because A is to ^, as C is to D, that is, as 
T is to V (Syp.) ; and & is to / as £ is to F, that is, as V is to X. 
Therefore, ex cBquali, A is to /, as T is to X. In like manner, it may be 
shown that m is to p, as a is to d. But it has been shown that T is to 
X, as a is to e?. Therefore & is to ^ as m is to p (V. 11). Where- 
fore, if there be any number of ratios, 61:c. Q. £. D. 

"The propositions G and X are usually, fat the sake of brevity, 
expressed in the same terms with propositKms F and H : and therefore 
it was proper to show the true meaning of them when they are so 
expressed ; especially since they are very frequently made use of by 
geometers." 

After having labonred to correct this book of Euclid, Dr. Sfanaon Bays, ** I most 
readily a^^ree iiith ^at Hie learned Dr. Bam>w says, * that th«« is nothing 
in the whole body of the Elementt of a move subtile invention, nothing more 
solidly estabUahedf and more accurately handled, than the doctrine of propor- 
tionals.' And there is some ground to hope, that geometers will think that this 
could not have been said with as good reason, sbice Theon*s time (a.d. 380), 
till tiie present." The modesty, of this remark is only surpassed by its truth. 
Most editors, since Dr. Bimson's time, have only rendered the doctrine (tf 
proportion more obscure t as a remarkable example, see Professor De Morgan^ 
" Connection of Number and Magnitude.** 
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DBFIXITIONS. 

I, 

SiMiLAB rectilineal figures are those which have 
their several angle equal, each to each, and 
sides about the equal angles proportionals. 

In the case of triatfles, thii deflyaitioQ is redundant. Vor it is pzoved in Prop. lY. 
of this Book, that the sides about the equal angles of equiangular triangles are 
proportionals. In the ease of quadrilaterals, or polygons, howerer, the deflnitiMi 
is necessary. Aeoordmg to ttis definitioa, aU equfllateval triiuigles, squares, and 
s^^ar polygaas are similar redfiineal Agwea. 

n. 

Triangles and parallelograms are said to luKve their sides reciprocally 
pnipartional, when the sides about two of their angles are propcurtiooals 
-BtL sofih a manner, that a side of the first figure is to a side ^ the secondf 
as the remaining side of the second is to the remaining side of the first. 

Tiro magnitudes of any kind may be said to be xiee^procally proportional \m 
other two of the same kind, when one of the first pair is to one of the seooad 
pair, as the xenudBiag one ofihe second pair is to the remaining one of the first. 

in. 

A fitraight line is said to be cut in extreme and mean ratio, when the 
vhole is to the greater segment, as the greater segment is to tlie less. 

A straight line is said to be cat fai hannffnicai xatio^ wl^n the whole is Xa one of 
the extreme segments as the other extreme segment is to the middle segment. 
For brevity's sake, this mode of dividing a straight line is called Aormmifaal 
«ect»ofs ; and the mode of dividing a straight Uae ejq^ained in B«aiid*» definitin 
is called mediai seettM. 

IV. 

The altitude of any figure is the straight Hne drawn from its yertex 

perpendicular to the base. 

Altitude is a term synonymous with perpendicular. By the 
vertex of a figure here, is meant tiiat angular point of 
the figure which is most remote fimn mug aide of the figure 
assumed at the base, the degree of remoteness being 
measured by a perpendicular drawn to that side or that side 
produced, £rom the said vertex ; in other words, Hbe longest 
perpendicular drawn firom any angular point to the haae, 
or base produced, is Hub altitude. 

FRCP. I. THEORBM. 

Triangles and paroUeloffranu of the samt aUUude are to one another 

08 their hoses. 

Let the triangles ABC and A CD, and tke'^^3ca3As?^<:i^cs!Ssi^"^ 
CF, have the same altitude, -m., ^e ^rgeii^^soikSBs: ^"«:^K^'^^'«^*^stf». 
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point A to BD or B D produced. As the base B C is to the base CD, bo 
IS the triangle A B C to the triangle A CD ; and as the base BC is 1o 
the base CD, so is the paiallelogram EC to 
the parallelogram CF. ^ ^ 

Produce B D both ways to the points H and L, 
aiid take any number of straight lines B G and 
G H, each equal to the base B C (L 3) ; and 
D K and K. L, any number of straight lines each ^ ^ 
equal to the base C D. Join AG, A H, A SL, ^g B C 
and AL. 

Because C B, B G and G H, are all equal, the triangles A H G, A Q B 
and A B C, are all equal (I. 38). Therefore, whatever multiple the base 
H C is of the base B C, the same multiple is the triangle A H C of the 
triangle ABC. For the same reason, whatever multiple the base L C is 
of the base CD, the seme multiple is the triangle Ali C of the triangle 
ADC. But if the base H C be equal to the base CL, the triangle A HC 
is also equal to the triangle AL Cjl. 38^ ; and if the base H C be greater 
than the base CL, the tnaugle AHC is likewise greater than the triangle 
ALC; and if less, less. Because there are four magnitudes, viz., the two 
bases B C and C D, and the two triangles ABC and ACD ; and of the 
base B C, and the triangle ABC, the first and the third, any equimul- 
tiples whatever have been taken, viz., the base H C and the triangle 
Ah C ; and of the base C D, and the triangle ACD, the second and Sie 
fourth, any equimultiples whatever have been taken, viz., the base C L 
and the triangle ALC. And it has been shown, that, if the base H C be 
sreater than the base CL, the triangle AH C is greater than the triangle 
ALC; if equal, equal ; and if less, less. Therefore, as the base B C is to 
the base CD, so is the trian^e A B C to the triangle A C D (V.D^.d). 
Because the parallelogram C£ is double of the triangle AB C ^L 41), and 
the parallelo^m C F double of the triangle ACD, and magnitudes have 
the same ratio which their equimultiples have (Y. 15). Therefore, as the 
triangle A B C is to the triangle ACT), so is the parallelogram E C to the 
parallelogram C F. But it has been shown, that, as the base B C is to 
the base C D, so is the triangle A B C to the triangle ACD. And as the 
triangle AB C is to the triangle ACD, so is the parallelogram E C to 
the parallelogram C F. Therefore, as the base B C is to the base C D, so 
is the paralldogram E C to the parallelogram C F (V. 11). Wherefore, 
triangles, &c. Q. E. D. 

CoROLLAEY. — ^From this it is plain, that triangles and parallelograms 
that have equal altitudes, are to one another as their bases. 

Let the figures be placed so as to have their bases in the same straight 
line ; and having drawn perpendiculars from the vertices of the triangles 
to the bases, the straight line which joins the vertices is parallel to that 
in which their bases are (L 33), because the ]^erpendiculars are both 
equal and parallel to one another (L 28). Then, if the same construction 
be made as in the proposition, the demonstration will be the same. 

Sxerdse, — Triangles and parallelograms «pon equal bases are to one another as 
their altitudes. 
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PEOP. II. THEOREM. 

If a straight line be drawn parallel to one of the tides of a triangle^ it cute the 
other two sideSt or these sides produeed^ proportionally, so that the segments 
between the base and the parallel, are homologous; and conversely, if the 
two sides, or these sides produced, be cut proportionally, so that the segments 
between the base and the parallel are homologous, the straight line which 
joins the points qf section ie parallel to the base of the triangle. 

Let D £ be drawn parallel to B C, one of the sides of the triangle 
ABC. The sides A B and A C, or A B and A C produced, are cut pro- 

E)rtionally; that is, BD is to 
A, asCE is to EA. 

Join BE and CD. The tri- 
angle B D E is equal to the tri- 
angle C D E (1. 37), because they 
are on the same base DE, and 
between the same parallels DE, 
and B C. But A D E is another tri- 
angle ; and equal magnitudes have 
the same ratio to the same mc^nitude (V. 7). Therefore, as the triangle 
B D E is to the triangle A D E, so is the triangle C D E to tke triangle 
ADE. But the triangle BDE is to the triangle ADE, as BD is to 
D A (VI. 1), because their altitude is the perpendicular drawn from the 
point E to A B, and they are to one another as their bases. For the same 
reason, the triangle CDE is to the triangle ADE, as CE to EA, 
Therefore, as B D is to DA, so is CE to E A (V. 11). 

Next, let the sides AB and A C of the triangle A B C, or A B and 
A C produced, be cut proportionally in the points D and E, that is, so 
that BD is to D A as CE to E A. Join DE, and it is parallel to B C. 

The same construction being made, because BDistoDAas CE isto 
E A. But B D is to DA, as the triangle BDE is to the triangle ADE 
(VI. 1) ; and C E is to E A, as the triangle CDE is to the triangle ADE. 
Therefore the triangle B DE is to the triangle AD E, as the triangle 
C D E is to the triangle A DE (V. 11), Wherefore the triangles BDE 
and CDE have the same ratio to the triangle ADE. Therefore the 
triangle BDE is equal to the triangle CDE (V. 9) ; and they are on the 
same base D E. But equal triangfes on the same base and on the same 
dde of it, are between the same parallels (I. 39). Therefore DE is , 
parallel to B C. Wherefore, if a straight line, &c. Q. E. D. 

The necessity for three diagrams in this proportion arises from the vtaiety of 
position which may be given to the straight line drawn parallel to the base. 
This parallel may be drawn between the vertex of the triangle and the base, as in 
the first figure ; beyond the base^ as in the second figure, when the sides most be 
produced through the extremities of the base to meet it ; or, beyond tJie vertex, 
as in the third figure, when the sides must be produced through the vertex, to 
meet it. In all these cases, the demonstration holds equally good, and it should 
be read with each figure separately, in order to render the argument clear to the 
mind. A more general method of enunciating this proposition is contained in 
the corollary. 

CoroUary. — The triangles which two intersecting stndght linea {<\tdx -<«USv l^i^^ 
parallel straight lines, haTe their sides otl t\» Vii\RS!»iwftJsa%>aisv«^^xft\«^ 
and those in the same straight line ue \iomo\«SB5iT»\ «d.^ ^^'^^^^^viT^i^s. 
etraight liaea, which, with two intwfawsttng «to«a^^'to«ft,l^Tav>2ev%si^'«'%^«»^ ^ 
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their sides on tlie inteneoting straight lines proportionals, and those in the s&me 
straight line homologous, are paralleL 

Eieeroise li — ^If a straight line be drawn parallel to the base and cutting the sides ot 
of a triangle, these sides are proportional to the gegm e nte ont off eiieii «f them 
respectively ; and in the two triangle tlnis formed, ^le sides abonk the eonmoB 
angle, or the vertical aogtes, are pwpurt i im ahL 

Sxerdae 2.— If sereral straight lines be drawn psralld to the base aad eottisig the 
sides of a triangle, the fegmeBtiof the sidet tateracpted between the same paral- 
lels are praportional to mmAi oiker, ani to the iMee tnm. which the/ aze re- 
spectiTcly cot oC 

PROP. m. THEOREM. 

If ant/ angle of a triangle be bisected by a straight line wHeh also cut* the bme, 
the segments of the base have the same ratio to one another which Ms 
adjacent sides of tJie triangle have; and corofersefy, ^ the tegments of the 
base have the same ratio to one another which the aifacent sides ijftht 
triangle have^ the straight line drawn firom the wettest to the poi^i qf 
section bisects the vertical angle. 

Let AB C be a tziazigle» and let ihe angle B A C be bisected by the 
fitrai^lit line AD. The segment B D is to the segment D C, as tilie e^ 
B A IS to the side A G. 

Through the point C draw OE parallel to D A 
(L 81) ; and let B A produced meet CE in E. 

Because the straigM line A G meets the parallels 
AD and EG, the angle AGE is equal to the 
alternate angle GAD (L 29). But the angle 
GAD (Syp.) is equal to the angle BAD. There- 
fore the angle B AD is equal to the angle AGE 
(I Ax, 1). Again, because the straight une B AE 
meets the parallels AD and EG, the exterior angle BAD is equal to 
the interior and opposke angle A E G (L 29). But the angle A G £ has 
been prored equal to the angle BAD. Therefore also the angle AGE 
is equal to the cmgle AEG (I. Ax. 1), and the ade AE to tihe side A 
(I. 6). Because AD is drawn parallel to EG, one of the sides of the 
triangle B CE. Therefore BD is to D G, as B A to AE (VI. 2). But 
AE is equal to AG. Thesrefore, BD is to DG, as B A is to A G (V. 7). 

Next, let the segment B D be to the segment D G, as the side B A is to 
the side A G ; and let A D be joined. T2ie angle B A G is bisected hj 
tho straight line A D. 

The same construction being made ; because BDistoDG, asBAis 
to A G ; and B D is to D G, as B A is to A E, because A D is parallel 
toEC(VI.2), Therefore BA is to AG, as B Ais to AE (V. 11), and 
A G is equal to A E (V« 9)« Because the angle A E G is equal to the 
sngle AGE (I. 5). But the angle AEG is equal to the exterior and 
opposite angle BAD; and the angle AGE is equal to tl^ alternate 
angle GAD (I. 29). Therefore the angle BAD is equal to the angle 
C A D (I. Ax, 1). wherefore the angle B A G is bisected by the straight 
line AD. Therefore, if the angle, &c. Q. E. D. 

CordOaary. — ^If the same straight line bisect an angle of a triangle sad its opposite 
side, tlie triangle is iseeoelea. 

liSeervife. — The jtfra^ht tine which bieeete i&y angle of a triangle and likewise cuts 

the base (that is, the interior l>heet\»f; Wm^ 4V^^e& \Xvck Vc^Kci^Vaiuk ^!9«i td. 

angles wbl<A are to oam another m iSaxkt fi&A«a liUfiSU ooaXaSoL ^dBAX^iiMteft. vdl<^<^ 





PROP. A. THEOEEM. 

If ike exterior aiwle of a triangle be bisected by a straight line tokich cuts the 
base producea, the segments between the bisecting line and the extremities q/' 
the base^ have to one another the same ratio which the adjacent sides of the 
triangle have; and conversely ^ if the segments cf the base produced have the 
same ratio to one another which the adjuceut sides of the triangle have, the 
straight line drawn from the vertex to the point ef section^ bisects the 
exterior angle of the triangle. 

Let A B C be a triangle, haying one of its sides B A produced to B ; 
and let the outward an^e C A£ he Insected hy the straight line AD 
which meets the base produced in D. The segment BD is to the 
segment DC, as the side B A is to the side AC. 

Through the point C, draw CF parallel to 
AD (I. 31). 

Because the strais^t Hue AC meets the 
parallels A D and F C, the angle A C F is equal 
to the alternate angle CAD (I. 29). But the 
angle CAD is equal to the an^e DAE (Syp*)* 
Hierefore the angle DAE is equal to tbe angle ACF (I. Ax. 1). 
Again, because the straight line F A E meets theparall^ AD and F C^ 
i& exterior angle D A £ is equal to the interior and c^pposite angl» 
CF A (I. 29). But the angle ACF has been proTed equal to the angle 
DAE. Therefore the angle ACF is equal to the angle CF A (I. Ax. 1^ 
and the side AF to the side A C (I. 6). Because A D is parallel to F C; 
aside of the triangle BCF. Therefore BD is to DC, as BA to AF 
(VI. 2). But AF is equal to AC» Therefore B D is to D C, as B A is 
to A C (V. 7). 

Nest, let Ihe segment B D be to the segment D C, as the side B A is 
to the side A C, and let A D be joined. The angle C A E is bisected by 
the straight line A D. 

The same construction being made, because B D is to D C, as B A to 
AC; and BD is to D Gl, as B A to AF (VI. 2). Therefore B A is to AQ 
as B A to AF (V. 11), and AC is equal to AF (V. 9). Because the 
angle A F C is equal to the angle A C F (I. 5). But the angle A F C is 
equal to the exterior saigie EAD (L 29), 8^ the anele ACF to the 
alternate angle CAD« Ilierefbre EAD is equal to we angle CAD 
(I. Ax, 1). Wherefore the angle CAE is bisected by the straight line - 
AD. Therefore, if the exterior, &c. Q. E. D. ^ 

This very useful proposition was added to Book YI^ by Dr. Simson. It is 
generally considered another case of Prop. III., and it might have been incor- 
porated with that proposition. 

When the triangle ABC is isosceles, the straight Ihie AD, which bisects the 
exterior angle at the vertex, is then parallel to the base, and the proposition 
fails. In all other eases, this exterior bisecting line cuts the base produced either 
on the same side with the exteripr angle, or on the opposite side. 

OordOary 1 . — The circle described on the straight line intercepted between the 
points where the interior and exterior bisecting lines cut the base, passes through 
the vertex of the triangle. 

Cor(Mcary 2. —The straight line intercepted between the point where the exterior 
biwcting line eats the base |Mroduoed, and the tc»a^ «s2kx«B£i!c^ ^ S^^Xsam^Ov^ 
harmoniosUy divided at the near extrenuty otiaaft\»fi».»«sdL^'^\FJ«** ^*^"^'^^'°*■ 
iB^im^iliKetillg line cots tix taae. 
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PROP. rV. THEOREM. 

The sides about the ejml angles of equiangular triangles are proportion' 
als : and those umich are opposite to the equal angles are homologous 
sides, that is, are the antecedents or consequents of the ratios. 

Let ABC and D C E be equiangular triangles, haying the angle ABC 
equal to the angle D C £, and the angle A C B to the angle B £ G ; and 
eonsequentlj the angle B A C equal to the angle GBE 
(1. 32). "Hie sides about the equal angles of the tri- 
angles ABC and D C E are proportionals ; and the sides 
which are opposite to the equal angles are homologous. 

Let tibe triangle D C E be placedi so that its side CE 
may be contiguous to B C, and in the same straight 
Hue with it (I. 22). 

Because the angle B C A is equal to the tmgle C E D 
(JECgpX To each of these equals, add the angle ABC. 
Therefore the two angles AlB C and B C A are equal to the two angles 
ABC andCED (Ji.Ax. 2). But the two angles ABC and BCA are 
together less than two right angles (L 1 7). Therefore the two angles ABC 
and C E D are also less than two right angles, and B A and E D iPpro- 
duced will meet (I. Ax, 12). Let them be produced and meet in the 
point F. Because the angle ABC is equal to the an^e D CE {Syp.), 
BF is parallel to CD (L 28). Because the angle ACB is equal to the 
angle DEC, AC is parallel to FE (L 28). Therefore FA CD is a 
paraUelogra^m ; and A F is equal to C D, and AC to FD (L 34). Because 
A C is parallel to F E, one of the sides of the triangle F B E, B A is to 
AF,asBCtoCE (VI. 2). But A F is equal to CD. Therefore B A is 
toCD,asBCistoCE(V.7); and alternately, ABis to BCas DCis 
to CE (V. 16). Again, because CD is parallel to BF, BCis to CE, as 
FD is to D E (VI. 2). But FD is equal to AC. Therefore, BC is to 
CE as AC is to D E (V. 7) ; and alternately, BCisto CA,asCE isto 
F^D (V. 16). Because it has been proyed tnat AB is to B C, as D C to 
CE,andBCistoCA,asCE to ED. There&re, ex cequali, BA is to 
A C as CD is to D E (V. 22). Therefore the sides, &c. Q. E. D. 

This important proposition might be more^easily demonstrated, by cutting from 
AB and A C parts equal to D C and D E, and Joining the points where these 
parts are cut off. The triangle thus formed can be shown to be equal to the 
triangle D CE, and their angles are respectively equal. It can then be shown 
that the sides of this triangle are proportional to the sides of the triangle ABC 
"^ about the common angle A. As the same construction can be made for each of 
the angles B and C, it is at once inferred that the sides about each of the angles 
of equiangular triangles are proportionals. To write out this construction and 
demonftration will be a useful exercise for the student. 

CoroUary 1. — ^Equiangular triangles are similar figures, and the sides opposite 
two equal angles are homologous. 

CordHary 2. — The sides opposite two equal angles of equiangular triangles, are 
proportionals. 

CoroUary 3. — Triangles that are similar to the same triangle, are ^bnilar to one 
another. 

CbroUary 4. — IsoBoeleB triangles which have one angle in the one equal to one 
angle in the other are similar. 

CbrcfUdrif 5.— A parallel to the base of a txi«a|^AA Qa\a oil tramkV^^^smSVax NsAn^^ 
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Exarise 1.— In a triangle, the straight line drawn from the rertex bisecting the 
base, bisects every parallel to the base intercepted by the sides. 

Exercise 2. — In equiangular triangles, the perpendiculars drawn from the Tcrtices of 
equal angles to the opposite sides, are proportional to those sides. 

PROP. V. THEOREM. 

If the sides of two triangles, about each of their angles, he pro^^ortionals, 
ih^ triangles are equiangular ; and the equal angles are those which 
are opposite to the homologous sides. 

Let the triangles ABC and D E F have their sides proportionals, sd 
that A B is to B C, as D E to E F ; and B C is to C A, asEFto FD ; and 
therefore, ex esquali, B A is to A C, as E D is to D F. The triangle ABC 
is equiangular to the triangle D E F, and the angles which are opposite 
to the homologous sides are equal, viz. the angle 
ABC equal to the angle D EF, tiie angle B C A j^ 

to the angle EFD, and the angle BAC to the 
angle EDF. 

At the points E and F, in the straight line E F, 
make the angle FEG equal to the angle ABC, 
and the angle E F G equal to B C A (I. 23). 

Because the remaining angle E G F, is equal to 
the remaining angle BAC (I. 32), the triangle 
G E F is equiangular to the trumgle ABC. There- 
fore they have their sides opposite to the equal angles proportionals 
(VI. 4). Wherefore, A B is to B C as G E is to E F. But A B is to B C, 
asDE is to EF (Hj/p.). Therefore DE is to EF, as GE is to EF 
(V. 11). Because D E and GE have the same ratio to E F, D E is equal 
to G E (V. 9). For the same reason, D F is equal to F G. Because, in 
the tj-ianglcs D E F and G E F, D E is equal to E G, and E F is common, 
the two sides DE and EF axe equal to the two GE andEF, each to each. 
But tlie base D F is equal to the hase G F. Therefore the angle 1) E F 
is equal to the angle GE F (I. 8), and the remaining angles of the one 
to the remaining angles of the other, each to each. Theretore the angle 
DFE 15 equal to the angle GFE, and the angle EDF to the angle EGF. 
Because the angle D E F is equal to the angle G E F, and the angle GEF 
is equal to the angle A B C ( Const), Therefore the angle A B C is equal 
to the angle D EF (I. Ax, 1). For the same reason, the angle A C B is 
equal to the angle DFE, and the angle at A is equal to the angle at D. 
Therefore the triangle ABC is equiangular to the triangle DEF. 
"Wherefore, if the sides, &c. Q. E. D. 

This proposition is the converse of Prop. IV. The 4th and 5th of Book YI., and 
the 47th and 48th of Book I., constitute the most important principles in the 
Elements. They include the principles of I'rigonometry and its Tarious applica- 
tions, as well as those of analytic geometry in general. 

PROP. VI. THEOREM. 

Jfiioo triangles hate one angle cf the one equal to one angle of the other, 
and the sides ahoui the equal angles proportionals ; the triangles are 
equiangviar, and those angles are equal which are Q'^'^<^%itA (.<s tK*. 
homologous sides. 

Let tho triangles A B C and T3li:i"F \iw^ \Xi^ w^^^ "^ ^^"^^ ^^"^ "^^ 
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equal to the angle EDF, in the other ; and the sides about those an^es 
proportionals, that is, B A to AC, as ED to DF. The tdangles ABC 
and DEF are eqniangtdar, and tide ai^le ABC is equal to the angle 
DEF, and the angle ACB to the angle BFE. 

At the points f> and F, in the straight line 
DF, make the angle FDG equal to either of 
the angles BAC orEDF (I. 23); and the angle 
DFG ecual to the angle ACB. 

Because the remaining angle at B is equal to 
the remaining angle at G (1. 32), the triangle 
DGF is equiangular to tne tnangle. ABC 
Therefore BA is to AC, as GD is to DF (VI. 4). But (Syp,) B A is 
to AC, as ED is to DF. Therefore ED is to DF, as GD is to DF 
(V. 11) ; and ED is equal to DG (V. 9). Because ED is equal to D G 
andDFis common to the two triangles EDF and GDF. Therefore 
the two sides ED and DF are equal to the two sides GD and DF, each 
to each. But the angle EDF is equal to the angle GDF {Const). 
Therefore the base EF is equal to the base F G (I. 4), and the triangle 
EDF to the triangle GDF. Because the remaining angles of the one 
are equal to the remaining angles of the other, earn to each. There- 
fore the angle DFG is equal to the angle D FE, and the angle at G to 
the angle at E. But the angle D FG is equal to the ans^le ACB {Const), 
Therefore tibe angle ACB is equal to the angle DFE (I. Ax. 1). But 
the angle BAC is equal to the angle EDF {Hyp.). Therefore the re- 
maining angle at B is equal to the remaining an^e at E (I. 32) ; and 
the triangle ABC is equiangular to the triangle DEF. Wherefore, if 
two triangles, &c. Q. E. D. 

OoroSary I. — Triangles which have a common angle and the Bides about it pro- 
portionals, have their bases parallel, and are equiangular and similar. 

CoroUary 2. — Triangles which have a common angle and parallel bases, are 
equiangular and similar. 

Exerdee. — If from any number of points in a straight line parallels be drawn pro- 
portional to the distances of these points from a given pomt, the straight line 
joining this point and the extremity of one of the parallels passes through the 
extremities of all the parallels. 

PROP VII. THEOREM. 

J[ftioo triangles have one angle of the one equal to one angle of the other, 
and the sides ahout another angle in each, proportionals ; and if the 
remaining angle in each he of the same affection {that is, either both 
acute, or both not acute); the two triangles are equiangular and 
similar. 

Let the two triangles ABC and DEF have one angle B A C in the 
one equal to the angle EDF in the other, and the sides about their two 
other angles ABC and DEF, proportionals, so that A B is to B C as DE 
is to E F ; and let their remaining angles ACB and D F E be of the 
same affection, that is, either both acute, or both not acute. The 
triangles ABC and DEF are equiangular and similar. 

For if the angle AB C is not equal to the angle DEF one of them 
mas£ be greater than the other. Let ABC be the greater an^le, 
and at the point B in. the straight lane A. "B,m^'&>3aa ^si^'^ K."^Q. 
cqaaJ to the angle DEF {1. 23). 
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Because in the two triangles AB 6 and DBF, the ai^le at A is 
equal to the angle at D (Syp,) and the angle ABO is eqnal to the 
angle DEF {Const.), Therefore the remaininff 
angle A GB is eqial to the remaining angle BFE •'^ 

(I. 32), and the triangle ABG is equiangular to 
33 E F. Because these triangles are equiangular 
AB is to BG, as DE is to EF (VI. 4). But 
ABis to B C as DE is to EF {Hyp), Therefore 
AB is to B C, as AB is to BG (V. 11) ; and BG 
is equal to B C (V. 9). Wherrfore the triangle 
G B C is isosceles, and the Angle B G C is equal 
to the angle BCO. TherefoFe 1^ angles BGC 
and BGA are both acute, or both not acute, accord- 
ing as the angles ACB and DFE, are both 
acute or both not acute. If they are both acute, 
as in the first figure, the angles BGC and BGA which BG makes 
wifch AC are together less than two right* angles, which is impossible 
Q. 13). If they are both not acute, as in the second figure, the angles 
BGC and BCG of the triangle BGC, are together not less than two 
right angles, which is also impossible (I. 17). Therefore the angle 
ABC is not unequal to the angle DEF; that is, the angle ABC is 
equal to the angle DEF. Wherefore the remaining angle ACB is 
equal to the remaining an^le DFE; and the triangle aIBC is equi- 
angular a^id similar to me tnangle DEF. Q. E. IX 

In this proposition, -we hare oonsiderably departed from Enclid, in order to mala 
the demonstration more plain and easy to the learner. Besides, Enolid has 
three separate cases to demonstrate, which are here rednoed to two, «nd the 
same proof is made, with a yery slight exception, to apply to both. 

CoroUary. — If two triangles haye two sides in the one jHroportional to two sides in 
the other, and the angles opposite one pair of the homologous sides eqnal, 
the angles opposite the other pair of homologous odes are either equ^ or 
supplementary. 

PROP. VIII. THEOREM. 

In a rigid-angled triangle^ if a perpendicular be drawn from the right angle to 
the opposite side, the triangles on each side of the perpendicular we similar 
to the whole triangle, and to one another. 

Let A B C be a right-angled triangle, having the r^ht angle B AC, 
and from the point A lot A D be drawn perpendicular to the opposite 
side BC. The triangles A BD and ADC are sunUar to the whole 
triangle ABC, and to one another. 

Because the angle BAC is equal to the angle ^ 

A D B, each of them being a right angle (I. Ax, 11), 
and the angle at B is common to the two triangles 
ABC and ABD. Therefore the remaining angle 
A C B is equal (1. 32) to the remaining angle BAD; 
and the triangle A B C is equiangular to the triangle 
ABD. But the sides about their equal angles are proportionals (VI. 4). 
Therefore the triangles are similar (VI. JD^, 1). In lite manner it may 
be shown that the triangle ADC is cq;j»3Biv^q^»si ^ts5l '©s^ksl \ft ;^^ 
triangle ABC. Because the triaT\^\ca KliT^ m^ ^^^^:^'' ^ 
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e<]iiiaiigular and similar to ABC. Therefore thev are equiangular and 
similar to each other. Therefore, in a right-angled, &c. Q. E. D. 

Corollary. — ^From this it is manifest, that the perpendicular drawn 
£rom the right angle of a right-angled triangle to the hypotenuse, is a 
mean proportional between me segments of the hypotenuse ; and also 
that each of the sides is a mean proportional between the hypotenuse, 
and the segment of it adjacent to that side. For in the triangles B D A 
and ADC, B D is to D A, as D A is to D C. In the triangles AB C and 
DBA, BC is toBA, asBAisto BD; and in flie triangles ABC and 
A CD, B C is to C A, as C A is to CD (VI. 4). 

The preceding coroUaiy to this proposition is the most important part of it, 
as will be seen by its subsequent application. From this corollary, in com- 
bination with Frops. XYI. and XYII. of this Book, and Prop. II. Book II., a 
new and independent demonstration of Prop. XLYII. Book I., may be obtained, 
which is considerably shorter than that given by Euclid. 

CordUUvry 1. — The hypotenuse is to either leg of the right-angled triangle, as the 
other leg is to the perpendicular drawn to the hypotenuse from the right angle. 

CoroXUxry 2. — ^In a triangle, if the triangles formed by the perpendicular and the 
sides be similar, the angles which it makes with the sides must be either equal 
or complementary. If the angles be equal, the perpendicular bisects the vertical 
angle, the similar triangles are equal, and the whole triangle is isosceles. If 
these angles be not equal, and the perpendicular be within the triangle, they 
must be equal to the alternate anglra at the base, complementary to each other, 
and the vertical angle being then equal to the sum of the angles at the base, is 
a right angle. If the perpendicular be without the triangle, the angles between 
it and the sides are complementary, and the vertical angle being equal to the 
difference between these angles, is an acute angle. 

CordUary, — ^If the base, the two sides, and the perpendicular of a triangle be 
proportionals, it is a right-angled triangle. 

PROP. IX. PROBLEM. 
From a given straight line to cut off any required part, or suhmultiple. 

Let AB be the given straight line. It is required to cut off any 
part or submultiple from it. 

From the point A draw a straight line A C, making any A 
angle B A C, with A B. In A C take any jjoint D, and 
m&e A C the same multiple of AD, that A B is of the part 
to be cut off from it. Jom B C, and draw D E parallel to 
CB. The part AE is the part required to be cut off from 
AB. 

Because E D is parallel to B C, one of the sides of the _ 

triangle ABC, CD is to DA, as BE is to EA (VI. 2). ^ ^ 

Therefore by composition, CA is to AD, as B A is to AE 
(V. 18). But C A is a multiple of A D {Const.). Therefore B A is the 
same multiple of A E (V. D) ; and whatever part AD is of A C, A E 
is the same part of A B. Wherefore, from the straight line A B is cut 
off the part or submultiple required. Q. E. F. 

Ck}roUary. — "By drawing through the points in A C, which mark off tUe successive 
parts of it each equal to A D, parallels to the straight line B C the line 
AB will be divided into the same number of equal parts. Thus a given 
gfrs^ht line m&j be divided into any numbei of ec^V pasts reoLuircd. 
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PROP. X. PROBLEM. 

To divide a given straight line similarly to a given divided straight line, 
that is J into parts proportional to the parts of the given dirnded 
straight line. 

Let AB be the given straight line to be divided, and AC the given 
straight line, divided into parts at B and E. It is required to divide AB 
into parts proportional to the parts of A C. 

Place AB and A C so as to make any angle BAG 
-with each other ; and join B C. Through the points 
D and E draw D F and E G parallels to B C (I. 31). 
The straight line A B is divided, at the points F and G, 
into parts proportional to those of A C. Through D 
draw D HK parallel to A B (I. 31). B K C 

Because FH and HB are parallelograms (Const.). 
Therefore D H is equal to F G, and H K to G B (I. 34). Because H E 
is parallel to K C, one of the sides of the triangle DKC, CE is to ED, 
as KH is to HD (VI. 2). Bat B G is equal to KH, and GF to HD 
(Const), Therefore C E is to E D, as B G is to GF (V. 7). Again, be- 
cause FD is parallel to GE, one of the sides of the triangle AGE, ED 
is to DA, as GF is to FA (VI. 2). Therefore, as has been proved, CE is 
to ED, as BG is to GF, and ED is to DA, as GF is to FA. Wherefore 
the given straight line AB is divided into pai'ts proportional to the parts 
of AC. Q. E. F. 

Exercise 1. — ^To divide a given straight line, into two parts that shall have to each 
other a given ratio. 

Kvercise 2. — To produce a given straight line, so that the whole line thus produced 
may have to the part produced a given ratio. 

PROP. XI. PROBLEM. 
To.find a third proportional to two given straight lines. 

Let AB and AC be the two given straight lines. It is required to find 
a third proportional to AB and AC. 

Place AB and AC so as to make any angle BAC with a 
each other. Produce AB and AC to the points D and E ; 
making BD equal to AC (1.3). JoinBC, and through 
D, draw DE parallel to B C (L 31). The straight line CE 
is a third proportional to AB and AC. 

Because BC is parallel to DE, a side of the triangle 
ADE, AB is to BD, as AC is to CE (VI. 2). But BD is 
equal to AC. Therefore AB is to AC, as AC is to CE 
(V. 7). Wherefore, to the two given straight lines AB and AC, a third 
proportional CE is found. Q. E. F. 

Exercise, — If in the preceding figure, instead of making BD equal to AC, AD 
had been made equal to AG, and D E drawn parallel to B C, then A K xvould 
have been the third proportional. Required the demonstration. 

This problem may be solved in a variety of "w«^%, ^^'S^va^"] \ii "CckSk v5s$S»R.'4ii«s«w ^ 
Trop. VIU., and its corollary. It \?V\\ ^jft \»fci\iL ex-o^aaft Vix NJca ^'!^^^'°^'i;^^g^!^ 
oat Bome of these solutions. In the attme -w^j , \?Rfc vt'^'®^ '"^'^ 

the mode of fading a series off oont^u9)Xi^iovQ!t\}kWi&. 
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PROP. Xn. PROBLEM. 
To find a fourth proportional to three given straight lines. 

Let Ay B9 and C be tlie three given, straig^ linear It is required to 
find a fourtii proportional to A, B, and C. 

Take two straight lines D£ andDF, containing any 
any angle EDF. Upon these straight lines make ^ -^ 

d6 equal to A, GE eqnal to B, and DH eqoal to C 
(1. 3). Join GH, and through E draw EF parallel to 
GH (L 31). The straight line HF is the jfourth pro- 
portional to A, B, and C. 

Because G His parallel to EF, one of .the sides of 
the triangle DEF, DG is to GE, as DH is to HF 

CJl. 2). But DG is equal to A, GE to B, and DH to 
. Therefore A is to B, as C is to HF (V. 7). Wherefore, to the three 
sdven straight lines A, B, and C, a fourth proportional HF is found 
Q. E. F. 

This problem maj also be solyed in a raiiety of ways, chiefly by the application of 
Props. XXXV. and XXX VL Book III., and Prop. Vin. of this Book. The in- 
gaiions stadent will find it a useful exencise to try and find ont these solutions. 

PROP. XIH. PKOBLEM. 
To find a mean proportional between two given straight lines. 

Let AB, and BCbe the two given straight lines. It is required to 
find a mean proportional between them. 

Place AB and BC in a straight line adjacent to 
each other; and upon AC describe the semi-circle 
ADC. From the point B, draw BD at right angles 
to AC (I. 11). The straight line BD is a mean pro- 
portional between A B and B C. Join A D and D C. 

Because the angle A D C in a semicircle is a right 
(HI. 31), and BD is drawn from the right angle 
perpendicular to the opposite side A C of the triangle ADC. There- 
fore DB is a mean proportional between AB and B C, the segments 
of the base (VI. 8, Cor,). Wherefore between the twa given straight 
lines A B and B C, a mean proporti<mal D B is found. Q. E. F. 

Other modes of solving this problem are suggested to the student by the considera- 
tion of Prop. VIII. of this Book, and Props. XXXI. and XXXVI. of Book IH. 
To find tvDO mean prop(Miional8 between two given straight lines, is beyond the 
power of elementary geometry. This probleaoi was connected with the famous 
problem of the *' dupftotfidn (doubling) qftheciJbef for, if four straight lines be 
continually proportional, the first is to the fourth, in the tripUcaie ratio of the 
first to the second ; or, as the cube of the first is to the Oibe of the second. 

PBOP. XIV. THEOREM. 

Equal parallelograms f which have an angle of the one equal to an angle of the 

other f have their sides about the equal angles rec^rocallg proportional ; and 

conversely f parallelograms which have an angle tfthe one equal to an angle 

of the other, and their sides about the equal angles reciprocally proportional, 

are e^ua/ ^o one another., 

Jf'irst, Let AB and BC be eqnal paraMe^groms, -^"VasSa. "V^jk^^ ^^sa 




angles at B emaL The ades of t}ie paimUdoptaBs ABaadBCaboot 
the equal angles, are reciprocal^ pnportioDal; tbat ii» DB is to BS, 
asGBistoBF. 

Piaee the peiallelagTaiiis bo that the sides DB A F 

and BE shall he in the same stxaight line; FB V T \, 

and B G shall he in one straight line (L 14). Com- \ \ ^ 

plete the paiallelogTBiaFE. ^ ^ 

Because the pttalldogiam AB is equal tc the \ ^ 

parallelogram BC, and FBis anffther paralldqmm. G C 

Therefore AB is to FE, as BC is to F£ (V. 7). 
But AB is to FE, as the haseDB isto thehaseBE(n. 1); andBC 
is to FE, as the hase G Bis to the haseBF. Therefore D B is to B £, 
as G B is to B F (Y. 11). "Wherefore the sides of the parallelograms 
A B and B (3 ahout their equal angles are rec^nxally proportional. 

Next, let the sides ahont the equal angles of the paiailelograms AB 
and B C he reciprocally proportional, — riz., DB to BE,asGBtoBF. 
The parallelogram A B is equal to the parallelograni B C. 

Because, DB is to BE, as GB isto BF. But D B is to B E, as the 
mrallelogram A B is to the paralleloeram F E (YL 1) ; and G B is to 
B F as the paraUelogsam B C is to the parafldogram FE. Iherefioie 
AB is to FE, as BC is toFE(y. 11). Wher^ns the panOlelogram 
A B is equal to the pazaDelogTam B C (V. 9). Therefore espial parallelo- 
grams, &c. Q. E. D. 

CordHaary. — ^If tvo panUelognDtts are ecpial; sod have their sides redproesttr 
proportional, they are eqaiangalar. 

PBOP. XV. THEOEEM. 

Equal triangles which have an angle of the one eqaud to an angle of the other ^ 
have their aides about the equal angles rec^ocaUy proportional; and 
conversely f triangles which have an aug^ m the one equa to an ang e in the 
othcTy and their sides about the equal angles reetproeaUg proportional, are 
equal to one another. 

First, let ABC and AD E he equal triangles, which have the angle 
B A C equal to the angle DAE. The sides ahout the e^ual angles of 
the triangles are reciprocally proportional; that is, C A is to AD, as 
EAistoAB. 

Place the triangles so that their sides CA and 
AD shall be in one straight line; EA and AB 
shall be in one straight line (I. 14). Join B D. 

Because the triangle A B C is equal to the triangle 
ADE, and ABD is another triangle. Therefore 
the triangle CAB, is to the triangle BAD, as the 
triangle AED is to the triangle D A B (V. 7). But 
the triangle C A B is to the triangle B AD, as the base C A is to the 
base AD (YE. 1); and the triangle E AD is to the triangle DAB as 
the base E A is to the base AB (YI. 1). Therefore C A is to A D, as 
E A is to AB (Y. 11). Wherefore the sides of the triangles ABC, 
ADE, about the equal angles are reciprocally proportionaL 

Next, let the sides of the triangles ABC and A.!^"^ ^^-oS^'^'isa ^sr^^S^ 
anffles at A be reciprocally proportioiMji,— ^ax., ^ K \o ^"^-^^^-It*^ 
AB. lie trimgle ABC iA^2X^\A>i}s^\xi3Sa^^^^^ "icsya.^^^ 
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Because CAistoADyOsEAistoAfi (Hm^.). But C A is to A D, 

as the triangle ABC is to the triangle BAD (VI. 1) ; and E A is to 

AB, as the triangle EAD is to the triangle BAD. Therefore the 

triangle B A C is to the triangle B AD, as the triangle £ AD is to the 

triangle BAD (V. 11). Wherefore the triangle ABC is equal to the 

triangle A D E (V. 9). Therefore, equal triangles, &c. Q. E. D. 

CoroUary. — Eqnal triangles which have an angle in tho one supplementary to 
an angle in the other, have their sides about the supplementary auj^es 
reciprocally proportional ; and conversely, triangles which haye an angle in the 
one supplementary to an angle in the other, and their sides about the supple- 
mentary angles reciprocally proportional, are eqnal to one another. 

PROP. XVI. THEOREM. 

If four straight lines he proportionals, the rectangle contained hy the 
extremes is equal to the rectangle contained hy the means ; and con- 
versely, if the rectangle contained hy the extremes he equal to the 
rectangle contained hy the means, the four straight lines are pro- 
portionals. 

First, let the four straight lines AB, CD, E and F be proportionals, 
viz., A B to CD, as E to F. The rectangle contained hy AB and F, is 
equal to the rectangle contained by C D and E. 

From the points A and C draw AG and CH at E 

right angles to A B and CD (I. 11). Make AG 
equal to F, and C H equal to E (I. 3). Complete the 
parallelograms BG ana DH (1. 31). 

Because AB is to CD, as E is to F, and E is 
equal to CH, and F to AG. Therefore A B is to 
CD as CH is to AG (V. 7); and the sides of the 
parallelograms B G and D H about the equal an- 
gles aie reciprocally proportionaL Therefore the parallelogram B G is 
equal to the parallelogram D H TVI. 14). But the parallelogram B G is 
contained by the straight lines A B and F ; because A G is equal to F. 
And the parallelogram D H is contained by the straight lines CD and 
E ; because C H is equal to E. Therefore the rectangle contained by 
the straight lines A B and F, is equal to the rectangle contained by the 
straight lines C D and E. 

Next, if the rectangle contained by the straight lines A B and F, be 
equal to the rectangle contained by the straight lines C D and E ; the 
four straight lines are proportionals, that is, A B is to CD, as E is to F. 

The same construction being made, the rectangle contained by the 
straight lines AB and F, is equal to the rectangle contained by CD 
and E {Hyp.), But the rectangle B G is contained by AB and F ; because 
AG is equal to F. And the rectangle D H is contained by the straight 
lines C D and E ; because C H is equal to E. Therefore the parallelo- 
gram B G is equal to the parallelogram D H (I. Ax, 1) ; and they are 
equiangular. But the sides about the equal angles of equal parallelo- 
grams are reciprocally proportional (VI. 14). Therefore, A B is to CD, 
as C H is to AG. But C H is equal to E, and AG to F. Therefore 
AB is to CD, as E is to F (V. 7). Wherefore if four, &c. Q. E. D. 

CbroUar^/. — EqusX triangles and paiaHelograma 'ha^e \^v»x\>\n&^% viv<9>. «X.i\t.ud.ea re- 
clprooalJy proportional ; and conversely, ttiangVe^ MiflL p«x«\\€io^graaQ& ^\3^^\iv(^ 
tbeJr bases and altitudes redptocaUy pTopoctVona^, ex« «q^. 
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PROP. XVII. THEOREM. 

If three straight lines he proportionals, the rectangle contained hy the 
extremes is eqiuil to the square of the mean ; and conversely, if the 
rectangjfi contained hy the extremes he equal to the square of tlie 
mean, the three straight Unes are proportionals. 

First, let the three straight lines A, B, and C be proportionals, viz., 
A to B, as B to C. The rectangle contained by A and C is equal to 
the square of B. 

Take the straight line D equal to the 
straight line B. 

Because A is to B, as B is to C, and B is 
equal to D. Therefore AistoB, asDistoC 
(V. 7). But when four straight lines are pro- 
portionals, the rectangle contained by the ex- _^____^ 
tremes is equal to the rectangle contained by A B 

the means (VI. 16). Therefore the rectangle 
contained by A and C is equal to the rectajagle contained by B and D. 
But the rectangle contained oy B and D, is the square of B, because B is 
is equal to D. Therefore the rectangle contained by A and C, is equal to 
the square of B. 

Next, if the rectangle contained by A and C, be equal to the square of 
B, the three straight lines are proportionals, that is, A is to B, as B is 
to C. 

The same construction being made, the rectangle contained by A and 
C is equal to the square of B {Hyp.). But the sqaare of B is equal to 
die rectangle contained by B and D, because B is equal to D {Const), 
There&re the rectangle contained by A and C, is equal to that contained 
by B andD (I. Ax, 1), But if the rectangle contained by the extremes be 
equal to that contamed by the means, the four straight lines are pro- 
portionals Cyi, 16). Therefore A is to B, as D is to C. But B is equal to 
b. Thereiore A is to B, as B is to C. VTherefore, if three straight 
lines, &c. Q, E. D. 

Eaxrdsel. — To oonstnict a sqaare equal to a parallelogram, whose base and 
altitude are given. 

Exercise 2. — To oonstmct a square equal to a triangle, whose base and altitude are 
given. 

Exercise 8.— Demonstrate the 47th proposition of the first Book, in the manner 
suggested in the annotation to Prop. VIII. 

Definition. — Shnilar figures are said to be shnilarly situated, when their homolo- 
gous sides are parallel and drawn in the same direction. This definition is given 
to explain the enunciation of the next proposition. 

PROP. XVIII. PROBLEM. 

Upon a given straight line, to describe a rectilineal figure similar, and 
similarly situated, to a given rectilineal figure. 

First let AB he the given straigUUue, sji^CTi^"^ 'Cc^ ^^^^-tsriSs^- 
Deal £gure of four sides. It is Teqjooie^ \.o ^^wsnfefe ^s^^ ^^^ ^^^ 
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stroiglit line AB a rectilineal figure similar, and similarly situated, tp 
the rectilineal figure CDEJ*. 

Join DF, and at the points A and B in the H 

straight line AB, mike the angle BAG 
eq[aZto the angte I>CF (L 28)^ and' tile 
angle ABG eq^aSl to the angle CDF. BI9- 
cause the remaining angle AGB is equal to 
the remaining angle GFD (I. 32, ajidAx,d)m 
Therefore the trmngle G A B is equiangular 

to the triangle FCD. Again, at the points G and B, in the straight 
line G B, make the angle JBGH equal to the angle DFE (I. 23), and the 
angle GBH equal to the angle FDE. Because the remaining angle 
GHB is equal to the remaining an^e FED. Therefore the triangle 
GBH is equiangular to the triaSgle FDE. Because the angle AGB is 
equal to the angle C FD, and the angle B GH to the angle DFE. There- 
fore the whole angle AGH is equal to. the whole angle CFE (I. Ax. 2). 
For the same reason, the whole anglie ABH is equal to the whole aogile 
CDE. Also the angle BAG is equal to tfte angle DCF (Const), and 
the angle GHB to the angle FED. Therefore the rectilineal figure 
AB H G is equiangular to the rectilineal figure C D E F. Likewise mese 
figures have their sides about the equal angles proportionals. Because 
Hie triangles GAB and FCD are eqaiangnlar, BA is to AG, as DC is 
to CF (VI. 4), and AG is to GB, as CF is to FD. Because the tri- 
angles BGH and DFE" are equiangular, therefore GB is to GH, as FD 
is to FE. Wherefore, ex €Bquali, AG is to GH as CPis to FE (V. 22). 
In the same manner, it may be proved that AB isto BH, as CD iato 
D E • and G H is to H B, as F Eis to ED (VI. 4). Because the rectili- 
neal figures A B H G and C D E F are equiangular, and have their sides 
about the equal angles proportionals. IjierefoFe they are simHar to one 
another (VI. Def. 1), 

Next, let it be required to describe upon the given straight line AB, 
a rectilineal figure similar, and. similarly situated, to the. rectilinea. 
figure CD K E F of five sides. 

Join D E, and upon the given straight line AB describe the rectilineal 
figure A B H G similar, and similarly situated, to the quadrilateral 
figure CD E F, by the former case. At the points B and H, in the straight 
line B H, make tiie angle H B L equal to tiie angle E D K, and the angle 
B HL equal to the angle DBK (I. 2S)l 

Because the two angles H B L and B H L are equal to the two angles 
E D K. and D E EL. Therefore the remaining angje B L H is equal te the 
remaining angle DKE (I. 32). Because the figures AB H G and CDEF 
are similar, the angle G H B is equal to the angle FED (VI. JDef, 1), 
but the angle B H L is equal to* the angle DE EL. Therefore the whole 
angle G H L is equal to the whole angle F E K. For the same reason 
the whole angle ABL is equal to the whole angle CD K. WTierefore 
the five-sided figures AGHLB and CFBKD are equiangular. Because 
the fio^ures AG HB and C F E D are similar. Therefore G H is to H B, 
osFE is toED (VL Def. 1). But HB is to HL as ED is to EK 
fVL 4). Therefi)pe, ex atquaH, G H is to HL as FE is to EE: (V. 22). 
Mfr the same reason, A B is to "BiL, oa CI> \s \o li"K.. Because the 
triangles BLH and D EL E are equ3a3igu\acc. T\i«ii^T^^\i\%\»\;^^ 
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DKistoKE (VI. 4). Becanse the five-sided figures AGHLB and 
C F E £. D are equiangular, and have their sides alx>ut the equal angles 
proportionals. Therefore tiiey are similar to one another. Li t^o same 
manner, a rectilineal figure may be described upon a given straight line 
similar to a given rectilmeal figure of six sides ; and so on. Q.. E. F. 

This probleDi is more easily effected in practice, by placing the given straight line 
A B in the same straight line with, or parallel to, the aasnmed' base G D, and 
drawing straight lines paralld to the sidoB of the tLgtae, and of the triangles into 
which it is divided by the straight lines drawn ttom the point D to fts diilbrent 
angles. The proof is thus also more easily established. 

PROP. XIX. THEOREM. 

Similar triangles are to one another in the dupUcate ratio of their 

homologous sides. 

Let ABC and D E F be similar triangles, and let the angle AB C be 
equal to the angle DEF, and let AB be to B C, as DE to EF, so that 
the side B C is homologous to E F (V. Def, 12). The triangle A B C has 
to liie triandle D E F, the duplicate ratio of that which the side B C has 
to the side EF. 

Take B G a third pnmortional to B C and 
EP (VI. 11) ; so that BCistoEF, aaEFto 
BG. Join G A. 

Because AB istoBC, asD E istoEF 
{BimX Therefore, alternately, AB is to DE, 
a8BCistoBF(V.16). But B C is to E F, 
as EF is to BG (Cbrw^.). ITierefbre A B is 
toDE, asEFistoBG(V. 11). Wherefore the sides of the two tri- 
angles A B G and B E F, which are about the equal angles A B G and 
DEF, are reciprocally proportional. But triangles, which have the 
sides about two equal angles reciprocally proportional^ are eqnal to one 
another (VI. 15). There£:n« the triangle ABG is equal to the trian^de 
DEF. Because B C is to E F, asEF is toBG; and if three strai^ 
lines be proportionals, the first is said to have to the third, the duplicate 
ratio of tiiat which it has to the second (V. Def. 10), Therefore B C has 
to B G the duplicate ratio of that which BC has to EF. But B C is te 
B G, as the triangle ABC is to the triangle ABG (YL 1). Therefioie 
the triangle ABC has to the triangle ABG, the duplicate ratio of that 
wMckBC has to E F. But the triangle ABG has been raoved equal 
to the triangle DEF. Therefore also the triangle ABC has to. the 
tiiai^le DEF, the duplicate ratio of that which the side BC has te the 
sideE F. Therefore similar triangles, &c. Q. £. D. 

CosoLi<AKY. — ^From this it is manifest, that if three straight lines be 
as the first is to the third, so is any triangle npon the 





XBt to a similar and similariy described triangle upon the second. 



This proposition is one of the most important in the Elementa, and as saeb ought 

to be carefnily stodied and remembered by the stodcat It is the baala ob 

iridch the oompariaoa of the aieaa of similar rtctilinear flgorea ia finmdadt 

and ir thos /cmMiMs the nrie by n^kb, ^lAim Iflua «mi^ «& «m^ ^c5ixdCi^BM^ 

i(?««orpo/y9miskBawn,tfaeaifaa<ifaU«mlltti«dfiSa^ 
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PROP. XX. THEOREM. 

Simiiar polygons are divisibk into the same number of similar triangUs; that 
tHangles have to one another the same ratio that the polygons hmt; 
and the poly gims have to one another the duplicate ratio of that which their 
homologous sides have. 

Let ABODE and FGHKL be similar polygons, and let A B be the 
side homologous to F G. The polygons A B C I) E and F G H K L are 
divisible into the same number of similar triangles. These triangles haye 
to one another the same ratio which the polygons have. And the 
polygon ABODE has to the polygon FGHKL the duplicate ratio of 
that which the side AB has to the side F G. 

Join BE, EC, GL, and LH. 

Because the polygon ABODE is 
similar to the polygon FGHKL, the 
angle BAE is equal to the angle GFL, 
and BA is to AE, as GF is to FL (VI. 
JDef 1). Because the triangles ABE 
and FGL have an angle in the one, 
equal to an angle in the other, and their sides about the equal angles 
proportionals. Therefore the triangle ABE is equiangular and similar to 
the triangle FGL (VL 6 and 4). Wherefore the angle ABE is equal to 
the angle FGL. Because the polygons are similar, the whole angle 
ABO is equal to the whole angle FGH (VI. JDef. 1). Therefore the 
remaining angle EBO is equal to the remaining angle LGH (L 32, and 
Ax. 3). Because the triangles ABE and FGL are similar, E B is to 
BA, asLGistoGF (VL 4). Because the polygons are similar, A B is to 
B 0, as F G is to G H (VI. JDef 1). Therefore, ex cequali, E B is to B C, 
as L G is to G H (V. 22). Because the sides about the equal angles 
EBO and LGH are proportionals. Therefore the triangle EBO is 
equiangular, and similar to the triangle LGH (VI. 6 and 4). For the 
same reason, the triangle E D is similar to the triangle L H K. There- 
fore the similar polygons ABODE and F G H K L are divided into the 
same number of simflar triangles. 

Again, because the triangles are similar, the triangle ABE has to the 
triangle FGL the duplicate ratio of that which the side B E has to the 
side GL (VI. 19). For the same reason, the triai^le BE has to the 
triangle G L H the duplicate ratio of that which B E has to G L. There- 
fore the triangle A B E is to the triangle F G L, as the triangle B E is 
to the triangle GLH (Y. 11). Because the triangles are similar, the 
triangle EBO has to tne triangle LGH the duplicate ratio of that 
which the side E has to the side L H. For the same reason, the tri- 
angle E D has to the trians^le L H K the duplicate ratio of that which 
E has to LH. Therefore l£e triangle E B is to the triangle LGH, 
as the triangle E D is to the triangle L H K (V. 11). But it has been 
proved, that the triangle E B is to the triangle LGH, as the triangle 
A B E is to the triangle FGL. Therefore the triangle ABE is to 9ie 
triangle F G L, as the triangle E B is to the triangle LGH, and as the 
triangle E D is to the triangle L H K. But one of the antecedents is 
to one of the consequents, as aH ttie antecedaiita ««€k to oH the conse- 
gaents (V. 12). Therefore the triangle A.l&'Ei \s Vo ^^ \3c«.^^^^ ^\^^ 
tae polygon A B C D E is to the poVygotv "E Qi^lLli. "B^xX. ^^ \f«aa!^^ 
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ABE has to the triangle FGL the duplicate ratio of that which the 
sideABhas to the homologous side FG (VI. 19). Therefore also the 
polygon ABODE has to the polygon F G H K L the duplicate ratio of 
that which A B has to the homologous side F G. Wherefore, similar 
polygons, &c. Q. E. D. 

(^ROLLABY 1. — ^In like manner it may he proved, that similar four- 
sided figures, or figures of any numher of sides, are, one to another in the 
luplicate ratio of their homologous sides ; and this has heen proved of 
triangles (VI. 19). Therefore, universally, similar rectilineal figures are 
to one another in the duplicate ratio of their homologous sides. 

Ck)ROLLARY 2. — If to A B and F G, two of the homologous sides of the 
polygon, a third proportional M he taken (VI. 11), AB has to M the 
iuplicate ratio of that which AB has to F G fV. Def, 10}. But the four- 
dded figure or |)olyffon upon AB, has to the lour-sided figure or polygon 
apon F G likewise the duplicate ratio of that which A B has to F G ( Vl. 
20, Cor, 1). Therefore A B is to M, as the figure upon AB to the figure 
jpon FG (V. 11); and this has heen proved in triangles (VI. 19, Cor,). 
Uierefore, universally, it is manifest, that if three stmght lines he pro- 
portionals, the first is to the third, as any rectilineal figure upon the first 
is to a similar and similarly descrihed rectilineal figure upon the second. 

CoroUUxry 3. — ^Because all squares are similar figures, the ratio of any two squares 
to one another, is the same as the dnplicate ratio of their sides, for all their sides 
are homologoii3. Therefore two similar triangles are to one another as the 
squares of their homologous sides (Y. 11). Therefore, also generally, any two 
rimilar rectilineal figures or polygons are to one another as the squares of theh: 
homolc^ous sides. 

ConXUxry 4. — The perimeters (that is, the sums of all their sides) of similar rectili- 
neal figures or polygons are to one another as their homologous sides, homologous 
diagonals, or homologous altitudes. 

€3ordOary 5. — Similar rectilineal figures or polygons are to one another as the 
aqoares of homologous diagonals, or homologous altitudes ; or, as the squares iA 
their perimeters. 

Coroliary 6. — Rectilineal figures or polygons are similar, which are dirisihle into 
the same number of similar and similarly situated triangles. 

CoroOary 7. — ^If similar rectilineal figures similarly described upon straight lines be 
equal, these straight lines are also equal. 

Exercise. — ^To oonstmot a rectilineal figure similar to a given rectilineal figure and 
having a given ratio to it. 

PROP. XXI THEOREM. 

leciiUneal Jigwres which are similar t%, the same rectilineal Jigure, are similar to 

one another. 

Let each of the rectilineal figures A and B be similar to the rectilineal 
^;ure C. The figure A is similar to the figure B. 

Because the fieure A is similar to the figure C, they are equiangular, 
nd have their sides about the equal angles 
Toportional (VI. Def. 1). Because the 
gore B is similar to the figure C, they are ^^ 

quiangolar, and have their sides about the / \ ^ 

gual angles proportionals (VI. Def, 1). 
'herefore the figures A and B are each, oi ^teca. ^swMWSi^jikjax \.^ *^Js^ 
^are C, and have the sides about t\ie\x ec^vxsl wi^^*?^ ^to^^J^^^^^ai* 
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Wherefore the rectOineal figures A and B are e^uiangxilar (L Aap^ 1), 
and have their sides about the equal angles proportionals (V. 11). Thsre- 
fore the fignre A is similar to the figure B (YI. 3ef. 1). TheieSbre, 
rectilineal figures, &c. Q. E. D. 

As it is inflnnd at onoe £rom Prop. lY. of this Book, that eqnisngiilar triangltt 
are similar ; and that triangles which are similar to the some triangle aresimilar 
to <Hie another ; it is plain that this proposition Tellers entirely to the case of 
similar qaadrilBteral figmrea, and polygons or rectilinear figures of more sides 
than fimr. The ilgnses, thereftire, instead of twing triangles, should haye been 
polygons. 

FBOP. XXIL TMEOKSM. 

Jfftmr straight knes be propwtionabt the nrnUar rwUlmedl figui^i similarlji 
described vpon ihemj are proportionals; and conversely, if the mmbsr 
rectilineal figures similarly described upon /imr straight Unes be profor' 
tionals, these straight Knes are proportionals. 

First, let the four straight lines AB, CD, EF, and G H, be prop<n> 
tionals, that ia, AB to CD, as EF to G H; upon AB and CD let the 
similar rectiHiieal figures £. A B and L C D be similarly described ; and 
upon E F and O H, the similar rectilineal ^^es M F and N H similarly 
described. The rectilineal fi^es X AB, L CD, M F, and N H are also 
proportumak, that is, £. AB is to LCD, as MF is to NH. 

To the straight lines AB and CD, find a third proportional X 

K M 



A BCD B F^H PB 

(YI. 11) ; and to the straight lines E F and G H a third proportional 0. 

Because AB is to CD, as EF to GH, and CD ia to X as GH is to 
(V. 11). Therefore, ex aemiaU, A B is to X as E F is to O (V. 221 But 
A B is to X, as the recuLineal figure K A B is to the rectilineal figure 
L CD (Vr. 20, Cor. 2) ; and E F is to O, as the rectilineal figure M F is 
to the rectilineal ^suxe N H. Therefore, the rectilineal figure K A B is 
to the rectilineal &ure L C D, as the rectilineal figure M F is to the 
rectilineal figure NH (V. 11). 

Secondly, \Qi the rectilineal figures K A B, LCD, MF, and NH be 
proportionals. The straight lines AB, CD, EF, and GH are also 
proportionals. 

To the straight lines AB, CD, and EF, find a fourth proportional 
PR? that is, make as AB is to CD, so EF to PR fVL 12). Upon PR 
describe the rectilineal figure S R, similar and similarly situated to either 
of the figures MF or NH (VL 18). 

Because AB is to CD, asEF is toPR {Const,), and on AB and 

C D are described similar and similarly situated rectilineal figures K AB 

and LCD {Hyp,), and on E F and P R the similar and similarly situated 

rectilineal fiffures MF and SR {Const,), Therefore the rectilineal 

figures KAS, LCD, MF, and SR, are proportionalB ; that is, XAB 

i8toLCD,a8MF istoSR. But E.AB is toLCD as MF is toNH 

(Sj(p,), Therefore, M F has the same xa^o \o ew3cL c?L ^^ T^xJc^^aoAfll 

^gurea NH and SB. Wherefore they «a» ec^tiX \o cwScL^Siosst^^'^^^ 
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aiid they are similar and similarly situated (^Const), Therefore the 
gfaight line G H is equal to the straight line P R (VI. 20, Cor. 7). 
BecsBoie AB is to CD, as EF is to PR, and PR is equal to GH. 
Therefore AB is to CD, as EF is to G H (V. 7). Q. E. D. 

CoroOary. — If any number of straight lines be continnal proportionals, the similar 
TCotilhiieal flgoNB abnilariy described iipon them, are alsoi^ntinaal psoportionals ; 
and cpwur ifl ^r. 

PROP. XXm. THEOREM. 

tMfufar paraUelogramt hme to one another the ratio which u confounded 

of the ratios of their sides 

Let AC and CF be equiangular parallelograms, haying the angle 
BCD equal to the angle EC G. The ratio of the parallelogram A C to 
the parallelogram CF, is the same with the ratio which is compounded 
of the ratios of their sides. 

Place B C and C G in a straight line ; and D C and 
C £ flhaU also be in a straight line (I. 14). Complete 
the parallelogram D G (L 31). Take any straight line 
K, and find L a fourth proportional to & C, C G, and 
K (VI. 12)i and M a fourth proportional to D C, CE, 
andli. 

Because the ratios of K to L, .and L to M, are the 
aanifi with the ratios of the sides ; that is, of B C to C G, 
and DC to C:E {Const): but the ratio of £ to M is 
that whidi is said to be compounded of the ratios of X to L, and L to 
M (V. Drf. A). Therefore K has to M the ratio compounded of the 
Tatioa of the sides. Because B C is to C G^ as the parallelogram A C is 
to the parallelogram C H (VI. 1). Bat B C is to CG, as K is to L 
{Const), Therefore K is to L, as the parallelogram AC is to the 
paxallelogram CH (V. 11). Again, because DC is to CE, as the 
paialLeloeram CH is to the parallelogram C F (VI. 1). But D C is to 
CE, as L is to M {Const). Therefore L is to M, as tie parallelogram 
C H is to the parallelogram CF (V. 11). Wherefore, ex (Bqualij K is to 
M, as the parallelogram A C is to the parallelogram C F (V. 22). But K 
has to M the ratio which is compounded of the ratios of the sides. 
i^erefore also the parallelogram A C has to the parallelogram C F, the 
ratio which is compounded of the ratios of the sides. Wherefore, equi- 
angular parallelograms, &c. Q. E. D. 

Othgrwke. — Because there are three parallelograms AC, C H, and C F. The first 
A C has to the third C F the ratio which is compounded of the ratio of the first 
A G to the second C H, and of the ratio of the second C H to the third C F 
(V. Def. A). But AC is to C H, as B C is to C G ; and C H is to C F, as C D is 
to C E (Yl. 1) . Thereibre A C has to C F the ratio which is compounded of the 
ratios which are the same with the ratios of the sides. 

OordlkBry 1. — Triangles which have an angle of the one equal to an angle of the 
other, are to one another as the rectangles contained by the aides about those 
angles. 

Corollary 2. — Equiangular parallelograms are to ene another as the rectangles 
contained by their adjacent sides. 

€broaarv S.^-Eqaiangnlax triangles and partt\l€\o)gns&a «x^ \n oi^fc «NaNS«t ^^*^SeA 
Toatmagles con tnbied by their bases and alUtvauea* 
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PROP. XXIV. THEOREM. 

Parallelograms ahotU the diagonal of any parallelogram, are similar to 

the whole, and to one another. 

Let BD be a parallelogram, of which the diameter is AC; and 
£ G and H K parallelograms about the diagonal. The parallelograms 
EG and HK are similar to tiie whole parallelogram BD, and to 
each other. 

Because D C and G F are parallels, the angle ADC 
is equal to the angle A G F f I. 29). Because B C and 
E F are parallels, the angle A B C is equal to the angle 
A E F. Because each of the angles BCD and E F G 
is equal to the opposite angle DAB {I. 34). There- 
fore they are equal to one another. Wherefore the 
parallelograms B D and E G, are equiangular. 
Because the angle AB C is equal to the angle AEF, and the angle BAG 
common to the two triangles B A C and E A F, they are equiangular to 
one another. Therefore A B is to B C, as A E is to E F (VI. 4). Because 
the opposite sides of parallelograms are equal to one another (I. 34). 
ThereforeABistoAD, asAEistoAG(V. 7); DC to CB, as GF to 
FE; and CD toD A, as FG to G A. Therefore the sides of the paraUdo- 
grams B D and E G about the equal angles are proportionals; and 
they are similar to one another (Vl. Def. 1). For the same reason, 
the parallelogram BD is similar to the parallelogram HK. Be- 
cause each of uie parallelograms G E and K H is similar to the parallelo- 
gram DB; and rectilineal figures which are similar to the same 
rectilineal figure are similar to one another (VI. 21). Therefore the 
parallelogram GEis similar to the parallelogram KH. Wherefore, 
parallelograms, &c. Q. E. D. 

Exercise, — ^Prore from this proposition and the XlVth of this Book, that the com- 
plements of the parallelograms abont the diagonal of any parallelogram are 
equal (I. 48). 

PROP. XXV. PROBLEM. 

To describe a rectilineal ^ure similar to one given rectilineal figure, and 

equal to another given rectilineal figure* 

Let A B C be one given rectilineal figure, and D another given recti- 
lineal figure. It is required to describe a rectilineal figure similar to the 
rectilineal figure ABC, and equal to 
the rectilineal figure D. 

Upon the straight line B C, describe 
the parallelogram BE equal to the 
figure ABC (I. 45. Cor.). To the 
straight line CE, apply the parallelo- 
gram C M equal to D (I. 45. Cor,), and 
having ^e angle FCE equal to the 
angle CBL, Because these angles 
rr%^(?^^' -SC^ and CF are in a straight Ame, ^ ;x\so \.^ ^^"^^ , 
i-i. ^9. and L 1 4). Between B C and C "F fin^ a. m<ewi YCQ^orcNj^iawaiL ^"^ 
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(VI. 13). upon G H describe the rectilineal figure £ G H similar and 
similarly sitimted to the figure ABC (VL 18). 

Because BGistoGH, asGHis CF; and if three straight lines be 
proportionals, as the first is to the third, so is the figure described upon 
the first to the similar and similarly described figure upon the second 
(VL 20, On-. 2). Therefore B C is to CF, as the rectilineal figure ABC 
u to tiie rectilineal fig^e K G H. But B C is to C F, as the parallelo- 
gram B E is to the parallelogram E F (VI. 1). Therefore the rectilineal 
fignre A B C is to the rectilineal figure K G H, as the parallelogram B E 
is to the parallelogram E F (V. 11). But the rectilineal figiire AB C is 
^ual to me parallelogram BE {Const). Therefore the rectilineal figure 
KTG H is equal to the parallelogram E F (V. 14). But the parallelogram 
£F is equal to the rectiHuesI figure D {Const). Therefore also the 
rectilineal figure K G H is equal to the rectilineal figure D ; and it is 
similar to the rectilineal figure ABC. Therefore the rectilineal figure 
KGH has been described similar to the rectilineal figure ABC, and 
equal to the rectilineal figure D. Q. E. F. 

Hie general propositioii intended here maj be enunciated in the following terms : 
To oonstmct a rectilineal figure of given species and magnitude. The construc- 
tion amounts to this : On the side ^ the figure gioen in species construct an equal 
rectangle, and on one side of this rectangle construct another rectangle equal to 
the>^^iire given in magnitude. The sides of these figures being placed in the same 
straight line, and a mean proportional between them being found, will give the 
dde of the figure required. By this proposition, while a superficies may be pre- 
serred as to quantity, its form may be changed. 

PROP. XXVI. THEOREM. 

^ two similar paraUehgrmns have a common angle, and he similarly 

situated: they are about the same diagonal. 

Let the parallelograms B D and E G be similar and similarly situated, 
and have the angle DAB common. Th^ are about the same diagonal. 

For, if not, let, if possible, the parallelogram B D 
have its diasoncd ALC in a different straight line 
firom AF, me dis^nal of the parallelogram EG. 
Let GF meet ALC in L. Through L draw LK 
pnraUeltoADorBC. 

Because the parallelograms B D and K G are about 
the same diagonal, they are similar to one another 
(VI. 24). ThereforeDAistoAB, asGAis to AK 
(VL Def, 1). Because B D and E G are similar parallelograms (Hyp.), 
DAisto AB, asGAistoAE. Therefore, G A is to AE, as G A is to 
AK (V. 11). Because G A has the same ratio to each of the straight 
Unes AE and AK. Therefore, AK is equal to AE (V. 9); the less to 
the greater, which is impossible. Therefore the parallelogram BD 
cannot have its diagonal m ALC a different straight line from A F. 
Wherefore BD and EG are about the same diameter AFC. There- 
fore, if two similar, &c. Q. E. D. 

Ibis proposition is a sort of oonverse of Prop. XXIV. of this Book, and Fropr 
XXY. seems to be awkwardly placed between them. 
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PROP. XXVIL THEOREM. 

Of all the parallelograms interiiedih a triangle so as to have one of tkeangkt 
at the base oommon to thmn. ally the greatest U that deseribed e» half 
the base. 

Let A B C be a triangle, haying its base B C bisected in D. Let BE 
and B H be parallelograms inscribed in it, so as to have the angle ABC 
of the triangle common to both. The parallelogram B E described on 
B D half the base, is greater than B H, 

Complete the parallelogram B L, and prodnoe Q H to "^ 
M, andKHtoN. 

Because B D is equal to D C (JB^.), the parallelogram 
B E is equal to the parallelogram D L, and the parauelo- 
gram B O to the parallelogram D N (I. S&j. Because 
1) L is a parallelogram and E C its diiagonal, the comple- 
ment DH is equal to the complement HL (1.43). 
Adding equals to equals, the parallelogram BK is 
equal to the gnomon DNM (L Ax, 2). But the 
pflurallelogram D L is greater than the gnomon DNM _ 

(I. Ax. ^). Therefore the paraflelogram B E is greater g, i> g C 
tiian the gnomon DKM, But the parallelogram BH 
has been proved eqpaX to the gnomon* D K M. Thecefora the pajrallelo- 
gram B E is greater than the pavallelogram BH. In the same manner, 
it may be uiown that the paraUielogram B B described on half the 
base be, is greater than any other parallelogram described on a 
segment greater or less than half tiie base. Therefore, of all the paral- 
lelograms, &c. Q. E. I>. 

ChroHlary.^lf.Ga. the t;wo augments of a giTen straight line B C, two panllelogiBini 
of the same altitude be desoribed, tIz. B BE and O N, and one of them G N be 
similar to a given parallelogram O 31 or D L, the other parallelogram will bo 
thfl greatest possible when the segments of the given stmigbt line are eqpaL 

PROP. XXVni. PBOBLITM. 

To divide a given, straight line i/nio two parts such that of the twoparaUelo' 
grams Juiving the same altitude described upon them, one may 
he similar to a given paraUelogr,am^ and the other equal to a given 
rectilineal figure not greater than a paraUehgranif similar- to the 
given paraUeloaramt described on. half (rf' the given straight line (YL 
27, Cor,). 

Let A B be the giyen straight line, D the given paraUelogram, and C 
the given rectilineal figure. It is required to divide A B into two parts, 
such that of the two parallelograms having the same altitude described 
upon them, one may be similar to D, and the other equal to 0, which must 
not be greater than a paralleloffram similar to D, described on half efi 
A B (VI. 27, (kr.). 



Bisect AB at E (I. 10)i 



H. G OF 



and upon EB describe the \ K \\ ^ ^ 

parallelogram EF similar \ x\\\pL /\ \ \ r-. 

And fiimilaxiy situated to J> ^ \ \ ^ X c\ \ \ ^ 
(VL 18), Complete the a. B fe ^ K ly 

parallelogram AF. Then the 

parallelogram A G which is equal to ^e T|jaE«X\fe\Q^^m "£.^ ^.^i^\8. 
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m&usr equal to the rectilineal figure 0, or greater than it {Syp*). If the 
pualielogram A G, is equal to tiie rectilineal figure C, what was required 
18 done; for the stitdglit line AB is divided into two parts at£, such 
that of the two parallelograms A G and £ F of tiie same altitude, des- 
csribed upon them one £ F is similar to the given parallelogram I), and 
the other A G is equal to the given recti^neal figure C, which is not 
Breater than the parallelogram £F similar to the given parallelogram 
ly, and described on £ B, half the given straight line. 

But if the parallelogiam A G is greater than the rectilineal figure C, 
the parallelognun £ F is also greater than it. Describe the paraUelo- 
gram KM equal to the excess ol £ F above C, and similar and similarly 
atnatedto the mrallelogram D (VI. 25). Because £F and KM are 
each omilar to £> ( Const). Therefore £ F is similar to K M (VI. 21), 
and greater than it (Const), Wherefore the sides £G and Qr of the 
paxaUelogram £F, are each mater than their homolegous sides KL 
and L M of the parallielogram. K M. From G £, cut off G X equal to 
LK (L 3) ; and from GF, eut off GO equal to LM. Complete the 
parallelogram OX (L31), and OX is equal and smiilar to K M. But 
^M is smiilar to £F (Const). Therefore O X is similar to £F, and it 
is similarly situated. Therefore O X and £F are abont tha same diagonal 
GB(VL26). Frodnce XP to R, and O P to S. The straight line A B 
IB diioded at S, as required. 

Because £ F is eqcml to C and K M together (Ctmst), But X O has 
been proved equal to K M. Therefore the remainder tne gnomon £ B O 
is equal to the remainder C (L Ax. 3). But it may be shown, as in. the 
last proposition, that the parallelogram T S is equal to the gnomon 
EBO. llierefbre T S is equal to C. Also S B is sunilaff to D ( VI. 24). 
ThireloTe the straight line AB is divided into two parts at S, sucn 
tbat of the two parallelograms T S and S R having the same altitude 
described upon them, one S R is similar to the given parallelogram D, 
and the other T S is equal to C, a given rectilineal figure not greater than 
a parallelogram £ F similar to me given parallelogram D, described on 
E B half of the given straight line A B. Q. £. F. 

PROP. XSIIX. PROBLEM. 

To produce a given struight line so that of the two parallelograms of the same 
cUtitude described on the whole line thus produced and on the pari produced ^ 
the one on the part produced may be similar io a given parallelogram, and 
iJ^e other on the whole produced equal to a given rectilineal Jigure. 

Let A B be the given straight line, D the given parallelogram, and C 
the given rectilineal figure. It is required to produce A B, so that of the 
two parallelograms ot the same altitude described on the whole of A B 
produced and on the part produced, the one on the part produced mar 
be similar to D, and the other on the whole produced may be equal to C. 

Bisect AB at £ (L 10), and upon£B describe the parallelogram 
EL similar and similarly situated to D (VL 18). Make the jaraUel- 
ogram GH equal to EL and C together, and similar and similarly 
sftuated to D (VL 25). Because GH is similar t» EL (YL ^V 
and greater than it (Const). Tbexeiote ^3afi ?afij» ^"^ ^^Sl^^^^*^^ 
panllelograjm GH, are greater thoa tYuB \u5tftsJUasfiw» ^Asa^^^ «^ 



vl. 
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FL of the parallelogram E L. Produce FL and FE, and make f* 
equal to K H, and F N to K G (I. 3). Complete the parallelogram 
(L 31). MN is equal and similar to GH 
i Const,). But G H is similar to EL. There- 
fore M N is similar to E L. Wherefore E L 
and MN are about the same diagonal FX. 
Produce LB to P, and AB to O. The 
straight line A B is produced to O as required 
(IV. 26). 

Because GH is equal to EL and C 
together^ and GH is equal to MN (Const), 
Therefore M N is equal to EL and C (I. Ax. 
1), From these equals, take awa^ the 
common part E L. Inerefore the remainder, 
the gnomon N O L, is equal to C (I. Ax. 3). Because A E is equal to 
E B, the parallelogram A N is equal to the parallelogram N B (I. 86) ; 
that is, to BM (L 43). To these equals add NO. Therefore the 
parallelogram A X is equal to the gnomon N O L (L Ax. 2). But the 
gnomon N O L has been proved equal to C. Therefore also A X is equal 
to C, and P O is similar to D (VI. 24). Wherefore the given straight 
line A B has been produced^ so that of the two parallelograms A X and 
P O, of the same altitude described on the whole A O thus produced, and 
on tiie part B O produced, the one P O on the part produced is similar 
to tiie ^ven parallelogram D, and the other A X on the whole produced 
is equal to the given rectilineal figure C. Q. E. F. 

The three precedhig propositioDS are essentiallj the same as Euclid's three propo- 
eitions usually given, but the enunciations are very different indeed. The 
phraseology of Euclid's enunciations is very difficult for a learner to understand, 
oa. account of its obscure technicality ; and it was therefore deemed adviseable 
to present these propositions in an improved and intelli^ble form. This will 
account for the striking apparent difference, in this respect, between the old 
editions of Euclid and the present. 



PROP. XXX. PROBLEM. 

To cut a giwn straight line in extreme and mean ratio. 

Let AB be the given straight line. It is required to cut it in extreme 
and mean ratio. 

Upon A B describe the square B C (L 46), and produce A C to G, so 
that A D described on the part produced may be a square 
similar to B C, and C D a rectangle equal to B C (VI. 29). '^ "^ 

Because B C is equal to C D, and the part C E common 
to both. From each take C E, and the remainder B F is 

equal to the reniainder A D (I. Ax. 3). Because B F and A [ p-j u 

KD are equiangular {Const.) and equal. Therefore 
fheir sides about the equal angles at E are reciprocally 
proportional (VL 14). Wherefore FEistoED, asAE 
htoBB. But FE is equal to AC (L 34), that is, to q ^ k 
AB (De/.SO); and ED is equal to X'E. TVi^T^iat^^ 
JBA iy ^ A^, as A E is to E B. But A.^ \b ^sce^-tiet Vliajwi K.1^ V!Com\.\ 
nerefore AB U greater than EB (V. l^V \I\i!eteXsst^ ^^ ^Nx^vgaJs. 





E 




A 



Book vi. pbop. xxxt. 14C. 

hie AB is cat in extreme and mean ratio at the point E (VI. Def. 3). 

Otherwise. — ^Let AB be the given straight line. It is required to 
nt it in extreme and mean ratio. 

Divide A B at the point C, so that the rectangle 

ontained by AB and BC, may be equal to Sie A C B 

qoareof AC(n. 11). 

Because the rectangle A B.B C is equal to the square of A C. There- 
rare B A is to AC, as AC is to CB (VI. 17). Wherefore AB is cut in 
xtreme and mean ratio at C (VI. Def, 3). Q. E. F. 

ConXUary I.— If a straight line be dirided in extreme and mean ratio, and a part 
be cut qS firom the greater segment equal to the less, the greater segment Is 
also divided in extreme and mean ratio; and by continning this process, the 
division into extreme and mean ratio may be carried on to infinity, the parts 
oontinoally growing smaller. 

CoroOary 2.— If a straight line be divided in extreme and mean ratio, and if it be 
produced until tiie part produced be equal to the greater segment, the whole 
line thus produced is also divided in extreme and mean ratio; and by continuing 
this process, the division into extreme and mean ratio may also be carried on to 
infinity, the parts continually growing larger. 

OoroUary 8.— If the hypotenuse of a right-angled triangle be divided in extreme 
and mean ratio, by the perpendicular drawn to it from the right angle ; the 
less side of the triangle is equal to the greater segment of the hypotenuse ; and 
eofwersely. 

PROP. XXXI. THEOREM, s 

It right-angled iriangkst the rectilineal figure described upon the side opposite 
to the right angle is equal to the similar and similarly described rectilineal 
figures igpon the sides containing the right angle. 

Let A B C be a right-angled triangle, having the right angle B A C. 
!lie rectilineal figure described upon B C is equal to the similar and 
imilarly described figures upon B A and A C; 

Draw the perpendicular A D (I. 12). 

Because in the right-angled triangle A B C, A D is drawn from the 
ight angle at A perpendicular to the base B C, the triangles A B D and 
lDC are similar to uie whole triangle ABC, and to 
ne another (VI. 8). Because the triangle A B C is 
imilar to A D B. Therefore C B is to B A, as B A is 
D B D (Vl. 4), Because these three straight lines 
re proportionals, the first is to the thirdi as the 
^^ure described upon the first is to the similar and 
imilarly described figure upon the second (VI. 20, 
Tor. 2). Therefore CB is to BD, as the figure described upon CB is 
3 tiie similar and similarly described fig:ure upon BA. Wherefore, 
iversely, D B is to B C, as the figure described upon B A is to that 
escribed upon B C (V. B). For the same reason, DC is to C B, as 
he figure described upon C A is to that described upon CB. Therefore 
JD and D C together are to B C, as the figures described upon B A 
nd AC together are to that described upon BC (V. 24). But BD and 
) C tog;ether are equal to B C (I. Ax, 9). Therefot^ ^<& ^^osl^ dssasofeftA. 
3 BCia equal to the similar and simiiaiVj ^^^cr^^^'g^ia^'^ o^'^K^ssSw 
C^cy.A). Wherefore, in right-angled tn»3i^'^^,&^^« ^,^*v>. 
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The celebrated Fjtii«gwetn theorem, the 47th ptapaettiaa of the fiiet Book,l8«ily 
a particular case of this proposition, namely, when the similar and simlUud^ 
described figures are squares. Here, then, is an additional and indepeiMl«nt 
demonstration or confirmation of that proposition. 

PROP. XXXn. THEOKEM. 

If tuH) triangles, which have tvfo sides of the one proportional to two tides irfikt 
other f be jolted at one angk, soeuto have their homologous tides panUUl to 
one another and proceeding from their oertices in the same direction; tie 
remaining sides shall be in the same straight Hne, 

Let ABC and D C E be two triangles which have tibe two sides B A 
and A C proportioned to tilietwo sides B and D E ; tint is, B A to AC, 
as CD to DE. Also let A B be parallel to D C, and A C to D E. The 
*^maining sides B C and C E shaU l)e in the same straight line. 

Because A B is parallel to D C, and the straight line A C meets them 
the alternate angles B A C and A C D are e^usd (L 
29). For the same reason, the angle C D E is equal 
to the angle A CD. TheieforeBACiseqnaltoCDB 
(I. Ax, 1). Because the triangles ABC and D C E 
have the angle at A equal to the angle at D, and the 
sides about these angles proportionals, that is, B A 
to AC, as CD to DE {Syp^ Therefore the triangle b c e 

A B C is equiangular to D CJE (VI. 6) ; and the angle 
A B C is equal to the an^e D C E. But the angle B A C was proved to 
be equal to A C D. Therefore the whole angle A C E is equal to the 
two angles ABC and B A C (I. Ax, 2). To esbeh of these equals add tiie 
common angle A C B. Therefore the i:wo angles ACE and A C B are 
equal to the three angles ABC, B A C and A CB (I. Ax, 2). But the 
three angles A B C, B A C and A CB are equal to two right angles (1. 82). 
Therefore the two angles ACE and A C B are equal to two right angles 
(I. Ax, 1). Because at the point C, in the straight line A C, the two 
straight lines B C and C E on the ^>posite sides of it, make the adjacent 
angles ACE and A C B equal to two right ang^Lss. Therefore B C and 
CE are in the same straight line (I. li). WhereSore, if two triangles, 
which have two sides of the one proportionalf &c. Q. E. D. 

Dr. Simson has giyoi the fbUoiving demontftrstion of this proposition in Us notes t 
Let A E F, and F H C («M fig. to th« 24th p ropos t tton of this Book), be the 
triangles placed as required. J>raw C K paraUel t» F H (I. 81), anil let It meet 
E F produced in K. 

Because A E and K C are each parallel to F H {Const, and Byp,)^ they axe 
parallel to each other (I. 30). Therefbre the alternate angles A E F and F KO 
are equal, and AE is to EFasFH is to HC, that is, as CK to KF, 
Wherefore the triangles AEF, and GKF are eqniangalar (TI. 6), and the 
angle A F £ is eqnal to the angle OF K. Bvt E F K is a straight line iCond,) 
Therefore AF and F G are in the saws 8ftBa%ht iinfi QL 14). Q. £. D. 

PEOF. XXXIIL THEOREM. 

In equal eirdeSf the angles, either at the centres or the dreuntfereneeSf have the 
same ratio to one another, as the ores on which they stand, so also have U^ 

Let ABC and. DBF be eqoal wrcteB\ «iiii\fc\.^Qt^^8s^^^^\fc 
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anglfiB at their centres, and 6 AC and SDF angles at their circom- 
jBBnees. The an BC is to the arc E F, as the angle B G C is to the 
my'- £HF ; and as the azj^le BAG is to the angle EBF. Also, the 
«re BG ia to the ere EF, as weaector BQG is to the sector EHF. 

Take ainr nmnher of arcs GX and E. L, 
.aEKdi BQual to B C ; and any numher F M 
and MK, each eqnal to EF. Join GK, 
eX^SMondHN. 

Beoanfle the aics BG, CK and KL 
an all eqaal, the angles BGG, CGK end 
KQXi ore also all eqnal (111.27). Then)- 
fioare what mnltiple soever the arc B L 
ia af the arc BG, the same mnlti^e 

IB the angle BGL of the angle BGG. For the same reason, 'whatever 
multiple the are EN is of the arc EF, the same mnltiple is the 
jucHfeEHNof theasffle EHF. If the arc BL be eqnal to the arc 
EN, the angle BGL is eqnal to the angle EHN (III. 27) ; if the arc 
B L be aae^der than the arc E N, the angle B G L is greater than the 
angle E H N ; and if less, less. But there,^ fonr magnitudes, the two 
arcs BG and EF, and the two angles BGG and EHF; and of the arc 
BG, and the angle BGG, have been taken any eqnimnltiples whatever, 
viz., {he are BL, and the an^e BGL ; tend of the tcrc EF, and of the 
ang^ EHF, any eqaimnltiples whatev^, -viz., the arc E N, and the 
aai^e EHN. And it has been proved, that if the arc B L be greater 
thui the arc E N ; the angle B G L is greater than the anffle E H N. 
if eqnal, eqaal^ and if less, less. Therefore the arc B G is to tiae arc EF, 
as the ongte BGG is to the angle E HF (V. JDef. 5). But the angle 
B GXI is to the angle EHF, as the angle BAG is to the angle EDF 
(V. 16) ; each being double of each (111. 20). Therefore the arc B G is 
to the arc EF, as the angle BGO is to the angle EHF; and as the 
8i^» BAG is to the angle EDF. 

Next, tibe arc B G is to the arc E F. as the seotor B G G is to the sector 
EHF. 

Join B G and C K ; and in the arcs B G and G K. take any points X 
and O. Join BX,XG, GO and OX. 
Beoanse in the triangles G B G and 
G G K, the two sides B G and G G are 
equal to the two sides G G and G X, 
eaich to each, and they eontain equal 
angles (Const). Therefore the base 
BG is equal to the base GX (I. 4), 
and the triangle G B G to the tnaagle 
G G X. Because the arc B G is equal 
to the arc G X, the remaiinng part of the whole circumference of the 
circle A B G, is equal to Ihe remaining part of the whole circumference 
of the same circle (I. Ax, 8). Therefore the angle B X G is equal to the 
angieGOX (in. 27). Whereftnre the segment BXG is similar to the 
aegment GOX (IIL Def. 11). But they are upon equal straight lines, 
B C and G X ; and similar se^nnents of circles n^n eo^v&al ^tx^*^^ ^isic^ 
«ra equal to one another (III. 24"). Tbet^iotfe A2c\fc ^^csieo}i. y^"^^ Na 
eqnal to the segmmt COX. But the triflJv^<Ei ^ Oi^ ^^ ^^^-^^^^a"^ 
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equal to the triangle C G K. Therefore the whole, the sector B G C, 
equal to the whole, the sector C G K.. For the same reason, the sect 
!^G L is equal to each of the sectors B G C and C G K. In the sar 



manner, the sectors E H F, F H M and M H N may be proved equal 
one another. Therefore, what multiple soever the arc B L is of the 
B C, the same multiple is the sector fi G L of the sector B G C. For 
same reason, whatever multiple the arc £ N is of the arc E F, the saxraae 
multiple is the sector EHN of the sector EHF. If the arc BL Tje 
equal to the arc E N, the sector B GL is equal to the sector EHN; if 
the arc B L be greater than the arc EN, the sector B GL is greater iikJBn 
the sector EHN; and if less, less. But there are four magnitudes, the 
two arcs B C and E F, and the two sectors B G C and EHF; and of the 
arc B C and the sector B G C, the arc B L and the sector B G L are anj 
equimultiples whatever ; and of the arc E F and the sector E H F, the 
arc EN and the sector EHN are any equimultiples whatever. Audit 
has been proved, that if the arc BL be j^reater than the arc EN, the 
sector BGL is greater than the sector EHN; if equal, equal; and if 
less, less. Therefore, the arc B C is to the arc E F, as the sector B G C 
is to the sector EHF (V. Def, 6). Wherefore, in equal circles, &c. 

a E. D. 

OoroUary 1. — ^In the same circle, the angles, either at the centres or circnmferenoes, 
are to one anotiier, as the arcs on which they stand ; so also are the sectors. 

CoroUary 2. — In the same circle, any angle is to a right angle, as the arc on which 
it stands is to a quadrant; and any angle is to four right angles, as the are on 
which it stands is to the whole circnmference. 

The following propositions, marked B, C, and D, were added to this Book 
by Dr. Simson, because they are frequently made use of by geometers. 

• 

PROP. B, THEOREM 

If any angle of a triangle he bisected by a straight line which likewise cuts 
the base ; the rectangle contained by the sides of the triangle is equal 
to the rectangle contained by the segments of the base, together with 
the sqiMre of the straight line which bisects the angle. 

Let ABC be a triangle, and let the angle B A C be bisected by tiie 
strairfit line AD. The rectangle BA.AC is equal to the rectangle 
B D.D C, together with the square of A D. 

Describe the circle A C B about the triangle (TV. 6). 
Produce AD to meet the circumference m E, and 
join E C. 

Because the angle B AD is equal to the an&^le CAE 
{JlyP'); and the angle ABD to the angle AEC 
(UI. 21), for they are in the same segment. There- 
fore the triangles ABD and A E C are equiangular 
to one another (I. 32) ; and B A is to AD, as E A is 
to A C (VI. 4). But the rectangle B A. A C is equal * 

to the rectangle EA.AD (VI. 16); that is, to the rectangle ED.D A, 
together with the square of AD (H. 3). Because the rectangle E D.D A 
is egual to the rectangle B D.D C QII. 35). Therefore the rectangle 
^A,A Cia equal to the rectangle B "U.D C, togeVliaftT ^\Jdl ^<a ^o^^^ ^ 
A D (L Ax. 1). Wherefore, if an angle, &c, Cl. 1E», T> , 
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^fjrwm mof WM§1e of a triamgle a straight line be drawn ptrpendiemlar to the 
Aoe; tie rectangle contained ig the ndet rf the triangle ie fQual to the 
teetaffe contained bg the perpendicular and the diameter qf the eirde 
dmeri^td abomi the triangle, 

I^et AB C be a triangle, and A D the perpendicular dravrn from the 
angle A to the base B G. The rectangle d A. A C is equal to the rect- 
angle oaatftined by A D and the diameter of the 
drcle described abont the triangle. 

Describe the circle A C B abont the triangle (IV. 
S) ; draw the diameter AE, and join E C. 

Because the right angle BDA is equal to the 
angle £X/ A in a semicircle (HE. 31) ; and the anffle 
AB D to the angle AE C in the same segment (Ul. 
21). Therefore the triangles A B D and AE C are 
CTniangnlar, and B A is to AD, as E A is to AC 
(VL 4). Wherefore the rectangle BAAC is equal to the rectangle 
£ AJl B (VI. 16). Therefore, if from any angle, &o. Q. £. D. 

PROP. D. THEOREM. 

The rectangle contained hg the diagonals of a quadrilateral figure inscribed m a 
ctrde, is equal to both the rectangles contained by its opposite sides. 

Let A B CD be any quadrilateral figure inscribed in a circle, and A C 
and B D its diagonals. The rectangle A C.B D is equal to the two rect- 
angles A B.C D, and A D.B C. 

Make the angle ABE equal to the angle D B C 
(I. 23). Because the angle ABE is equal to the 
angle D B C. To each of i^ese equals add the common 
angle E B D. Therefore the angle A B D is equal to 
the angle E B C. But the angle B D A is equal to the 
angle B C E, because they are in the same segment 
(III. 21). Therefore the triangle AB D is equiangular 
to the triangle BCE; andBCisto CE,as BD isto 
D A (VI. 4). Wherefore the rectangle B C.A D is equal to the rect- 
angle B D.C E (VI. 16). 

Again, because the an^e A B E is equal to the angle D B C, and the 
angle B A E to the angle B D C (HI. 21). Therefore the triangle A B E is 
equiangular to the triangle BCD; and BAistoAE, as BDis to DC. 
Wherefore the rectangle BA.DC is equal to the rectangle BD.AE. 
b t the rectangle B C.A D has been shown to be equal to the rectangle 
B D.C E. Therefore the rectangles B C.A D and B A.D C are together 

XI (I. Ax, 2) to the rectangles B D.C E and BD.AE, that is, to the 
le rectangle B D. A C. llierefore the whole rectangle AC.Bl) is 
equal to the two rectangles A BJ) C, and A D.B C (U. 1). Therefore 
the rectangle, &c. Q. E. D. 

CoroQary. — The sum of the chords drawn from the extremitiet of any arc of a drole 
to anj point in the remaining part of the chxmmference, is to the chord drawn 
from the middle of the arc to the same point, as the chord of tbA ^b»\A «s<&UtA 
the chord of half the arc. 

Tbia Proposition P is a Lemma ot CL ¥\o\em»0A, V^VMB^ ^ ^"^^^ "^v<<^*^ 
Z^a^if, or " Great CScmstmetion.'' 




BOOK XI. 

DEFINITIOXS. 

X 

A SOLID is that whkii hath knrg^, breadth, and ihidmefin. 

A solid ia extension in anjr three direotknB, nnlfiimi or taMatle ; jmd rtdotlr 
speaking, signifies a deflaite fortioi of spooe. 

XL 

That which bounds a solid is m soferfims or «or&ce. 
This deAnition simply signiflsi thst ttw tevBdaites-of iolidf lie mafmxs, 

in. 

A straight line is perperndLcalair, or ttt right angies, to a plane, v^en 
it makes ugfat angles vrid& «Tery straight line ineeting it in that pUne. 

IV. 1 

I 
A plane is perpendicidar to a plane, when the straight lines drawn in ! 

one of the uhmes perpendicnlar to the common section of the two planes, | 

are perpendicnlar to the other plane. 

The common aectUm of two planes Is the ^e in which the oae cuts the other, 
when tib«y istensect or tross each otiier. 

V. 

The inclination of a straight Irne %o a '^k»e, is the aente angle con' 

tained by that straight inie, and another drawn itom the point in whicli 

it meets the plane, to tftie point in whkh a perpendicnlar to the ^ane 

drawn from any pooit of the first line mko^e t&e plane, meets tiie same 

plane. 

The meaning of Viife d^iflfion "wlfi be more easDj mtdentood, by conctiving a 
plane to pass Ihxm^ flie •straight Hne, catti&g the pkme at right angles. The 
angle between the etrali^line and ^e oontmoa seetiaa of these pltmes is the 
incMnation of the straight line to the plane. 

VL 

The inclination of one plane to another is the acate angle eontaiaed by 
two strais'ht lines drawn from any point in their common section at 
light angles to it, one u|»on each plane. 

The meaning of tUs defii^oa 'will be bast wadefstood by meoeeiTing a plsae to 
cut both planes «t right angles to their onmrnon section. The angle between 
the comaoa sections of this third plane ^1b the oCher two is their inciinati(m. 

VII. 

Two planes are said to have the same incMnation to one another which 
two oiher pkmes ha/re, when tiieir aaigles txf inclination are eqnaL 

I^arallel planea are such as do not meet ona WiCi^Jaet 'Qdlo^^ ^^^c^^^ass^ 
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The meaning of this definition is tluft that the space between the planes is always 
of the same width. 

IX. 

A soGcl angle is that "wMeh is made by the meeting of more than 
'Vro plane angles in one point, but ^hich are not in liro same piane. 

The term soZul, here applied to an angle, merely indicates that the angle described 
belongs to a sodid figare, or one that has length, breadth, and thiekneaa. A 
solid Angle does not enclose space. The vertex of a solid angle is the point where 
«11 its plane angles meet. 

X. 

Equal and similar solid figures are such as are contained by similar 
planes equal in number, magnitude, and inclination to one another. 

I>r. SimsoA has in his editkm omitted this definition, on the gromd that it is a 
theorem and not a definition. 

XI. 

Similar solid figures are such us have all their solid an^es equcQ, eadi 

tx> eachj and are contained by the same number of planes sinularly 

otuated. * 

The planes containing the solid angles of any solid %are are similar and eimilarly 
litnated to the planes containing the corresponding solid angle in another solid 
figore, only when the yertices of these solid angles being made to coincide, 
and a plane of the one applied to the corresponding plane of the other, the 
remaining planes of the one coincide with the remaining planes of tlie other, 
each to each. 

xn. 

A pyramid is a solid figure contained by planes that are constituted 
letween one plane and a point above it in which they meet. 

▲ pjramid maj be d^ned as the solid figure ftmed by a solid angle and a plane 
faiterseoting all its plane angles at any distance from its vertex. This plane is 
called ^ base of the jpyramid* 

xni. 

A prism is a solid .figure oontained by plane figures, of which two that 
xe opposite, are equals siiular and paoiillel to one another; and thse 
•thecs are parallelogramfi. 

Xhe opposite «gacto«r faess of a piism are gcneodly ealled itsteses-^* althengh the 
term base is nwnptiiaoo applied to any parallelognim on which H; is supposed to 
to stand. The parallelograms are generally called the sides «f the tpagm. 

Fynunids and prisms are called irianitdart quadrangular^ pentagonai, polygonal^ &c., 
aceording as their bases «re tHmglts, quadrangles, pentagonStpolifg&nSf &c. A 
prism is called right, when its sides are rectangles { cUSque, when otherwise. 

XIV. 

A sphere is a solid figure described by the revolution of a semicircle 
iKnit its diameter, whidi remains unmoved. 

▲ sphere may be defined as a solid figure boooded by one sufsce of soch a Idnd 
tiut all straight lines, drawn from a certain point within the solid to its snperftdes, 
are equal to one another. 

XV. 

The axis of a sphere is the fixed straight line about "^hiah. tha «erai» 
heh xevolves, 
AMjr diameter of a sphere may be made, or «asipQenlLte'tA«^VL vs^a 
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XVL 

The centre of a sphere is the some with that of the generating semi 
cirdle. 

Jhicarkdnpoba within fhe spliere, from whioh all the equal straight lixus in 
drawn to the mperfidee, is mlled the centre. 

xvn. 

The diameter of a sphere is any straight line which passes through 
the centre, and is terminated hoth ways hy the superficies of the sphere. 

The straight line drawn from the centre to the superficies of a sphere is called Iti 
radius 

xvm. 

A cone is a solid figure described by the revolution of a right* 
angled triangle about one of the sides containing the right angle, that 
side remaining fixed. 

If the fixed side be equal to the other side containing the right angle, 
the cone is called a right-angled cone ; if it be less tmm the other side, 
an obtuse-angled cone ; and if greater, an acute-angled cone. 

A cone may b« defined as a solid figure bounded by a circle and a superficies 
terminating in a point, of such a kind, that all straight lines drawn in it from 
that point to the circumference of the drole are equal to one another. This point 
is called the tfertex of the cone. 

XIX. 

The axis of a cone is the fixed straight line about which the triangle 
revolves. 

The axis of a cone is the straight line drawn from its yertez to the centre of its bass. 

XX. 

The base of a cone is the circle described by the revolving leg of the 
right angle. 

The base of a cone is the circle which forms one of its boundaries. 

XXI. 

A cylinder is a solid figure described by the revolution of a rec- 
tangle about one of its sides whieh remains fixed. 

A cylinder may be defined as a solid figure bounded by two opposite equal and 
parallel circles, and a superficies of such a land that all straight lines drawn in it 
between their drcumferences parallel to the straight lines joining their centres, 
are equal to one another. 

xxn. 

The axis of a cylinder is the fixed straight line about which the 
rectangle revolves. 

The axis of a cylinder is the straight line which jdns the c^tres of its bases. 

^jxin. 

The bases of a cylinder are the circles described by the two revolving 
opposite sides of the rectangle. 

The ends or bases of a cylinder are the two opposite, equal and parallel cireles 
which form two of its boundaries. 

XXIV. 

Similar cones and cylinders are \:ih.ose "vt^Oq. Yia.^^ \}i[i<&\£ %sfi!& ^x^i^ "^^ 
di^meteiv of their bases proportionalB. 
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A. 

Mopiped 18 a solid figure oontained by six quadrilateral figures^ 
nrery opposite two are parallel. 

Ddoptped 18 a prism of which the bases are panllelognms. If the hasai 
a piirallelopip«d be rectangles, it is called rigMt if otherwise 0&K91M. 

B. 

lednm is any solid figure bounded by plane figures. If these 
res are all egoal and similar, the polyhedron is called reguhr. 

XXV. 

tiedron, or cube is a soUd figure contained by six equal squares, 
is a li^t paralleiopiped of which the sides are squares. 

XXVI. 
ledron is a solid figure contained by four equal and equilateral 

xxvn. 
hedron is a solid figure contained by eight equal and equilateral 

xxvni. 

»hedron is a solid figure contained by twelve equal pentagons 
equilateral and equiangular. 

XXIX. 

ediedron is a solid figure contained by twenty equal and equi* 

ingles. 

9 preceding definitions relate only to the Jhe regular polyhedrcM, or Jkf 
sr bodies, as they are called ; because no greater number than these five can 
. The irr^tdar polyhedrons are innumerable. 

PROP. I. THEOREM. 

't of a straight line cannot he in a plane and another part 

out of it. 

possible, let A B, part of the straight line A B C, be in a plane, 

irt B C be out of it. 

) the straight line A B is in the plane, it can 

3d in the plane (I. Post 1). Let A B be 

to D ; and let any plane be made to pass 

le straight line AD, and turn about AD 

3s through the point C. 

I the points B and C are in this plane, the 

ne Q. Def 7) B C is in it Therefore tiie two straight lines 

. A B D m the same plane, have a common segment A B (L 

which is impossible. Therefore one part of a s&aight line, &o* 

PROP. II. THEOREM. 

ght lines which cut one another are in one plane; and thre§ 
h^ lines which meet one another in three poiuU, ore viw vm *^<a%% 

Btraight lines AB and CD cat ona wiaV5asstVcL^\ tJ^^sjSi. 
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CD are in one plane: and let €taee straight lines AB, BC, and CD 
meet ob& anothes in three points B, C and £; thav are also in one plane. 
Let any plane pass throngh the straight line AB^ and let the pl^ be 
tamed aboat AB nntil it pass through the point C. 
Becanse the points K and C are in this plane, the. 
straight line C D is in it (I. JDef, 7, and XI. 1). 
Bat the straight line A B is in the same plane 
(ConaL). Tl^refoee tho otcaiehi HnM. AB sad 
CD are bt one plaae^ AMiiiy Mcanse: ike poiukft 
B and C are in the same pmne with the point £ in A B, the straight line 
B C is in this plane (L De^. 7). But it has been proved that the straight 
lines AB and CD are ra it. Therefere the* tkxee' strc^^ht imes-AB, 
B C, and C D are in one pime. Wherelbret two frttaiglit Ikes wMch 
cat one another, &c. Q. E. D. 

PROP. m. THirOBBM. 

If two planes cut one another , th$ir oommon section is a straight line. 

Let two p^bnes AB and B C eoi one anodnoTi tad. let iha Ubbi BD Iw 
their common section. B D is a straight line. 

K B D be not a straight line, from the point D to B 
(l^Fost, 1), draw, in the ^ane AB, the straight Ime 
DEB; and in the plane B C, the straight line D FB. 
Because the two straight lines DEB and D F B have 
the same extremities B and D, and do not coincide, they 
include a space between them; which is (I. Ax^, id) 
impossible. Therefore B D, the common section of the 
plfloies AB and BC, must be in a straight Ime. Wherefore, if two 
planes, &c. Q. E. D. 

In definitions fourth and sixth of this Book, Eaoliii has tacitly assumed the truth 
of this proposition, and it seems almost impossible to do otherwise. 

PEOP. IV. THEOaEM. 

If a straight line stand at right aisles to each of two straight lines at the 
point of their intersection, ii is at rigJU angles to^ the plane imtMsh 
they are. 

Let the straight line EF stand at rigiiet angles to eac^ of the* straight 
lines AB and CD, at^ Ethe point c^ their interseetion. EF » at right 
angles to the plane of A B and € D, that is, the plane in which they are. 

Maike E A, BB, EC; and BD all^nal to (me anotiier (L 3). Tbiough 
E draw, in the plane of A B and C D, any straigh* lia* G H. Join A D 
and C B, and let G H meet them in G and SL From any ixnnt F, in 
BF, draw FA, FG, FD,FC,FH, andFB. 

Becaase the two sides AB and BDaxe^eqoal to the two sides BE and 
EC, each to eaeh, and they contain equal angles (I. 15) AED and 
B E C, the base A D is equal (I. 4) to the base B C, and the angle DAB 
to the angle E B C. But the aag^ AB G is equal (L 15) to the angle 
B E H. Therefore the two triangles AEG and B £ H have two an^es 
of. the one equAk to two angles cS* tisft other, eejch to each, and the sides 
A£aad EB, adJBxsGBLt to tile equal an^'eSveQ[;x!^^ ^stk^^XL^^ ^'^^TW^t^ 
fore their otbearddmk are equal C^ 2ftV 'tMifilQa^ ^lSLSa<Mc^as>i\ft^*iSL, 
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and AG to BH. Because AE is equal to EB, FE common, and the 
angle AEF eqtial to the angle BEF (Sj^.). Therefore tbo base AF 
is equal (L 4) to the base F B. For me same reason, C F is equal to 
f D. Because AD is equal to B C, aad AF to FB, the two sides FA 
and AD are equal to the two F B and B C, each to each. But the bojBe 
DF has been proved equal to the base F C. Therefore the angle FAD 
isequal (I. 8) to the angle FB C. But it has been proved that G A is 
eraal to BH, and also A F to FB. Therefore F A and A G are equal to 
FB and BH, each to each, and the angle FAG has -^ 

been proved equal to the angle F B H. Wherefore the 
base GF is equal (L 4} to the base FH. But it has 
been proved that GE is equal to EH, and £F is common. 
Therefore GE and £F are equal to HE and EF,each 
to each ; and the base G F is equal to the base F H. 
Wherefore the angle G E F is equal (I. 8} to the angle 
HEF; and each S these angles is a right (I. Def, 10) 
angle. Therefore the strai^t line FE makes right 
angles with G H, that is, wim any straight Hne drawn 
throagli £ in the plane oi AB and CI). In like manner, it may be 
piovcd, that FE makes right angles with every otiier straight line 
meeting it in that plane. But a straight line is at right angles to a 

Sue when it makes rig^t angles with every straight line meeting it in 
t^ane (XL Dj^). Therefore £F is at right angles to^e plane 
of AB and C D» fnierofore, if a straight Hne stcuid at right angles, &c. 

a£.i>. 

PROP. V. THEOREM. 

JfftknB stra^ht lines meet aU in one point, and a straigkt line stands at 
right angles te each of them tet that point; theu ^ree straight Unes 
are in the same plane. 

Let the straight line AB stand at right angles to each of the straight 
Jnes B C, B D, and B E at the point B where tiiey meet. The straight 
lines B C, B D, and B E are in the same plane. 

If they be not in the same j^ane, kt, if possible, B D and B E be in 
one plane, and B C out of it. Let a plane pass through A B and B C, 
and let tJie straight line B F (XI. 3) be the common section of this plane, 
and the plane oiB D and B E. 

Because the three straight lines AB, B C, and B F are all in one plane 
(Ji^.), viz., that which passes throogh A B and B C : and AB stands at 
nAt angles to each of the staraight lines B D and B £. Therefore 
Ao is at right angles (XL 4) to the plane in which 
they are. Wherefore AB makes rignt angles (XI. 
DfJC 3) with every straight line meeting it in that 
]^aiie. Bnt BF, which is in that plane, meets it. 
Therefore the angle A B F is a right angle. But the 
angle ABC {£fyp*) is also a right angle. Therefore 
the angle AB F is equal to the angle ABC, and they 
an boSi in the same plane, which is (I. Ax. 9) impos- 
flible. Therefore the straight line B C is not out of the 
p&me of BD and BE. Wherefore the three strsi^ line& BC^BD^ 
and BE are in the same plane. Therefote, iX \!iat^^ f^3C»^gD^'^Kas!^TBRsS^ 
aUm tme point, &c. Q. E. D. 
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PROP. VI. THEOREM. 
If two straight lines he at right angles to the same plane, they are parallel 

Let the straight lines A B and C D be at right angles to the same 
plane. A B is parallel to C D. 

Let the straight lines meet the plane in the points B and D. Join 
BD, and draw (L 11) D£ at right angles to it in the 
same plane. Make (I. 3) D £ equal to A B, join B £, 
AEandAD. 

Because AB is perpendicular to the plane, it makes 
right (XL Def, 3) angles with every straight luie meeting 
it in that plane. But B D and B £ in that plane each 
meet A B. llierefore each of the angles A B D and ABE 
is a right angle. For the same reason, each of the angles ^ 
C D B and CD £ is a right angle. Because A B is equal 
to D £, and B D common, the two sides A B and B D are equal to the 
two £ D and D B, each to each ; and they contain right angles. There- 
fore, the base A D is equal (I. 4) to the base B £. Again, TOcause A B is 
equal to D £, and B £ to AD; AB and B £ are equal to E D and DA, 
each to each ; and, in the triangles ABE and EDA, the base A £ is 
common. Therefore the angle AB E is equal (I. 8) to ilie angle EDA 
But A B E is a right an^e. Therefore £ D A is also a right angle, 
and £ D perpendicmar to I) A. But it is also perpendicular to each of 
the two B D and D C. Therefore E D is at right angles to each of the 
three straight lines B D, D A, and D C at the point u where they meet 
Wherefore (XL 5) these three straight lines are all in the same plane. But 
A B is in the plane of B D and D A (XL 2), because any three straight 
lines which meet in three points are in one plane. . Therefore A B, BD, 
and D C are in one plane : and each of the angles A B D and B D G is a 
right angle. Therefore AB is parallel (L 28) to CD. Wherefore, if 
two straight lines be at right angles, &c Q. E. D. 

PROP. VII. THEOREM. 

If two straight lines he paraUel, the straight line drawn from any point 
in the on-e, to any point in the other, is in the same plane with the pa- 
rallels. 

Let AB and CD be parallel straight lines, and £ any point in the one, 
and F any point in the other. The straight line which joins £ and F is 
in the same plane with the parallels. 

If this straight line be not in the same plane with ^ E B 

them, let it, if possible, be out of the plane, as £ G F. ^""-"""^^^^^ ^^^ 
In the plane AD of the parallels, draw the straight \ tFi \ 

line EHF from £ to F. fc f^''^"^ 

Because the two straight lines £ H F and £ G F 
have the same extremities and do not coincide, they include a space 
between them, which is (I. Ax. 10) impossible. Therefore the straSit 
line joininff the points £ and F is not out of the plane of the parallels 
AB and CV, Wherefore it is in that plane. Therefore, if two strai^t 
lines be parallel, &c. Q. £. D. 
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PBOP. YIIL THEOREM. 

Jlf two MiraigJU Urns he ^raUel, and one of them he at right angJes to « 
plane : the other m ako at right angles to the eame plane, 

I^et AB and CD be two parallel straight lines, and let one of them 
AB be at rigbt angles to a plane : the ouier CD is also at right angles 
to Hie plane. 

JjBt AB and CD meet the plane in the points 
B and D, and join BD. The s^aight lines (aL 7) 
AB, CD, and BD are in one plane. In the plane BDE 
draw (L 11) D£ at right angles to BD, make (L 3) D£ 
eqml to A B ; and join B E, A £, and A D. 

Becanse AB is perpendicular to the plane, it is per* 
pendicolar to BE and BD (XI. Def. 3). Therefore each 
of the angles ABD and AB E is a right angle. Becanso 
the atrainit line BD meets -the parallel straight lines 
AB and CD, the angles ABD and CDB are together 
eqnal (L 29) to two ncht angles. But A B D is a right angle. There- 
iate also CDB is a right angle, and CD is perpendicular to B D. But 
it may be preyed as in the sixth proposition, that ED is perpendicular to 
DA; and it is also perpendicular to (Const.) BD. Therefore ED is 
perpendicular (XI. 4) to the plane of B D and D A; and (XI. D^, 3) 
maKea ri^ht angles with every straight line meeting it in that plane. 
But D C IS in the plane of BD and DA, because all three are in the plane 
of tiie parallels A jB and CD. Therefore ED is at right angles to D C, 
and CD to DE. But CD is also at right angles to DB. Therefore C D 
ia at right angles to the two straight lines D £ and D B at the point of 
their intersection D. Wherefore it is at right angles (XI. 4) to the plane 
of D E and D B, that is the same plane to which A ^ is at right angles. 
Therefore, if two straight lines, &c. Q. E. D. 

m 

PROP. IX. THEOREM. 

Ikffo straight lines which are each of them parallel to the same straight 
line^ hut not in the same plane with it, are parallel to one another. 

Let AB and CD be each of them parallel to EF, but not in the same 
phme with it. AB is parallel to CD. 

In EF, take any point 6, and from it (I. 11) 
draw, in the plane of E F and A B, the straight 
line GH at right angles to EF; and in the 
plane of EF and CD, GK at right angles to EF. 

Because EF is perpendicular both to GH and 
GK, it is perpendicular (XI. 4) to the plane _ __ 
HGK pasang through them. But EF is parallel to AB (ITgp.). 
niecefore A B is at right angles (XI. 8) to the plane HGK. For the 
flime reason, C D is at right onp^les to the plane HGK. Therefore A B 
and CD are each of them at right angles to the plane HGK. But if 
two straight lines are at right angles to the same v^wi5>, ^«^ «3» 
parallel (XL 6). Therefore AB is para\le\ V> C\>. N^VwJtot^. N.^^ 
atnightlmeB, &c, Q. £. D. 
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PROP. X. THEOREM. 

If two straight lines meeting one another be parallel to two others tohidi 
meet one another , but are not in the same plane loith theflr^twds 
thejirsttwo and the other two contain e^uat angles, > 

Let the two straight Hnes A B and B C, meetings one «no&ert Iw 
parallel to the two straight lines DE and £ F, which meet one anothov 
and are not in the same plane with A B and B C. The angle A B C itf 
eqnal to the angle D E F. 

Make B A, B C, ED^ and EF all equal to one another. Join A D, CF| 
BE, AC, and DF. 

Because B A is equal and parallel to E D, therefore 
AD is (I. S3) equal and parallel to B E. For the same 
reason, CF is equal and parallel to B E. Therefore A D 
and CF are each equal and parallel to BE. But straight 
lines that are parallel to the same straight line, but not in 
the same plane with it, are parallel (XI. 9) to one another. 
.Therefore A D is parallel to C F. Because A D is e^ual 
(I. Ax, 1) and parallel to C F, and A C and DF join 
them towards the same parts. Therefore (I. 33) A C is equal and 
parallel to DF. Because AB end BC are equal to DE and EF» 
each to each, and the base AC to the base DF. Therefore the angle 
ABC is equal (I. 8) to the angle DEF. Wherefore, if two stnd^ 
Hnes, &c. a E. D. 

In this proposition, the straight lines -which form the corresponding l^gs of the two 
difl^rent angles are understood to be drawn in the same direction ; otherwife» 
the angles instead of bdng equal would be sapplementarjr. 

PROP. XI. PROBLEM. 

To draw a straight line perpendicular to a planet from a given point 

above it. 

Let A be the given point above the plane B H. It is required to draw 
from the point A a straight line perpendicular to the plane B H. 

In the place B H draw any straight line B C, and in the plane passing 
through B C and A, from the point A draw (I. 12) A D perpendicular to 
B C. If A D be also perpendicular to the plane B H, what was required is 
done. But if it be not, from the point D draw (1. 11) in the plane B H^the 
straight line D E at right angles to B C; and in the plane passing thxongib 
D E and A, from the point A, draw A F perpendicular to D E. A F is 
perpendicular to the plane B H. Through F, draw (I. 31) G H parallel 
toBC. 

Because B C is at right angles toE D and D A (CoTist), B C is at right 

angles (XI. 4) to the plane of E D and D A. Bit 

G H is parallel to B C ; and if two straight lines be 

parallel, one of which is at right angles to a plane, 

the other is also at ri^ht (XI. 8) angles to the plane. 

Therefore G H is at right angles to the plane of ED 

and D A ; and is perpendicular (XI. Def, 3) to every 

Miaraigbt line meeting it in that plane. But A F, 

nrbic/i is in the plane of E D and 1) A, mee\.B \t. 

Therefore G His perpendicular to AF •, and. X¥ \a Qiia.. "S^xjX. K^ >k 
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pmndicnlartoDE (Cbiui.). Therefore AF is perpendieillar to etch 
of me straight linee G H mod D K But if a straight hne stand at right 
angles to each of two straight lines at the ^nt of their intersection, it is 
a]s0^'Mt' right angles (XI. 4) to the plane in which they are, that is, the 
pine B £ Therefore A F is perpendioolar to the plane B H. 'Wherefore, 
Spm the gifsn point A, shore the plane B H, mo straight line A F is 
^wn peipsndienlar to it Q. £. t 

PROP. XII. PBOBLSM. 

Ih draw a straight Une at r^ht angles to a given plane, from a paifit 

gwen in the plane. 

Let A he the ^ven point in the plane. It is required to draw a straight 
line from the point A at right angles to the plane. 

From any point B ahove tne plane, draw (XI.ll)BC 
peipendieolar to it; and from A draw (I. 81) AD 
paxaDel to B C. A I) is at right angles to the plane. 

Because AD and C B are t^o parallel straight lines, 
and one of them B G is at right angles to the given 
ipkne^ the other AD is also (XL 8) at right angles to 
it. Tberefbre a straight line AD has heen drawn at right angles to a 
giTen plane, from a point A given in it Q. £. F. 

I 

PROF. XIU. THEOREM. 

From the same point in a given plane, there cannot he two straight linee 
drawn perpendicular to the plane, upon the same side of it ; and there 
can he hut one perpendicular to a plane, from a point ahove it. 

For, if it he possible, let the two straight lines A B and AC be at right 
ang^ to a given plane from the same point A in tho plane, and upon 
Uie same sioe of it. 

Let a plane pass through BA and A C; and let the straight (I. 3) line 
DB he their common section. The straight lines 
ABy AC» and D E are in one plane. 

Because C A is at ri^ht angles to the given plane 
it miikes rig^t angles (XL De/f. 3) with every straight 
line meeting it in that plane. But D E, which is 
in that plane, meets CA, Therefore CAE is a 
xig^ angle. For the same reason, B A E i6 a right 
ansle. Wherefore the angle CAE is c^oaX (I. Ax, 11) to the angle 
BAE; and ther are in one plane, which is impossible (L Ax. 9). There- 
ibre two perpendiculars cannot be drawn from the same point in a plane, 
on the same side of it. Also, from a point above a plane, there can he 
hut one perpendicular to it. Fo. if there could be two, they would be 
parallel (Xl. 6) to one another, wmch is absurd. Therefore, from the 
same point, &c. Q. E. D. 

PROP. Xn'. THEOREM. 
Phmee to which the same straight line » perpendicular^ are i^raikL 

JjettbeetrmghtUne AB be pcrpcne^cu\ax V> eack A^Oafc^^J»»»^'^ 
ModEK Hieae plancB sae imtUeL «. 
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If not, tliey shall meet one another when prodnced. Let iiieiin be 
pcoduoed and meet ; and let the straight line O H be 
their common section. In G H, take any point K, and 
jdnAKandBK. 

Because AB is perpendicular to the plane £F it 10 Cj 
perjieaidicalar (XI. Ihf. 3) to the stndffht line B K meet- 
mg it in tliat plane. Therefore A B f is a right angle. 
For the same reason, B A K is a right angle. Therenire 
the two angles A B K.and B A K of the triangle A B K, 
are equal to two right angles, which is (1. 17) mipossible. 
Therefore the planes CD and £ F, though produced, do not meet 
one anotiier ; that is (XI. Def. 8), they are paralleL Therefore planes, 
&o. Q. £. D. 

PROP. XV. THEOREM. 

7\po planes areparaUelt if two straight lines- tohich meet each other in the 
one plane, be parallel to two straight lines which meet each other in ike 
other plane. 

Let A B and B C, two straight lines which meet each other, \» 
parallel to two straight lines D E and E F, which meet each other, bat 
are not in the same plane with A B and B C. The plane of A B and 
B C is parallel to the plane of DE and EF. 

From the point B draw BG perpendicular (XI. 11) to the plane of 
D £ and E F, and let it meet that plane in G. Through G draw 6H 
parallel (L Slj to ED, and G K parallel to EF. 

Because B G is perpendicular to the plane of D E and EF, it makes 
(Xt. Def. 3) right angles with the straight lines 
G H and G K meeting it in that plane. There- 
fore each of the angles B GH and B GK is a right 
an^e. Because B A and G H are each parallel ^ 
to D E, and are not both in the same plane with 
it. BA is parallel to GH (XL 9). Because 
the angles G B A and B G H are together e^ual ^ 
(1. 29) to two right angles ; and B G H is a right 
angle. Therefore also GBA is a right angle, 
and G B is perpendicular to B A. For the same reason, G B is per- 
pendicular to B 0. Because the straight line G B stands at right angles 
to the two straight lines B A and B G meeting one another in B, G B is 
perpendicular (XL 4) to the plane of B A and B C. But it is perpen- 
dicular {Const) to the plane of D E and E F. Therefore B G is perpen- 
dicular to each of the planes of A B and B C, and of D E and E F. Bat 
planes to which the same straight line is perpendicular, are parallel 
(XL 14). Therefore the plane of A B and B C is parallel to the plane of 
I) E and E F. Wherefore, if two straight lines, &c Q. E. D. 

PROP. XVL THEOREM. 

jy two parallel planes be cut by another plane, their common sections with 

it are parallels. 

Let the parallel planes AB and CD be cut by the plane F G, and let 
tbeir common sections with it be "EF and G'fi.. 'Ei^ a ^^^<^\j(^ ^H« 
-For, iftbejr are not parallel, KF andO'fi.^tisiKLxEL<eteV^l^xQ^KM!«^«^^ 
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on dw tide of FH or EG. Let them be produced on the mde of FH» 
and meet in the point El. 

BecBBse the gtndght line £ F K is in the plane 
A B (XL 1). Therefore the point K is in the 
pine AB. For the same reason, the poiot K. is 
obo in the ^lane C D. Wherefore the planes A B 
and C D heuig produced, meet ono another. But 
tiicy do not meet, because they are parallel {Ht/p,), 
Therefore the straight lines £ F aud G H, do not 
meet when produced on the side of F H. In the 
Bome manner, it may be proved, that £ F and G H 
do not meet when produced on the side of EG. But straight lines 
whidi are in the same plane, and do not meet, though produi-ed either 
w«y (I. Def. 36), are parallel. Therefore £ F is parallel to Q H. 
Wherefore, if two parallel planes, &c. Q. £. D. 

PBOP. XVIL THEOBEM. 
J^iwo straight Unes hecuthy parcUiel planes, they are ctU m the same ratio. 

Let the straight lines A B and C D be cut by the parallel planes G H> 
K.L,andMNin the points A, £, and B; C,F,andD. AsAFistoEB* 
soisCFtoFD. Join AC, BD, and AD; and let AD meet the plane 
KL in the point X. Join £ X and X F. 

Because the two parallel planes K L and M N are 
cot by the plane B X, the common sections £ X and 
B D are (XI. 16) paralleL Because the two parallel 
pltnes O H andf K L are cut by the plane X C, the 
common sections A C and XF are parallel. Because 
£X is parallel to B D, a side of the triangle A B D ; 
M A£ to £B, so is AX to XD (XL 2). Again, 
bdeanae X F is parallel to A C, a side of the triangle 
ADC; as AXistoXD, soisCF to FD. Bat it 
mm TOOTed that AX is to XD, as A£ is to £B. Therefore (V. 11) 
M A£ IB to EB, so is CF to FD. Wherefore, if two straight lines, &c 
aE.D. 

PBOP. XYIII. THEOBEM. 

Jff" a straight line be at riqht angles to a plane, every plane which pa$$€» 

through it, is at right angles to Oiat plane. 

Let the straight line A B be at right angles to the plane C K. Every 
pliane which passes through A B is at right ancles to the piano C K. 

Let any plane D£ ])ass through AB, and let C£ be the common 
section of the planes D £ and C K. Take any point F in C fi, and from 
F draw FG in the plane D £ at right (1. 11) angles to CE. 

Because A B is perpendicular to the plane C K (XI. Def. 3), it is 
perpendicolar to C£ meeting it in that plane. 
Thoeibve ABF is a right angle. But GFB is 
likewise {Const) a right angle. Therefore AB is 
parallel (I. 28) to FG. But A B is at right angles 
to the plane CK. Therefore F G is also (XL 8) at 
jog^t angles to the same plane. Because oik& '^^^sii^ 
ia.at nght tmglea to another plane ivheix t!l[iQ %\xoi<^\. 
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lines drawn in one of the planes, at right angles to tiieir commoD 
Hection, are also at rif^ht angles (XI. Def. 4) to the other plane; and 
any straight line F G in the plane D £, which is at riffht aaglep to 
CL, the common section of the planes, has been proved to l^ pe^ 
pendicular to the other plane C K. Therefore the plane D £ is it 
right angles to the plane C K. In like manner, it maj be proved tint 
all planes which pass through A B are at right angles to the plane G£* 
Therefore, if a stniight line, &c. Q. E. D. 

PROP. XIX. THEOREM. 

^ two planes which cut one another he each of them perpendicular kii 
third plans : their common section is perpendicular to the tame plane. 

Let the two planes A B and B G be each of them perpendicular to a 
tiiird plane. B 1), the common Section of ^he first two, is perpendicalBr 
to the third plane. 

If it be not, from the point D (I. 11) di-aw, in the plane A J3, the 
straight line D E at right angles to A D the common section of the plane 
AB with the third plane; and in the plane BC draw 1>F at right 
angles to C D the common section of the plane B C with the third plane. 

Because the plane A B is perpendicular to the third plane, 
and D £ is drawn in the plane A B at right angles to A D, 
their common section, D E is perpendicular (XI. Def, 4} to 
the third plane. In the same manner, it may be proved, 
that DF is perpendicular to the third plane. But, 
from the point D two straight lines are drawn at ri^ht 
angles to the third plane, upon the same side of it, which 
is (XL 13) impossible. Therefore, from the point D there 
cannot be any straight line at right angles to the third 
plane, except BD, the common section of the planes AB and BC. 
Wherefore ^ D is perpendicular to the third plane. Therefore^ if two 
planes, &c. Q. E. 1). 

PROP. XX. THEOREM. 

:ffa MoKd v»gle b§ contained by three plane angles, any two of them on 

greater than the third. 

Let the solid angle at A be contained by the three plane angles BAG, 
GAD, and DAB. Any two of them are greater than the third. 

If the angles B A C, C AD and D AB be all equal, it is evident, that 
any two of them are fi;reater than the third. But if they are not| let 
B A C be that angle which is not less than either of the other two, and 
is greater than one of them DAB. At the point A in the straight line 
A B, make, in the plane of B A and A C, the angle B A £ equal (L 23) 
to the angle DAB. Make AE equal to AD, and 
through E draw B C cutting A B and A G in the points 
B and C. Join D B and D C. 

Because D A is equal to A E, and A B is common, the 
two DA and AB are equal to the two E A and A B, 
each to each; and the angle D A B is equal to the angle 
BAB. Therefore the base DB is equal (I. 4) to the 
haseBE. Because BDand DC are greater ^l.^Q^ \]!i^u C B, and the 
oae BDhaa been proved equal to B E a "pttrt oi Ci'ft, >[^i:«Xaw» \3!» ^j^»r. 
^ Cis greater (L Ax. 6) than the remaaimxg i^t^C ^&eoa\ai^\^ K.>a 
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MSJ to A E, and A C common, but the base D C is e^reater than the base 
Is CL Therefore the ac^le D A C is greater (I. 25) than the an>'Io K A i\ 
Bnt fhe ancle DAB is equal {Cojist) to the angle b AE. Therefore 
ihb angles 1)AB and DAC are together greater (I. Ax. 4) thtin the 
aagks B A E and E A C, that is, than the angle BAG. But B A in 
u not less than either of ihc angles DAB and D A C. Therefore BAG 
trith either of them is greater than the other. "Wherefore, if a solid 
itngle, &0. a E. D. 

PROP. XXI. THEOREM. 

The fXame angles hytclack evert/ solid angh is amtainedy are together iess 

than Jour right angles. 

Plrst, let the solid angle at A be contained by three plane anglw B A (', 
G AD« and DAB. These three together arc less than four right ouKlt's. 
r«ke isx epch of the straight lines A B, AG, and AD. any points B, (' 
mdD; and join 3 G, C D, and D B. 

! Beeanse the solid angle at B is contained by the \nreo ^ 

plane angles G B A, A B D, and DBG, any two of them 
axe greater (XL 20) than the third. Therefore tho 
angies GBA and ABDare greater thon the angle DBC. 
For the same reason, the angles BGA andAGD are 
greater than the angle D G B ; and the angles G D A and 
AD B greater than the angle B D G. Therefore the t^ix 
anglesCBA, ABD, BGA, AGD, GDA, and ADB 

a greater than the three angles DBG, BGD, and GDB. But the 




angles DBC, B GD, and G D B are equal to two right angles (I. 82), 
therefore the six angles GBA, ABD, BGA, AGD, GDAandADB 
tlf6 greater than two right angles. Because tho three angles of each of 
die triangles ABC, AGD and ADB oi-e equal to two right anffles. 
Therefore the nine angles of these three triangles, viz. the angles G B A, 
BAG, AG B, A GD, GDA, D A G, ADB, DB A, and B AD, are eoual 
to six right angles. But of these, tho six angles GBA, AGB, AGD, 
CD A, A D B, and D B A arc greater than two right angles. Therefore 
the remaining three ans^les B AG, GAD, and D AB, which contain the 
aolid angle at A, are less than four right angles. 

Next, let the solid angle at A be contained by any number of piano 
angles B A G, C A D, D A E, E A F, and FAB. These angles arc 
tOMthcr less than four ri^ht angles. 

Let the plane angles which form the solid angle be cut by a plane at 
any distance from its vertex, and let the common sections of it with 
those plane angles be B G, G D, D E, E F, and F B. 

Because the solid angle at B is contained by three plane angles (^BA, 
ABF, and FBG, of which any two are greater (XI. 20) than the thii*dt 
tHe angles GBA and ABF, ai'e greater than the angle 
t* B G; For the sume reason, the two plane angles at 
ijach of the points G, D, £, and F, viz., those angles 
which are at the bases of the triangles having tliu 
Mnmon vei'tex A, ore greater than the third angle at 
Hie same point, which is oue of the angles of the ^ly^u 
BCDEF, Thereiore all the anj^ks t>t \\xc\>a^c^ oV n^w& 
<riM«fa* iw together greater than aEL l\ve im^V:^ oS. ^iasi 
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polygon. Because all the angles of the triangles are together emnl 
to twice as many right angles (L 32) as there are triuiglis; tlul 
is, as there are sides in the polygon BCD £F ; and all the angles of the 
polygon, together with foor right angles, are likewise eqiial to twice u 
many right angles (I. 32, Q}r. 1) as there are sides in the polygob: 
Therefore all the angles of the triangles are equal (L Ax» 1) to ajll^ 
angles of the polygon together with four right angles. Bui all tibe 
angles at the hases of the triangles are greater than all the anglfis oC 
tiie polygon, as has heen proved. Therefore the remaining angles of tbs . 
triangles, viz., those at the vertex, which contain the soBd angle at A, 
are less than four right angles. Therefore, every solid an^e, &c. 

aE. D. 

ThiB demonstration holds good only when the solid angles are oonvez; and no 
other solid angle is contemplated by Euclid. 

Corollary. — There cannot be more than five regular poUyhedrona, For each of the 
angles of a polyhedron must, by this proposition, be fess tlum four right angles. 
Batata; angles of an equilateral triangle. >2mr angles of a square, and fihres ai^M 
of a hexagon, are respectively equal to ybur right angles. And,>bur angles it a 
pentagon, and three angles of all regular polygons, of a greater number of sUss 
than a hexagon, are respectively equal to more than/our right angles. There&re^ 
three^four, or fioe equilateral triangles, Utree squares and three pentagons, ais 
the only regular plane figures of which a regular polyhedron oaa be eottfltnwtad. 
Wherefore there cannot be more ilaaifive r^uktr poljfdedronB. 

PROP. XXII. THEOREM. 

Ifenery two of three plane angles he greater than the third, and \f the 
straight lines which contain them he aU eqiud ; a triangle may lie 
made of the straight lines thai join the extremities qf those t^ptal 
straight lines. 

Let ABC, DEF, and GHK he the three plane angles, every two^ef 
which are greater than the third, and let the straight lines AB, Bfi^' 
DE, EF, G H, and HK he all equal. K AC, DF, and GK he jomad, 
a triangle may he made of three straight lines equfdto AC, DP, and 
GK; that is, every two of them are together greater than the thidL 

If the angles at B, E, and H are equal, the straight lines A C, D F, aand- 
GK are also equal (I. 4), and any two of them are greater than tk* 
third. But if the angles are not all equal, let the angle A B C he noi 
less than either of the two angles DEF and G H K. Since the straight 
line A C is not less (I. 4, or 24) than either of the other two D F and 
GK ; it is plain, that AC, togeUier with either of the other two^ most 
he greater than the third. Also, DF with GK is greater than AOL 
For, at the point B in the straight 
line A B make (I. 23) the angle » j, H 

ABL equal to the angle GHK, A*"^*'*^C /\ A. 

and make BL equal to AB. Join / \ •y /\ / \ 

ALandLC. I J\/ / \ / \ 

Because A B and B L are \t^ V Z X L A 

equal to G H and H K, each \x} ^ ^ ^ F Q K 

each, and the angle A B L to the 

angle GHK, the hase A L is equal (L 4) to the hase G K. Because the 

angles at E and H are together greater (fl'i/p.\ than the angle A B Q 

of which the angle at H is equal to A B li. TVifixeioTQ V)c\i^ xcsafflBLToaK^ 

engJe at JS is greater (L Ax. 6) than tiie asig\e']L'B C» ^B«s«»a»VSaa\!w«fc 
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ttd«LB and B C are equal to the two D E and K F, each to ^^acK^ a«Jt 
the mfjia D B F 18 grcater than the angle L B C, the Ka«o l> K \« c tx>alw 
(L ai) than tlK base L C. But it has been provtHi that O K i« «sn)At M^ 
^X^ nwcdbre D F and G X are greater (I. Ax, 4) than A 1. and \. l\ 
^Ut A L and L C are greater (L 20^ than A C. Much moiv thvT\'f\M^' avv 
^f andGK. i^reater than AC. Wherefore every tvro of thi^eic »tm\j^l 
iftei AC^ DF, and G K are greater than the third ; and a tn^^i^K^^' ))^«0 
^ made (L 22), the sides of which shall^bo ei^ual to Ai\ OK aid 
^ X Thmfore, if eveiy two, &c Q. £. 1). 

Tht ftUowiag lemma is introduced ber« Ibr the purpoar of •horUatiti; ih« ^|»<w>» 
rtotiaB of tbi twtaty-ttdrd propoaition, whioh fi>llow« it. 

PROP. A.* LBMMA. 

'f on the edges of a solid angle contained hy ihrtt^ /)AiMi» onyU*^ f W «)k 
on the common sections of those ^/i<*«, piiint* b^ t^ks*H %kt *v«m} 
dUianees from the vertex, and a triatigtif he Jhrmr^i hj/ ./i^m^y fV%v' 
jpoinU: either of these distances is greater than Mn' r%i%UH*\f iW 
eirele described about the triangle. 

Let the solid ansle at A be containiHl bv thivo plauo niiMl«t« H \ \\ 
'AD, and D AB; let the points B, C, and 1) Ih^ tnkru ut v\\m\ dU(m^s« 
tun the vertex A; and let the triangle BC1> Int (\truu«d b\ JoU\i»|i 
iflfle points. The distance A B, AC, or A D is 
reater than the radius £ C or E D of tliu circht 
; G D described about the triangle BCD. 

Biaect any two sides B C and CD of the triaitglo 
1 CD, which do not pass through the ccntn^ K i niid 
lin £ A, £F, £ G, AF, and A G. 

Because the triangles CAD and C K 1) nw 
KMoelea (J9yp.» and I. Dej^, Id), and AF und K K 
re drawn Irom their vertices bisecting t\\v roniinon 
aae CD, the angles AFC and EFC artt right 
ludes. Therefore C F is perpendicular to the niaiio A K K. Hut tho \\\i\\w 
luD passes through CF. Therefore the plimn H ( • 1 ) U i»c«r|)(>iitlloular (o \\w 
ilane AEF, and A EF to BCD, In the Hamo nmum^r, it \\u\y \w 
itoved that the plane AEG is pcrnendicmlar to tlii« |»liino IttMK 
dmrefore AE, the ( " "' ' * ^i^ ...i a i.wi i_ 

dicular to the 
and EAC an 
(i. 19). 'Iherefore, if on'the 'edges, &o. Q. K. D. 

CoroUary. — ^If there be three plane anglea suoh that a HoUd mule omi lif Ci>ut«lut4 
1^ them; and if the legs of these angles be made all e(|ual tu euoh other, aad 
three straight lines be drawn Joining their extremities t the length ttf eaoh leg it 
greater than the radios of the circle described about a triangle whote sides art 
eqiud to those three straight lines. 

PEOP. XXIII. PROBLEM. 

To make a solid angle which shall he contained hy three given plane anglet, 
any two of them being greater (XI. 20) than tJve third, and all Oiree 
together (XL 21) less than four right angles. 

Let the three given plane angles \>e A.'BC,Ti^1?,^'^^>w.Y^'«^^ 
• ' ane^2«ater than the tldrd, and aW cA \}a!wa\i^V)oja\v!i.%SJ^^^ 




ane A is U is pcrnendicmlar to Uw \m\w liri'. 
common section oi the nliincH A Ki K iiiuhA KO, is 
I plane BCD (XL 10). Tluicfor.. A K C in a right 
I acute angle (1. 32). Wherefore A C in grt^att^r tliau 
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tight angles. It is reonired to make a solid angle contained by tlM 
|£uie angles eqnal to A B C, DE F and QHEL, each to each. 

From tiie straight lines which 
contain the angles cnt off A B,BC, ^ * ^ 

DE, EF, GEC and HK, all eqnal 
tx> one another ; and join A C, D F, 
and G K. Descrioe a triangle 
(XI. 22) LMN, whose three i^ides 
LM, MN, and NL arc eqnal to 

AC,DFandGK (I. 22), so that L M is eqnal to A C, M N to D F, and 
LN to GK. About the triangle LMN describe (IV. 5) a circle, and 
find (III. 1) its centre X. From the point X, draw 

iXI. 12) X K at right angles to the plane of the circle B 

i M N. Because A fi is greater than L X (XL A*), find 
a-sqnare (II. 14) equal to the excess of the square of 
A B above the square of L X, and make R X equal to 
its side, and join K L, R M, and R N. The solid 
angle at R is the angle required. 

Because RX is perpendicular to the plane of the 
circle L M N, it is (XL Def. 3) perpendicular to each 
of tho straight lines L X, M X, N X. And because 
L X is equal to M X, «nd X R common, and at right 
angles to each of them, the base R L is equal (L 4.) 
to the base RM. For the same reason, RN is equal to each of the two 
RL ondRM: therefore the three straight lines RL, RM, and BN, 
are all equal. And because the square of X R is equal to the excett 
of the square of AB above the square of LX {Con$t.), Thezefoze 
the square of A B is equal to the squares of L X and X R. But 
the square of RL is equal (I. 47) to the same squares, because LX£ 
is a right angle. Theretore the square of A B is equal to the squsM 
of R L, and the straight line A B to the straight line R L. But eath 
0f the straight lines BC, DE, EF, GH,«nd HK, is equal to AB, 
aad each of the two RM and RN is equal to RL; therefore AB, 
BCtDE, EF, GU, and HXare each of them equal to each of tfafl 
straight lines RL, RM, and RN. Because RL and RM are equal to 
A B and B C^ each to each, and the base L M to the base A C ; the angle 
LRM is equal (1. 8) to the angle- ABC. For the same reasonTtitf 
angle MRN is equal to the angle DEF, and the angle N R L to tli0 
angle G H K. Therefore the BoUd angle at R, is contained by thre^ 
plane angles LRM, MRN, and NRL, which are equal to the three 

S*¥en plane angles A B C, it) EF, and G HX, each to each. "Which was 
be done. 

The following piropoiilthms were hitrodneed by Dr. fflmsoo into this- book, for the 
purpose of establishing the subsequent proposftioasoii a firm btsia. 

PROP. A. THEOREM. 

JfUoo solid angles he each contained hy three plane angles^ whtch are 
BQual to one another^ each to each ; the planes in which the equal 
angles arcy have the same mcUnation to one anbtfier. 

J^t there be two solid angjea at tine -joiuta K. wxQ^^ \ Vt 'Oaa ^x^^^ 
A be contained by the three plane angles C KT>, C KTE*, vjsAlL K.\i\ ^s3^ 
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mngia otBliy the tliree plane !mglFsFBG,FRH«TidHBG; m^ 

let file allele CAD lie eqiul to the angle F B G, the tr^lo C A K t^ the 
ui|ie F3 H, and the angle BAD to the angle li R G. 11ie planon in 
viiich the efsal angles are have the nme inclination to one another. 

Im the straj^t line A C take any point K, and from K (1. 1 1) ih-nxr in 
tile plane C AI) the Btiaight line kD at rii^ht anclo8 to A (\ and in iJt» 

euie CA£ the straight Ime KL at right angTon to AC; the Angle 
K L is the inclination (XI. Def, 6) of the plane CAD to the plane 

GAE. In BF take BM eqnal to AK, and from the point M draw in 

the planes FBG and FBU, the straight linos MG and M X nt right 

ang&s to BF; the angle GMN is die inclination (\1. 7)</. (>) ot the 

ptase FBG lotheplaneFBU. JoinLD, 

and NO. a r 

Becaase in the tzianf les K A D and M B G, 

the angles K A I) and M B G arc {Hi/p.) eqnal, 

as also the right angles A K. D and B M G, 

Hid tte ades AK and BM, adjacent to the 

uiu el aagieis are equal to ono another. 

TLaretan K D is eqnal (L 26) to MG, and 
AD to BG. For the same reason, in the 

triangles KAL and MBN, XL is eoual to M N, and AL to BN. 
Therefore in the triangles LAD and N B G» L A and A 1) arc equal to 
N B end B G, each to each ; and they contain equal anglei«. Thi^-cfote 
the heae K D is equal (L 4) to the hase M G. Because, in the triangles 
K.LI) and MNO,the sides D£ andKL are equal toGM and MN, 
eeflh toeach; and the base LD to the base NG. Thcrelbi-e the angle 
DK L is eqnal to (L 8) the angle GMN. But tlio angle 1) K L is Uie 
ine&nation of the plane C A D to the plane C A K, and the anglo (i M N 
is the inclination of the piano FBG to the plane FB 11. ihnvfora 
tiieee planes have the same indiuatbn (XL D^, 7) to ono anutlur. In 
iSbmwBDB manner, it may be demonstrated, that Uie other planes in whioh 
flto ej nal angles are, have the same inciiuaiion to one auotlier. There- 
hKt if two sulid angles, &c. Q. K. D. 

PROP. B. THBOBBM. 

Iff two ioHd angles he each contained by three fkine at^lee which are eqwul 
to one another, each to each, and eimUarly eituated; ihe»e tAid 
angles are equal to one another^ 

Let there he two solid angles at A and B, of whieh the Foltd nnj^le at 
Ais contained by the throe piano angles C A D. C A 1% and F. AD; and 
the solid angle at B, by the three piano angles F BG, F B H, and UBQ, 
and let C A JL) be equal to FBG; CAE to FBHj 
and £aD to HBG. llic solid angle at A is 
eqnal to the solid angle at B. 

Let the solid angle at A be applied to the solid 
angle at B. The plane angle CAD being applied 
io the plane ang?e FBG, so that the point A may 
Qoincide with the point B, and the stroight lino 
A C with BF; the straight line A D shall covtvdd^ 
with tho Btrai^ht line B G, because the axittVe C W^ vsk \ya;jis\\ft ^^ !f?i^^ 
FB G. But die inclination of the p\aao C K^ \ft V^^ ^^»=ev'«Jt ^ N.Ai >e 
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equal if XI. A,) to the ioclination of the plane FBH to the plane FB 
l^reiore the plane C A £ shall coincide with the plane F B H, ~ 
the plimes CAD and F B G coincide with one another. Because 
straight lines A C and B F coincide, and the angle C A E is equal to ti 
angle FBH. Therefore the straight line AR shall coincide with t 
Btraifi^ht line B H. But A D coincides with B G. Therefore the pla 
£ A I) coincides with the plane H B G. Wherefore the solid angle at ^ 
coincides with the solid angle at B, and they are eqoal (I. Ax. 8) to o^^e 
another. Therefore if two solid, &c. Q. £. 1). 

PROP. C. THEOREM. 

Solid figures which are contained hy the same number of equal andsimnJ^ 
planes similarly situated, and having none of their solid angles eoth 
tained by more than three plane angles, are equal and similar to on$ 
another. 

Let A G and K Q he two solid figures contained hy the same number 
of similar and equal planes, similarly situated, viz., the plane AC similar 
and equal to the plane K M ; the plane A F to the plane & P ; B G to L Q; 
GD to QN; DE to NO; and, FH similar and equal to PR. The 
solid figure A G is equal and similar to the solid figure K Q. 

Because the solid angle at A is con- 
tained by the three plane angles BAD, 
B AE, and EAD , and the solid angle at K 
by the tlu'ee ^lane angles LKN, LK O, 
and OKN, which are equal to them, 
each to each. Therefore tne solid angle 
at A is equal (XI. B) to the scnid 
angle at £. In the same manner, it 
may be shown, that the other solid 

angles of the figures are equal to one another. Let the solid figure AG 
be applied to the solid figure K Q. The plane figure A C being apjdied 
to the plane figure K M, so that the straight line A B may coincide with 
K L, the figure A C must coincide with the figure K. M, because they are 
e^nal and similar. Therefore the straight lines AD, DC, and CB coin- 
cide with the straight lines K N, N M, and M L, each with each ; and 
the points A, D, C, and B with the points K, N, M, and L ; and the solid 
angle at A coincides with (XI. B) the solid angle at K. But the plane 
A F coincides with the plane K P, and the figure A F with the ngoie 
SL P, because they are equal and similar to one another. Therefore the 
straight lines A E, E F, and F B coincide with K O, O P, and P L ; and 
the points E and F with the points O and P. In the same manner, the 
figure A H coincides with the figure K R, and the straight line D H with 
NjR, and the point H with the point R. Because the solid angle at B is 
equal to the solid an^le at L, it may be proved, in the same manner, thit 
the figure B G coincides with the ngure L Q, and the straight line CO 
with M Q, and the point G with the point Q. Therefore, aU the planes 
and sides of the sohd figure A G coincide with the planes and sides of the 
soHd£guTeKQ, and AG is eqnal axx^ evrnvlar to KQ. In the same 
fanner, any other solid figures wTiate^et con^ame^Vs^ >iJcifc ^ax^s^tsossImx 
or equal and similar planes, amilarly stoate^ «xA\wnxi^ TMitva ^A ^fiasia 
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ioUd angles contained by more than three plane angles, may ho proved 
to he equal and similar to one another. Q. £. D. 

This proportion Is not safBcfently freneral, us it refers only to reotangnlar pandlelo- 
pipeds, which «re eqnal by coincidence. To extend it to those solids which are 
equal by tymmetry^ would take more room than we can spare ; and would he too 
great an encroachment on Euclid's Elements. 

OoroOmy. — All regnlar polyhedrons are similar solids, and if they have one edge 
equal, they are every way eqnaL 

PEOP. XXIV. THBOEEM. 

^a solid he contained hy sixphneSf two and two of which are parallel, 
the opposite planes are similar and equal parallelograms. 

Let the solid CGhe contained hy the parallel planes AC and GF; 
B G and C £ ; F B and A £. Its opposite planes are similar and equal 
parallelograms. 

Because the two parallel planes B G and C E are cut hy the plane AC, 
their common sections A B and C D (XL 16^ are parallel. Because the 
two parallel planes B F and A£ are cut hy tne plane A C, their common 
sections A D and B C (XL 16) are parallel. But A B 
is parallel to C D. Therefore A C is a parallelogram. ^ ^ 

In like manner, it may he proved that each of the 
figures C E, F G, G B, B F, and A E is a parallelo- 
gram. Join A H and D F. 

Because A B is^ parallel to D C, and B H to C F ; 
jthe two straight lines A B and B H, which meet one 
another, are parallel to the two straight lines D C and 
CF, which meet one another, and are not in the same plane with the 
other two. Therefore they contain (XL 10) equal angles; that is, the 
ans^e ABH is equal to the angle DCF. Because AB and BH are equal 
to I) C and C F, each to each, and the angle A B H is equal to the angle 
DCF. Therefore the base A H is equal (I. 4) to the base D F, and me 
triangle A B H to the triangle DCF. But the paridlelogram B G is 
double (I. 34) of the triangle ABH, and the parallelogram C E donhle 
of the triangle DCF. Therefore the parallelogram B G is equal and 
similar to the parallelogram C E., In the same manner it may be proved 
that the parallelogram A C is equal and similar to the narallclogram 
Q F, and the parallelogram A E to the parallelogram B F. Therefore 
ifa solid, &c. Q. E. D. 

PROP. XXV. THEOREM. 

If a parallehpiped he cut hy a plane parallel to two of its opposile planes , 
it is divided into two solids or paraUehpipedSy which are to one 
another as their hases. 

Let the parallelepiped B C be cut hy the plane E V, parallel to the 
opposite planes AR and HD^ and dividing it into the two solids AY and 
ED. The base A F of the one is to the base H F of the other, as the 
solid A V is to the solid E D. 

Produce A H both ways, and take any number of straight lines 
HM and MN, each equal to EH, and any number AE and XL, 
each equal to E A, and complete the parallelograms L O , KY, HQ, and 
MS, and the soh'ds LP, K R, HU, and MT. 
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Beoanae the ttnuight lines LK, KA,aiidA£ are all equal, tlia paraQelp^ 
ograms LO, K Y, and AF are (I. 36) all equal; and likewise the parai«> 
Idograms KX, KB, aod ACL 

Also (XL 24) the perallelo* ^ 9 G I 

grams LZ, KP, and AR are 
equal, because they are oppo- 
site planes. For the same 
reason, the parallelograms £ C, 
H Q, and M S are equal (I. t6), 
and the parallelograms HG, 
HI, and IN: as also (XL 24) 
HD, MU, and NT. Therefore three planes of the solid LP are equal 
and similar to three planes of the solid K R, as also to three planes of 
the solid A V. But the three planes opposite to these three are eajul 
and similar (XL 24) to them m the several solids, and none of uua 
solid angles are contained by more than three plane angles ; therefore 
the three solids LP, KB, and AY are equal (XL C) to one another. For 
the same reason, the three solids £ D, H U, and M T are equal to one 
another. Therefore, what multiple soever the base L F is of the baaJB 
AF, the same multiple is the solid LY of the solid AY; and whatever 
multiple the base NF is of the base HF, the same multiple is the soUi 
NY of the solid ED: and if the base LF be equal to the base NF, 
the seKd LY is equal (XL C) to the solid NY; if the base LF be 
greater than the base NF, t^e solid LY is greater than the solid 
NY; and if le!>s, less. Because there are four magnitudes, vLs., the two 
bases AF andFH, and the two solids AY and ED; and of the base AF 
and the solid AY, the base LF and the solid L Y are any equimidtiples 
whatever ; and of the base F H and the solid £D, the ba^ F N and the 
solid N Y are any equimultiples whatever : and it has been proved, that 
if the base L F is greater than the base FN, the solid L Y is greater than 
the solid N Y : if equal, equal ; and if less, less. Therefore ( Y. I)e/i S) 
the base AF is to the base FH, as the solid AY is to the solid ED. 
Wherefore, if a parallelepiped, &c. Q. £. D. 

PROP. XXVL PROBLEM. 

At a given point in a given straight Une^ to make a solid angle equal to u 
given solid angle contained hy three plane angles. 

Let A B be a given straight line, A a given point in it, and D a given 
solid angle contained by the three plane angles EDO, EDFand FDC 
It is required to make at the point A in the straight line AB a solid 
angle equal to the solid angle D. 

In the straight line DF take any point F, and from it draw 

^XI. 11) FG perpendicular to the plane EDC, meeting that plane 

in G, and join DG. At the point A, in the straight line ABi 

make (I. 23) the angle BAL equal to the angle EDO, and in the 

plane BAL make the angle BAK equal to the angle EDG. Make 

AS. eqnsl to D G, and from the point K draw (XI. 12) K U at right angles, 

to the plane BAL. Make K H equal to GF, aivd ioiu A H. llie solid 

^os'Je at A which is contained .by the tlbie© i^Aaxke ^^a^t^ "^ K\^l?k ktt^ 

«^a HAJL is equal to the solid angle at I> coiitaane^\sY ^^ ^^ca'aa ^^Jasfe 
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taiglai SDO, EDF, and FDC. Take the equal atraight lines AB and 
D JB, and join HB, KB,FE,andQ£. 

Because F G is perpcndicolar to the plane EDO, each of the angles 
FGD and FG£ (XL Def. 3) is a right angle* For the same reason, 
HK A and H K B are right angles. Because!^ A and A B are equal to 
QD and D E, each to each, and they contain equal angles. Therefore the 
liase BK is equal (L 4) to the base EG. But KH is equal (.Const) 
to GFandHKB and FGE are right angles. Therefore HB is equal 
(L 4) to F£. Because AK and KH are equal to D G and GF,each to 
eaeh, and contain right angles, the base A H is equal to the base DF« 
But AB is equal to 1)£ (C<m9t,). llierefore H A and AB are equal to 
FD andDE, each to each; and the base HB is equal to the base F£ 
Therefore the angle BAH is equal (I. 8) to the angle EDF. Again» 
make AL and D G equal, and join K L, H L, G C, and F C. Because the 
whole angle B A L is equal to the whole EDO, and the parts of them 
BAKandEDG are i^Const) equal. Therefore the remaining angle 
K A L is equal to the remaining angle GDC. Because K A and A L are 
equal to G D and D C, each to eacn, and they contain equal angles, the 
base K.L is equal (I. 4) toliiebase GC. But A d 

KH is equal to GF (Cbns^.). Therefore LK 
and KH are equal to CG andGF, each to each; 
and they contain right (XI. Def. 3) angles. 
Therefore the base H L is equal (I. 4) to the 
base FC. Because HA and AL are equal to 
F D and I) C, each to each, and the base H L to the base F C, the angle 
HAL is equal (L 8) to the angle FDC. Because the three plane 
angles BAL, BAH, and HAL, which contain the solid angle at 
A, are equal to the three plane angles E D C, EDF, and FDC, which 
eontain the solid angle at D, each to each, and are situated in the same 
order, the solid angle at A is equal (XL B) to the solid angle at D« 
Xlierefore at a given point in a given straight line a solid angle has 
been made equal to a given solid angle contamed by three plane angles. 
Q.E.F. 

PROP. XXVn. PROBLEM. 

To describe tqxm a given straight line, as one of its edges, a paraUehpiped 
similar and similarly situated to a given parallelepiped. 

Let A B be the given straight line, and C D the given parallelepiped. 
It is required upon A B to describe a parallelopiped similar and similarly 
sitnated to CD. 

At the point A in A B make (L 26) a solid an^le equal to the solid 
angle at C, and let B A K, K. A H, and H A B be the three plane angles 
wmch contain it, so that B AK is equal to ECG, KAH to GCF, and 
HABtoFCE. As EC is to CG, so make (VL 12^ B A to AK; and 
as GC is to CF, so make (VL 12) K A to AH; wnerefore, ex tsquali 
(Y. 22), as E C is to C F, so is B A to A H. Complete the parallelogram 
BH, and the solid AL. The parallelopiped AL shall be similar and 
similarly situated to the parallelopiped CD. 

Because EC is to G C, as B A is to A K, the sides about the equal 
angles ECG and B A K are proportionals. Therefore the parallelogram 
B & 18 similar (VI. Def, 1) to the paxaILelo^;rosn EG« Fcst ^3^ «»&& 
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reason, the parallelogram K H is similar to the parallelogram G F, 

H B to F E. Therefore three parallelograms 

of the solid A L are similar to three of the 

solid CD: and the three opposite ones in 

each solid are equal (XL 24) and similar to 

these, each to each. Also, hecaose the plane 

angles which contain the solid angles of the 

figures are equal, each to each, and are 

situated in the same order, the solid angles 

are equal (XL B), each to each. Therefore the solid. A L is simliir 

(XL Def. 11^ to the solid CD. Wherefore from a ^ven straight hae 

AB a parailelopiped AL has heen described siimlar and suiilarij 

situated to the given parallelepiped CD. Q. K F. 

PROP. XXVIIL THEOREM. 

^ a paraUelopiped he cut hy aplane pauing through the diagonals of im 
of its opposite planes ; it is cut into two equal triangular prisms. 

Let A B be a parallelepiped, and D £ and C F the diagonals of the 
opposite parallelograms AH and GB, viz., those which are drawn 
between the equal angles in each. 

Because C D and F £ are each of them parallel to G A, and not 
in the same plane with it, CD and F£ are (XL 9) 
parallel. I'herefore the diagonals C F and D £, are in 
the plane in which the parallels are, find are them- 
selves (XL 16) parallels. The plane C£ cuts the 
solid A B into two equal triangular prisms. 

Because the triangle C G F is equal (I. 34) to the 
triangle C B F, and uie triangle D A £ to the triangle 
DH£; and the parallelogram CA is equal (XL 24) 
and similar to the opposite parallelogram B£, and the parallel* 
ogram G E to the parallelogram C H. The prism contained by tlic 
two triangles CGF and DAE, and the three parallelograms CA, 
GE, and EC is equal (XL C) to the prism contamed by the two tri- 
angles CBF and DHE, and the three parallelograms BE, CH and 
E C ; because they are contained by the same number of equal and 
similar planes, similarly situated, and none of their solid angles are 
contained by more than three plane angles. Therefore the solid AB is 
cut into two equal triangular prisms by the plane C E. Q. E. D. 

This demonstration is not safficiently general, as it ought to include obUque as veil 
as right parallelepipeds. The prisms of cbUque parallelopipeds. as in the next 
proposition, are only equal by symmetry. See Legendre's ** GeGmetry." 

** N.B. — The insisting straight lines of a parallelopiped, mentioned in the next 
and some following propositions, are the sides of the parallelograms betwixt the 
base and the opposite plane parallel to it." 

PROP. XXIX. THEOREM. 

Parallelopipeds upon the same base, and of the same altitude, the insisting 
s^ra^ht lines of which are terminated in the same straight lines in the 
plane opposite to the base^ are equal to one anotKer. 

Zet the parallelopipeds A H and A."R \>e xrgou Vk^a «»ssi^\)»ai^ K.'^^vs^ 
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JM altitiide, and let their insisting stmight lin(« A K» A 0, L M. 
gw liK be terminated in the same straight lino FN s and Cl\ Ck\ 
-B H, and B K. be terminated in the same stniight lino 1> K. 'lh» sM&i 
A H is emml to the solid A K. 

^Kwt, kt the parallelograms D G and H N, \?hioh arc opiHxtitt^ to tho 

teae A B, have a oonmion side H G. 

^BecaiMe the solid FB is bisected by the 

9«u» AH passing through the diagonals AG 

««a CH, (tf the opposite planes L F and B 1) 

^U. 28), die solid FB is double of the prism 

ABO- Because the solid AK is bisocUd by 

ue plane LH passing through the dioconafs 



^'-VT^ ^ 




D JQ n K 



XjG and BH of the opposite planes AN and ^ ^ 

CK, the solid AK is double of the Fame prism ABO. Therefoflre the 

■oM FB is equal (I. Ax. 6) to the soHd AK. 

Next, let the parallelograms I) M and E N, which are oppoaito to the 
n*ae AB, have no conmion 
aide. I> n E K 

Because CH and CK are 
Parallelograms, CB is equal 
CL 34) to each of the opposite 
•Mes DH and EK. %erc- 
foeDHisequaltoEK. Add 
or take away the common part H E ; and I) E is equal (I. Ax. 2 or 3) to 
HK. Therefore the trianrfe CDEis equal (1.38) to the triangle BHK, 

«nd the para" ' *^^ " ' ^ "'" ' '^ "' "^' 

IPoT the same 




A XX jk, ana uie tni'cc parallelograms d jvl, jvl a. ana a. 1j. ii mere- 
fcre the prism NHL be taJicn from the whole solid ABND, the re- 
mtinder is the solid A H ; and if from the same solid the prism G D A 
betaken the remainder is the solid AR. Therefore the parolIclopiDod 
AH is equal (I. Ax. 3) to the parallclopiped AK. Therefore parallel- 
opipeds, &c. Q. E. D. 

PROP. XXX. THEOREM. 

Parallekpipeds upon the the same base, and of the same aUitndc, the 
insisting straight lines of which are not terminated in the same 
straight lines in the plane cpposite to the base, are equal to one 
another, 

Lc(t the parallelepipeds C M and C N be upon the same base A B, and 
of the same altitude, but their insisting straight lines AF, AG, LM. 
LN, CB, CE, B H, and B K not terminated in the same straight lines. 
The solids C M and C N are equal to one another. 

Produce FD and MH, also NO and ILE, wi^\fc\. ^wv TssL'iifeX. ^^^ 
another in the points O, P, Q, and B.; aud \ctl K0,V^,^^> «^^ 



B«oaiue the plane L H ia naraUel to the oppnte ^bdm A D, mmI b^ 
thatinwhieh ue the panlleli LBand MQ, and tlte firmeBP; tikJO 
tbe plane AD U that in whiofa are tho poralkli AO ana PR, Hid tbe 



flgureCO. ThereforethefigQresBPand'JO 
are in parallel plancB. Because the plane 
AN is parallel to the opposita plane CK, 
and is that in which ore the parallels 
A L, and () N, and the figure A F < and tbe 

gane C K is that io vEich are the panl- 
Is CB and RK, and the flgura CQ. 
Therefore the figures AP and CQ are in 
mrollel planea. But the planet A B and 
O Q are {Syp.) poralleL 'I'herefore the 
•olid CP is a. putttletupiped. Bat the 
•olid C M is eqoal (XI. 29) -o the solid C P, 
because the; are upon the seme base A B, and their insisdns itraight 
lines AF, AO, CD, and CR; L M. LP, BH, and BQ are termi- 
nated in the same straitiht lines FR and MQ; and ths solid CP ti 
equal (XI. 29) Io the aolid C N, for the; are upon the same base AB, 
and their insisting straight lines AO, AO, LP, and LN; CR, CE; 
B Q, and B E are terminated in the same straight lines O N and R S. 
Therefore the solid C M ia equal to the solid G N. Wherefore paraSeln- 
pipeds, &c. Q. £. B. 
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Paraffthp^tedt, which a. 



e upon equal liuet, and of the tame aUitnit, art 
equal to one another. 



r^ 



Lot thq solid porollelopipcds AE and CF be upon equal bases AB 
and Vi, and of the same tUtitudc. The solid A E ia equal to the ntid 
CF. 

First, let the insisting straight lines beat right angles to the b«Ki 
A B and C D, and let the bases be placed in the same plane, so that tha 
sides C L and L B maj be in a straight line. The atraight line L H, 
which is at right angles to the plane in which the bases ore at the poiat 
L, is common (XT. 13} to the two solids A E and CF. Let tbo othv 
inBislins;lines of Che solids be AO, HK, 
aadBE; DF, OP, and CN. Let the v v it 

angle A L B, in the first case, be equal to 
the angle CLD. The other sides Al.and 
LB are v\ a straight line (1. 14). Produce 
O D and H B ; let them meet in Q ; and 
oomplete the solid parallclopiped L K, of 
which the base is the parallelogram L Q, 
and LM is one of its insisting slroight 

Because A B is equal to C B l^3yp.). Therefore A B is to L Q (V. TI, ai 

CD is to L Q. Because tliQ paraLlelopiped ARis cut by the plane L^ 

parallel to the opposite pluics AK. and U 11. TUeveforo as the base AB 

uto tbo baaeLQ, so ia (XL 251 ttc si\\d K'E. VQttniTO\\i\.\'„ Because 

t^e paraltclopipeA C It is cut by thu ^\a.uQ l.'S -^ivftfiA Vi liia o^i^otfik 

planes C i* and B li. Thtreloie as ttetaac CU w '-'--■ 



^ 



A. 3 



&„x 



a ■iic \iaao \,vi,»i'» 
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be WK£d CF to tbe mod L R. Bu: :he baso A T^ :^ :.^ c^.* Sa«.^ \ 0« ^* 
km bise CD s CD the beee L ^ &s bo'ore rrorcd. r.'\c*n'\\\\ as :h«- y.<\«) 
.B ie to Cte §qM LR ^V. i;;. $o » the $ol-d h' :o t>.« ah.<ui \ K. 
hesefixe die miSJA A £ is ecvil ^ V. 9' to Chr sol d C K. 
In the second cj«e. le: :^e ar.irks SLB aiiU L U ly* v.'.)<\;»a^ TS<» 
lid 8 E v mai to the MMid C F. 

Prodoee BL and TS Qr«til ther meet in A. «nd fi\«"U ou)\y UU 
trallel to U A : and ie; H B and O'l) product iiiixM iii vj. am; ^^^»t(^>;-^ 
le solids A E mtd L K. 

Tlie aolid AE is eqail (XI. 29) to the solid $ W btv4u^> lUov aw «\*.\«m 
e flune base LE, and of the same altitude, and (hoir msUiiut; !c.t^v>;^( 
l(n,Tis.LA»L:^, BU,andBTs MO, MV, KK.anJ K \. n'lv u\ :U 
me stimight Knn A T and G X. lWcnu«c ihe mndUl'Arrnm A )t in «\)ua) 
.35) to :^ B, farthev are apon the same boso I. U» mul K-iw-^Vi) {\w -^awx^ 
jtaileli L B and A f ; and the base S B is eiiual to iho Kt^t^i r !> ^ •*' > -^ ^ 
lerefon the base A B is camd to the base C U; aiul tiio an^li* A I \\ \% 
nal to the anrie C L D. nlierofore, hv tho tifsi ort<o. iho s.^'ul A K (• 
vmk to the aoiMl CF; bat it was shown* tlkU tho noIuI A K m «««|iu( U\ 
9 oolid S £. Thexefore the solid S K is i>qual to tho m\hd T b\ 
Secondly, let the insisting straight lines AG, 11 K, in\, lUuM. M < T N, 
3, DF, and OP be not 

right an^ea to the X K r r 

aea ABand CD; in ^ FV ,T\ '^ 

is oan likewise the ^^^ 'n' int^Kl '* s ^ ^'* 

lid A Eia equal to the ^<-^'V^I *l \K^-^\{.\ H 

F^vmthepointa G,K, a ii q r r li \ p. 

,aiidM,N,S,F,andP, 

aw the fltroight lines G Q, KT, K V, and M X i N Y. S A V \, ,u\A V \\ 
irpandicBlar.(XI. 11) to the planes in whii'h iiiv tho \\\\m^ V \\ i\\u\ 
D ; and let them meet thoso plunos iu tho Vkiv\\\H i\, l, V. iut«) \ i \i 
I, and U. Join QT, T V, V X. ami X U i ^ /. /. I. I \\ un.l V \ 
Beeanae O Qand X T arc at rightiuif^lrH to tho nduio |0 \\u\ \\\\ iti^i 
imllel (XI. 6) to one another: uud M (] and V, K mv puitHilii Th.'i«> 
re the planes M Q and E T, uf which ono iWHiirN (h)'iM(|{h M W itn.U; ^, 



id not in the same plane with them, ai-o imruUr 
ir the same reason, tho planc:i M V and u T ur 



iiiin 
A {W, l.>) tit ononho l\x V. 



iiinitli'l to ono i\niMt'«>t 



id the other through E K and K 1\ \\\\w\\ uro purulioi to M ii noil i* ), 

lane with them, ai-o imrulh 

tho planc:i M V nnd u T uro n in 
lerefore tho solid QE is a parulIc)opi|HHl. In Itko nMiutit-, i( msu tto 
ored, that the solid Y F is a paitiUoloptih-d. Mnt, tVoiu \\ \u\\ \u\-i d, m 
mdnstrated, the solid E Q is equal to the solid K Y. Ivrnn-'o tho^ mti 
ion equal bases M K and PS, and ot'tho snmo nltitudo. tiud \u\\%^ Www 
riating straij^ht lines at right angles to the 1>:inoi«. .\jkriitii, tlio nolul 
Q IB eqnal (XI. 29 or 30) to tho solid A E, and tho Holid KY lo tho 
lid C K, bccauso they arc upon the same buscMi and of tho Minit* uliitiulo, 
lerefore the solid AE is equal to tho solid C F. M'hon'roiv, mil id 
xaUelopipeds, &c. Q. E. D. 

lUs proposition is the foundation of the mensnrnUon of iioliild. Ar ttin unliil wn- 
tnt of a right panUlelopiped is found in pr.idloe by nvuVvV^V^Vt\f. \Vv% %x«^^> vX \w 
baae by its altitude, so the solid conienl ot «\wy QUiqu^ Y«««\\t\v%v\\w^\%\'!>.>wBv^> 
by multiplying ciie area of its base by its aVUlw^ic . ^w^ V\v« ««»» ^^"^^ ^V>^»**'^ 
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PROP. XXXII. THBOBEM. 

Parallelopipeds which have the same altitude are to one another as 

their hoses. 

Let AB and C D be parallelopipeds of the same altitude. They are to 
one another as their bases ; that is, as the base M N is to the base OF 
80 is the solid A B to the solid C D. 

To the straight line F G apply the parallelogram F H equal 
(I. Cor. 45) to MN, so that the angle F GH 
may be equal to the angle LOG; and upon the 
base F H complete the parallelopiped G K, one 
of whose insisting^ straight lines is F D, so that 
the solids C D and GK are of the same altitude. 

The solid A B is equal (XL 31) to the solid 
G E, because they are upon equalbases MN and 
FH, and are of the same altitude. Because the 
parallelopiped C K is cut by the plane D G, which is parallel to its oppo- 
site planes, the base H F is (XL 25) to the base L G, as the solid H I> to 
the solid D C. But the base H F is equal to the base M N, and the solid 
G K to the solid A B. Therefore as the base M N is to the base C F, so 
is the solid A B to the solid C D. Wherefore, solid parallelopipeds, &c. 
Q. E. D. 

Corollary. — From this it is manifest, that prisms upon triangular 
bases and of the same altitude, are to one another as their bases. Let 
the prisms, the bases of which are the triangles A £ M and CFG, and 
N B O and P D Q the triangles opposite to them, haye the same altitude : 
they are to one another as meir bases. 

Complete the parallelograms A £ and C F, and the parallelopipeds 
A B and C D, in the first of which let M O, and in the other, let G Q b^ 
one of the insisting straight liues. 

Because the panillelopipeds A B and C B haye the same altitude, they 
are to one another as the base M N is to the base C F. Therefore the 
prisms, which ore their (XL 28) halves, are to one another, as their bases 
that is, as the triangle A £ M to the triangle CFG. 

CoroUary — ^Parallelopipeds which hare equal bases are to one another as their 
altitades. 

PROP. XXXIII. THEOREM. 

Similar parallelopipeds are one to another in the triplicate ratio of their 

homologous eides or edges. 

Let AB and CD be similar parallelopipeds, having the side AE 
homologous to the side C F. The solid A B has tq the solid C D the 
triplicate ratio of that which A E has to C F. 

Produce A E, GE, and HE, and in them take EK equal to CF, EL 

equal to FN, and EM equal to FK. Complete the parallelogram K L, 

and the solid K. O. 

Because the solids A B and CD are similar {Hyp.) , the angle A E G is equal 

to the angle CFN, But the angle AEG is equal to the angle KeL 

{L 1^). TZzerefore the angle KEL 18 eq(ua\ to ^L\Lew^^<&^^'^. BatKE 

and EL are equal to CF and FlSl (^Const.Y Tttaxfelw^ ViRa ^w^^^tfjr 
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cf ±e solid 
>icpcs:e cce* ia each 
li azd iLziilir to these. 
Mm^ ^cd K O !s ecaal .XI. O 
to die ssod C D. ComDlete tho 
GK: azid upon tne bases 
^K aodTKL ccmpjsce the solids EX and 
LP, flo that EH oe as xasiscinsr strai^t lino in imoU \^( tV»> a\*s\ \Ua\ 
Act sre of t^ uxe alt: rsde with the WUd A U. 

JJiimw tiie *£ds A B and C D arv similar. A K in to T \{ .\- \' V i« 
to 7X. TberHbre, dt permutation, A K i* to C K» um I* \{ i^ lo I \ .*.*.! 
mEH is to FR. Bnc FC is e^ual to K K, KN fo T I « A^^^ \ U ^o 
E3L Thoefiire A£ is to £K. as E G is to K I.. And a^ U )^ ^n \y^ I \\ 
But A E if to £K (VI. l), as the paralMoi^ram A 1) t>« U\ ih«> ^ n au \«t 
^nm GK; and GE is to EL. a8 (VI. i) \} K m (\t K I . a\u\ U U 
MID ESI (VL 1), as P£ is to K M. Thon^foiv tUo |M).aioU»^,«.«m \ M 
ia to the pazaHelofmm G K, as Q K isi to K t, and mi V V u ^^^ U \l 
Bnt AG la to GlL,as (XI. 2d) the solid A H in to tho tnOut I \ i^o«l 
OK is to XL(XI. 25), as the solid KX in to thonohd V \ . .«od V C u 
tD EM,as(XL25) the solid PL in to tho nohd KO lh«-i. u^m \\\\ 
■oiid AB ia to tbe solid EX, as KX is to V )., and h» V \ i- ^^^ h iV 
But if foor magnitudes be eontinual im^itovtionulM, ih.i \u..\ \^ .,,\\A to 
]iave to the foarth the triplicate (V. 7V/. in lutioot' i\\M \\\\\y\\ w hi^^ «o 
the second. Therefore the solid A I) han to tito nohd l\ i V \\\y. \\\\\\\y .«h> 
ratio of that which A B hastoKX. Hut AH U to l^'Nit- ihi. ^mA 
Islognm AG is to the parallcIo^n\m (1 K| Mud nn tho ««h.(i|,lti \hiv \ )v 
is to the straight line £K. Thenfon^ tho nolh) \\\ h.ia \m iii,. ,^\\x\ 
K.0 the triplicate ratio of that ^vlm*ll AK \\\\» to )0 K )tui il«i ohd 
EO is equal to tho solid CI>| and tho ntniluhl hm* \< h \* mio<«I io uio 
atrsi^t line CF. Thcrefon> tho NoUd All litm to iht< .<ohil \ P \\\y^ 
tripbcate ratio of that M'hich tho nido A K Iihn Io thtt )haooiiV|i004 *>hl«. 
CF. Therefore, similar x>araHrlo|)ip(Mlii, \ II til' W 

COROLLAKY. — From this it in nmnifoM that, If t\<oi x|tal|ilo \\\\\* W 
oontinnal proportionals, as tho llii«t in to tho l\ioith, mi (n ilo* ji<o<il\i Io 
piped described irom tho iirnt wn ii nIiIo or i«duo iti tiiM ••Oiol-o .ohd 
omilarly described from tho second \\h ii niilo or i*iImoi li«i<oit.,. tlii< \\\*} 
straight line has to the fourth tho triplirnto ratio ol liiat \\\\UA\ \\ Iiih to 
the second. 

Tbis proposition ia one of the most im|Nirliiut la tin* \\\^\ II U lUi* animiMtii.u ni 
ttas role for determining the solid oonteut ofsll ■Unllm M<lUt« hiMHilfil \\\ iiIhuv* 
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frof.d. thbobeii. 

ParaUehpipeds tchtch ire contained by paraHeloframt 

another, each to tach, that it, e/iehich the talid angt 

to each, have to one another tht ratio tekich ii the tame tcili'thi 

ratio cumpovniied of the ratios of their tidet. 

Let A B and CD be parallelopipeds, of which AB if eontauied I7 

the parallclo^ama A E, A F, and A 0, cqniaiigalar, esdi to cm^ to 

the poralltlogTiima CU, CK, and CL, ivhich contain tbo Kriid CD. 

Themlio which the Bali d AB has to the solid CD, is the suae with tint 

which ia compounded of the ratios of the aidea AM to iiJj, AN to 

D K, and A O to D H. 

Produce M A, N A, and O A to F, Q, and B, making A P emwl to 
DL, AQ to DE,and AR to DH. Complete the paraltelo^peil AX 
contained bv the parallelograms AS, AT, and AV, Bimilar and «qnal 
to CH, CK, and CL, each to each. The aolid AX is equal (XXC) 
to the Bolid CD. Complete likewise the solid AY, of which the b«H ■ 
AS, and AO one of its inastiiig straight tines. Take any straigbt line 
(t,Bndas MA is to A P, so make (VI. 12] a to 6; and m NA vto 
AQ, BO make bio a and as AO it to AR, eo muke eUtd. 

Becan-e th' parallelogram AE is equiangular toAS, AEiatoAS 
MS is to c (\a. 23). Put the solids A B and AY, between thtfpanlkl 
planes B U Y and £ A S, ore of the same altitude. Tberefbre ths vlid 
AB ia to the solid A Y as (XL 32) the base AE ia to thebasoASj 
that is, as a is to e. But the solid AY ia to the sdlid A X as (XI. S8) 
the base OQ ia to the base Q K ; thstia, nsOAistoAB; that il^ IS 
e is to d. Because the solid A B is ... 

ta the solid A Y ns a is to c, and L II a 

the solid A Y ia to the solid A X » p 
as c is to i2 ; ex aqaali the solid 
AB is to the sohd A X, or C D, b|^ 
which is equal to it, oa a ia to d. 
But the ratio ot a ia d is said 
to be compounded (V. Def. A) of ' 
the tatios of aXob.Ji to c, and c to 
d, which ore the same with the 
ratios of the udos M A ta A P, 
N A to A Q, and A to A K, eadi 

to each: and the sides, AP, AQ and AB are eqiral to the rides I>Ii,'DK, 
and 1) H, each to each, liiereforc the solid A B has to the solid CDtiie 
ratio which ia the same with that which is compounded d( the MiM <A 
theBtdca AM to SL, AN to DK,and AO toDH. Q. E. D. ■.:■ 

Tills propoiiition wu iutrodaoed Into thla Book bj Dr. Simsoti, 
PROP. XSSrV. THEOREM. 
The laeea and altitudes qf two equal paraUelim'peds, are reciprseaUt/ pro- 
portional; and coneersely, if the buses and aliitudea qftte/i paral^hpi- 
j^r/g 6e reciprocally proportional, they are equal. 
^»' A B and CD he two equal pan^dopi^da. T^ect >»«» «b& 
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Fint, let their inustiTi^ etroigbt lines AG, £F, I.I), ur.,^; Hiw; 
CM, NX, 01), and PK be at right angles lo their btiscs. 'IhoKwr 
SH is to tlie base N P as CM is to A O. 

If the besc EH bo cqonl to the base NP; 
beoanse the solid A B is (JET^.) equal to the 
solid CD, CM is equal to A O. For, if the 
bases £ H and NP be equal, but the altitudes 
A G and C M not equal, neither is the solid 
AB equal to the sidid CD. But the solids 
(Sm^.) are equal. Therefore the altitude 
CM is not unequal to the altitude A G ; that 
is, CM is equal to A G. AVherefore the boso £ H is to the base N P. «■ 
CM is to A G. If the bases £ U and N P bo not equal, lot V. H bs 
mater than the other. Because the solid"* AB is equal to tho moWA 
CD, C M is greater than A G. For, if not, 
the solids AB and CD are unequal. Bat 
(Ap.) they arc equaL Make CT equal to 
AG, and complete the parallclojdped CV, of 
which the base is N P, and altitude CT. Be- 
caase the scdid A B is equal to the solid C D, 
the solid AB is to the solid CY, as(V. 7) tho 
■olid CB is to the solid C V. But the solid 
AH is to the solid C V, as (XI. 32) tho base 
EH is to the base NP; for the solids AB and C V aro of tho mxo» 
altitude. Because the solid CD is to the solid C V, as (XI. 2u) tho bate 
MP 18 to the base PT, and as (VI. 1) MC is toCT; aud CT is equal to 
AO. Therefore the base £H is to the base NP, as MC it* to AG. 
Wherefore the bases and altitudes of the parailelopipods A B and CD aro 
rec^rocally proportionaL 

CJbiiTersely, let the base^ and altitudes of the parallclopipttUi A B and 
C D be reciproc£dly proportional. They are equal. 

Filrst, let their insisting straight lines bo at right angles to their bases; 
and let the base £H be to the base NP, as C M is to AG. hvt the base 
S H be equal to the base N P. Because £H is to NP, as the altitude of 
^bB solid C D is to the altitude of the solid A B. Therefore the altitude 
of CD is equal (Y. A) to tho altitude of A B. But parallclopipeds unon 
egnal bases, and of the same altitude, are equal (XL 31) to one another, 
l^earefore the solid A B is cqiml to the solid C D. But let the bases £ H 
and N P be unequal, and let JS H be the greater. Because the base E H 
28 to the base N P, as C M, the altitude of the solid CD, is to A G the 
iaititnde of A B, CM is greater (Y. A) than AG. Make CT equal to 
A G, and complete the smid C Y. Because the base £ U is to the bam 
NP, as C M is to A G, and A G is eaual to C T. Therefore the base £H 
isto the base NP, as MC to CT. But the base £ H is to the base NP, 
(Xt. 32} as the solid AB is to the solid C Y; for the solids AB and CY 
are of tne same altitude : and M C is to C T, as (YI. 1) the base M P is to 
the base P T, and as the solid C D is to the solid (XL 26) C Y. ahere- 
fore the solid A B is to the solid C Y, as the solid C D is to the solid C Y; 
that is, each of the solids A B and C D has the same ratio to the solid 
C V. Therefore the solid A B is equal (Y. 9) to the solid C D. 

Secondly, let their insisting Btr(ug\\t ^mea "SIL^. '^\*> ^ k^%sA^^"^ 



EnCUl/l BLEHEHTS. 



From thepointsF, B, E, andO; X.D, R,tuid M, disw perpendicularB 
to the pknes in which arc the bates E H and N P, meeting those planes 
in the pointB S, Y, V, and Tj Q, I, U, and Z; and comptoto the Bolids 
F V and X U, which are parallelopipeda (SI 31). 

fieoBiiBe the solid AB is equal to the solid CB, and the solid AB 
is e^nal (XL 29 or HO) to the solid B T, for Iber are upon the ei 
"" ' " ■' le altitade; and the solid CD is e ' '"'' ' 



FK, and of the s: 




aldtode. Therefore the solid B T 
is equal to the solid V Z. Bnt the 
hoses and altitudes of eqnal paral- 
lelopipeda of which the insisting 
straight lines are at right angles 
to their bases, are reciprocally pro- 
pcalional. Therefore Uie base F K 
is to the base X R, as the altitadc 
of the solid DZ is to the altitude of the solid BT: and the hue FX 
is eqnal to the base £ H, aud the base X R lo the base N P. Therefiae, 
the base EH is to the base NF, as the altitude of the solid D Z is te 
the altitude of the solid BT: bnt the altitudes of thetolids UZand 
D C, as al£0 of the solids B T and B A, are the same. Tbca^fore the baia 
E H is to the base N F, as the altilade of the solid C D is to the altitads 
of the solid A B ; that is, the bases and altitudes of the paralleloi^sdi 
A B and C D are reciprocally proportionaL 

Converselv, let the bases of the solids AB and CD beredfrocaQf 
proportional to their altitudes, viz., the base EU to the base NP,M 
the altitude of the solid CD to the oltitadeof thesolid AB. IluMlid 
AB shall be eoual to the solid C D. 

l%e same constructian being made; because the base EH ia to Aa 
base NF, os the altitnde of the solid CD is to the altitude of the solid 
AB; and the base EH is eqoal to Ihe base FE, and NF to XB. 
Therefore the base F K is to tie base X R, as the altitnde of the BoKd. 
CD to the altitude of A B. Bnt the altitndea of the solids A B andBT 
are the same, as also of CD audDZ. Therefore the base F £ isto&e 
base X B, as the altitude of the solid D Z is to the altitude of the solid 
B T. Wherefore the kaaee of the solids B T and D Z are reciprocally 
proportional to the altitudes: and their insisting straight lines are at 
right angles to their bases. Therefore, aa was before proved, the boM 
B T is eqnal to the solid D Z. But B I' is eqnal (XI. 29 (w 80j to B A. 
and D Z to D C, because they are upon the same bases, and of the same 
ftltitode. Therefore the sohd A B is eqnal to the solid C D. Therein 
the bases, &c. Q. £. D. 
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PROP. XXXV. THEOREM. 

Vt^m the vertices of two equal plane angles^ there he drawn two straight 
lines elevated ahove the planes in which the angles are, and containing 
equal angles with the sides of those angles, each to each ; and if in the 
hnes above the planes there be taken any points, and from them per- 
pendiculars he drawn to those planes; and \f from tJte poiftts in 
tohidi they meet the planes, straight lines he drawn to the vertices qf 
the two equal nlane angles ; these straight lines make equal angles 
with the straight lines above the planes. 

Let B A C and £ D F be two equal plane angles ; and from the i)oint8 
L and D let the straight lines A G and D M be drawn above the planes 
f the angles, making equal angles with their sides, vix., GAB equal to 
IDE, and G A G to MDF. From G and M, any points in the straight 
nea AG and DM, let perpendiculars GL and MST t>o drawn (XI. 11) to 
le planes BAG and EDF meeting them in the points L and N; and 
i AL and MN be joined. The angle GAL is equal to the angle M DN. 

Make A H equal to DM, and thro^h H draw H K paralleTto G L in 
le plane AG L, and meeting AL in f . j^ D 

Because GL is perpendicular to the 
lane B A G, H K is perpendicular to the 
une plane. Because the solid angle at A, 
> contained by three plane angles BAG, 

A H, H A C, which are equal, each to 
loh, to the three plane angles EDF, 
iBM, MDF, which contain the solid 
ijgle at D. Therefore the solid angles at A and D are equal, and 
npdde with one another (XL B) ; that is, if the plane anfflo li A G ba 
rolied to the plane angle EDF, the straight line A II coinoidei witb 
iM. Because AH is equal to DM, the j^oint H coincidoa with the 
}int M. Therefore H K, which is perpendicular to the plane D A G^ 
nncides with MN (XL 13) which is perpendicular to the piano K D P, 
id H K is equal to M N. Becaiuse the points A and K ooinoide with 
IB points D and N, the straight line AK coincides with the straight 
oe DN. Therefore the triangle AHK coinddoa with the triangle 

MNy and the angle HAKwith the anffle MDN. Wherefore tne 
igle G A L is equal to the angle MDN. Tberefore, if from the vortices. 
J aE. D. 

CosoLLARY. — ^From this it is manifest, that if from the vertices of two 
inal plane angles, there be drawn two equal straight lines containing 
|lial angles with the sides of the angles each to each ; the perpendion- 
ra drawn from the extremities of the equal straight lines to the planes 
* the first angles are equal to one another. 

PROP. XXXVL THEOREM. 

^ three straight lines he proportionals, the paraUelopiped described from 
uU three, as its sides, is equal to the equUateral paraUeUmiped 
described from the mean proportional, one of the soUd angJts qf 
which is contained by three plane angles efuaf, each to each, to the 
three plane angles containing one of the sohd angles qfthe other. 

LetA,B, Che three proportioBa\a, 'ra., k \ft '^^ ^ ^\»^- "^Njii^ 
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parallelopiped deioribed frosa. A, B, C as .it« ^gw shall be equal to the 
equilateral parallelopiped described from B, as its common edge, eqni- 
anffular to the other. 

Take a solid angle D contained bj three plane angles E D F, F I) G, 
and ODE; and make each of the straight lines £D, DF, and DO 
equal to B, and complete the parallelopi^d D H. Take any straight 
Una LK equal to A^ and at the point K m the straight line LK, make 
(XL 26) a solid angle contained by the three plane angles L K M, M KN 
and N K L, equal to the angles ED P, FDG, and G D E, each to each; 
make K.N equal to B, and £M equal to C; and complete the parallelo- 
piped KO. 

Because, A is to B, asB Is to C, and A is equal to L K, and B to each 
of the straight Unes D E, B F, and C to K M. There&re L£. ia ta ED, 
as D E is to KM; that is, the sides 
about the equal angles are leciprocaUy 

proportional; therefore the paraHelo« , ^ j\ fXO 

gram LM is equal (VI. 14) to the N 
parallelGgram EF. Because EDF 
and LKM are two equal plane an^es, NT 
and the two equal straight Hues DO ] 
and BL N are drawn from their vertices 

above their planes ; and contain equal A B C 

angles with their sides. Therefore the 

perpendiculars from the points G and N to the planes EDF and LKM 
are equal to (XL 35 Oor.) one Snother. Wherefore the solids K. O and 
D H are of the same altitude : and they are upon eqfoal bases LM, and S7. 
Therefore the parallelopiped KO is equal (XL 31) to the paralHomed 
D H ; and the solid K U is described firom the three straight lines A) B, 
tad C» as its e^es, and the sc^ D H from the straight hnb B as iti 
eommon edge. Therefore if three straight lines, &o. Q. £. D. 

jnMridte.---D6moiistr8te the ooavene of this propoaiHon. 
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PROP. XXXVn. THEOREM. 

ff/bur Hrm^f denes he proportumals^ thb ntni/arparaUehpiped» umUmff 
described Jromihem ae edges are aim properiionaU; end, eancermls, 
^ the similar paraUtkp^eds similarfy described fivm four stredjjk 
Unes as edges be prcfporiionals, the straight lines are proportiekah. 

Let the four straight lines A B, CD, £F and OH, be proporticAuJii 
viz., AB toCP, as £F to GH}, and let the similar paraUel<^pedi 
A K, CL, £ M and GN be similarly described from them as edges. AX 
is to CL, as EM is to GN. 

Make (VL 11) A B, CD, and P continual proportionals, as also JSP, 
GH, QandR. V 

Because ABiato CD, as EFtpGH; andCDis (V. 11) toO,«sGH 



is to Q; and O is to P, as Q is lo .Bk 

Therefore, e» tsgmU (V^. 22) AE is to P, 

^gJEFiBtoIL BvtABisto.P|as(XL 

Cbr, m the aolid A Kf is to ^ aoXv^ 

fZ/ W JSP, is to B^as {XL Cor, ^^ 

tbesqUdEMvs ia theaoUdG'N* Tbexe- 
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£or6(V. ll)the solid AK is to the solid C L, as the soHd E M ia to tlia 
solid ON. 

Next, let the solid A K be to the solid .Y 

CLyms the solid E M to the solid G N. ^ j^ 

ThfiStraightlinesAB, CD, EF, andGH, i^— P1 f 

TakeAB to CD,so EF to ST, and ^ y G u 

from ST as edge, describe (XI. 27)a paral- 

klopiped 8 V sixnilar and similarly situated to either of the parallelopi^ 

ped8,£MorGN. 

Because A B is to C D, as E F is to S T, and that from A B and C D as 
edges the paiallelopipeds AK and CL are similarly described; and ti&e 
paiallelopipeds E M and S V from the straight k'ncs E F and S T as 
edges. Thmfore AK is to CL, as EM is to S V. But (ffi/pA AK is 
(d G L, as E M is to G N. Therefore G N is equal (V. 9) to S V. But 
it is similar and similarly situated to S V. Therefore the planes which 
opmtnfn the folids G N and S Y are similar and equal, and their hoouK 
logoos sides G H and S T equal to one another. Because A B is to C D, 
asEFistoST, and ST is equal toGH. Therefore ABistoCD.as 
B F is to G H. Therefore, if four straight lines, &c. Q. E. D. 

PROP. XXXVIIL THEOEBM. 

ffmie plane ftt perpendicular to another, a etrmght line drmwnjrom apamUin 
the one perpendicul a r to the other^ meete their common eeetion. 

Let the plane CD be perpendieolar to the plane AB, and let AD 
be their common section ; if any point E be taken in the plane C D, the 
MTBeiidicular, drawn from £ to the plane A B, meets A D. 

'Prcm E draw EG in the plane CD perpendicular to A D (I. 12) and 
in the plane AB, from the point G, draw GF perpendicular to .AD 
(1. 11). 

Because E G is perpendicular to G F (XL Def. 
8), and also to AD (Omsi.) Therefore EG is 
perpendicular to the plane A^ (XI. 4). But from 
the point E, no other straight line can be drawn 
pezpendieiilar to A B, than E G (XL 13). There- 
Ibire the perpendicular drawn fraoL E to the plane 
AB meets AD. Wherefore, if one plane be per- 
pendicttlar, &c ^ £. D. 

Dr. Simfoa eoasidcn tUs propaAUim ta aa inteipolfttkm in this Book, and ^rito 
OBtof pUoo. 

PROF. XXXIX. THEOBElt. 

hidparaUelopiped, if the sides of two of the opposite pimnee be each bisected, the 
cotHmwn section qf the planes passing through the points of bisection and msy 
diagonal of the parallelopiped, bisect each other. 

Let tiie sides of the opposite planes C F and A H, of the parallelopiped 
- A F, be bisected in the points K, L, M, and N ; and X, O, P, and K. Jmn 
K L, M N, X O, and P K. Because D K and L are equal a^d paralld, 
K L is parallel (I. 3S) to D C. For the same reason, M N is parallel to 
B A. But B A is parallel to D C. Because K.L and B A a-i:^ eacfci^ 
fbem parallel to DC, and not in t"he same v^iift Vv^sl'^^'^V^^V^^^^ 
(XLi^to BA; and becanseXL and VL^ «i<ieft^oV\>M3fi.V«S^ 
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BA, and not in theMme plane with it, EL ia parallel (XL 8) to HN> 

Therefore KL and MN are in one plane. _ 

In like manner it maybe proved, tliatXO ~ ~ 

•nd P R are in one plane. Let Y S be 

the common section of tlui planes SN and 

X R 1 and D O the diaeonal of the panilldlo- 

pipedAF. The atnught liueii YSandDQ 

meet and bisect each other. Join B Y, Y B, 

BS,andSa. 

Becanse U X is parallel to O E, (he alter- 
nate angleaDXY and YOE araequal [1. 29). 
]»erana« D X is equal to B and X Y to Y O, 
and they contun eqnal angles, the baae D Y ia 

Siai (I. 4) to the base YE, end the other aneles are eqnaL 
erefore tha angle XYD is equal to the angle OTTE, and DYB 
is a strdght (I. 14) line. For the same reason B S G is a stiwht 
line, and B S is eqoal to S Q. Because C A is equal and parallel to D B, 
and also to B 0. Therefore D B is equal and parallel (XL 9) to E G ; 
and DE and BGjoin their extremities. Tberefbre DB ia equal and 
I»Hillel (1. 33) to B G. But D G and Y S drawn joining them are in ona 
plane. Therefore DO and YS most meet one another; let them meet 
m T. Because DE is parallel to B G, the alternate angles E DT and 
B O T are (XL 29) equal. Bnt the angle D T Y is equal (I. 15) to the 
angle G T S. Wherefore in the triangrles D T Y and GT S there are twa 
angles in the one equal to two angles in the other, and one side eqnal to 
one aide, opposite to equal angles in each, viz., D Y to QS ; for th^- 
am the haWes of D E and B G. 'I'herefore the remaining sides are eqniaj 
(I. 26), each to each. Wherefore D T ia equal to T G, and YTtoTS. 
Therefore, if in a parallelopiped, &a. Q E. D. 

FfiOF. XL. THEOREM, 
y huo Iriangitlar pritmt of the tone allilade, haxt Iht bate of one a partada, 
ffram, and the ton ef the other a triangle ; mtd if lie paraltelogrwm *» 
double of the triattgle, Ihi pritmt are egtiat. 

Lettheprisms ABCDEFandGHKLMNbeof the same altitnde, 
ofwhioh the first is contained bj the two triangles ABE and CDF, end 
the three parallelocframs AD, D E, and E C ; and the other by the two tri- 
angles G UK and LMN, and the three parallelogramBLH.HN.andNQ; 
and let one of them hive a parallelogram A F, and the other a trian^ 
GHK, for its base: if the parallebjtram AF be double of the triaagi* 
GHK, the prism ABCDEFia equal to the prism GHK.LMN. 

Complete the solid parallelopipeds A X and G O. 

Because the parallelogram A F is b D HO 

double of the triangle GHK; and , — — 
the parallelogram HK donhle (L 34) ^ 
of the same triangle. Therefore the ' 
panllekisTam A F is equal to H E. 

BntparaJlelopipeds upon eqnsl base*, u • u a 

and of the same altitude, aie eqnalfXL 31 } to one aiiother. Therefore the 
■olid AX is equal to tha aohd GO. But the miam A6CDEF is half 
(XL 28} of the solid AXi and the prism OHKLMN half (XL 28) o. 
aa Mb'd aO, Therefore tha prism ABCDEF ia equal to the pnna 
OHKLMN. Wherelbie, iItiroti\ans>^%™Ba,Gu. (l.B.11. 



BOOK XII. 

DBFINITIPNS. 

L 
A FTBAIOD 18 laid to be inscribed in a cone, when its base is inscribed 
in the base of the cone, and both solids have a common vertex ; and, a 
ame is said to be described abont a pyramid, when its base is described 
about the base of the pyramid, and both solids have a common vertex. 

II. 
A cone is said to be inscribed in a pyramid, when its base is inscribed 
in the base of the pyramid, and both solids have a common vertex ; and, a 
mamid is said to be described abont a cone, when its base is described 
about the base of the cone, and both solids have a common vertex. 

III. 
A prism is said to be inscribed in a cylinder when its bases are inscribed 
in the bases of the cylinder ; and, a cylinder is said to be described about 
a prism, when its bases are described about the bases of the prism. 

IV. 
A cylinder is said to be inscribed in a prism when its bases are inscribed 
in the bases of the prism ; and, a prism is said to be described about a 
c^yiinder, when its bases are described about the bases of the cylinder. 

V. 
A polyhedron is said to be inscribed in a sphere when the vertices cf its 
solid angles are in the superficies of the sphere ; and, a sphere is said to 
be described Lbout a polyiiedron when the superficies of the sphere passes 
through the vertices of its solid angles. 

VI. 
A sphere is said to be inscribed in a polyhedron when its superficies 
touches the faces or planes of the polyhedron ; and, a polyhedron is said 
to be described about a sphere, when its faces or planes touch the super- 
ficies of the sphere. 

POSTULATES. 

I. 

Let it be granted that a square or other rectilineal figure may contain 
the same area or space as a circle ; or, that to two squares and a circle 
there may be a fourth proportionaL 

IL 

Let it be granted that to two triangles and a pyramid erected on one 
of them, or to two similar rectilineal figures and a solid erected on one 
of them, there may be a fourth proportional; and that to any three solids 
there may be a fourth proportional. 

Tbe preceding definitions and voetulaten are not laid down in Euclid's Elements. 
Bnt as they are onderBtood and taken for granted in this Book, they are formally 
fnierted here for the benefit of the learner. 
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100 EUCLID'S ELEMENTS. 

The following Lenmui is the first proposition of the Tenth Book of Euclidli 
Elements, and is usually iqsefted here, as ¥eing necessary to the understand- 
ing of the demonstration of some of the propositions of this Book. 

LEKHA' Z. 

If from the greater of two unequai magnitudes of t^ same kindi there 
. be taken more than its hsif, etndfirom the remainder more than its 
half: and soont there will at lei^fth remain a magnitude less than 
the least of the proposed magnitudes* 

Let A 6 and C be two unequal magnitndes, of the same kind, of wMch 
\B is the greater. If from A B there be takes more than its half^ and 
from the remainder more than its half, and so on ; there -will at length 
remain a magnitude less than C. 

Hm: C may be mtdtiplied so as at length to become greater ^ 

than A B. liCt it be so multiplied, and let D E its multiple 
be greater than A B ; also let D E be divided into parts 
D F, F G, and G E, each equal to C. From A B take B H 
greater than its half, and from the remainder AH take 
H K greater than its hal^ and so on, until there be as 
many divisions in AB as there are inDE: and let the 
diviidons in A B be A K, K H, and H B ; and the divisions 
in DE be DF, FG, andGE. 

Because I) E is greater than A B, and E G taken from 
D £ is not greater than its half, but B H taken from A B is greater than 
its half. Therefore the remainder G D is greater than the remainder 
HA. Again, because G D is greater than H A, and that G F is not 
greater than the half of GD,but HK is greater than the half of HA. 
Therefore the remainder F D is greater than the remainder A K. But^ 
FB is equal to C. Therefore C is greater than AK ; that is, AK. is less 
than C. Wherefore, if from the greater, &c Q. E. D. 

CoBOLLARY. — If only the halves betaken away, the same thing maj 
in the same way be demonstrated. 

PROP..I. THEOREM. 

Similar polygons inscribed in circles, are to one another as the squares (f 

their diameters. 

Let ABODE and FG HKL be two circles having the similar polygons 
AB CD E and FG HK L inscribed in them ; and let B M and G N be the 
diameters of the circles. The square of B M is to the square of GN, as 
the polygon A B C D E is to the polygon F G HK L. 

Join BE, AM, GL, and FN. 
Because the polygon ABODE is .^-T^lr-s^ jt 

similar to the polygon F G H K L, the /y^\^ ^^ 

ftngte BAE is equal to the angle -^L^ Lji^ ^/ 

G F L, and B A is to A E as G F is to fp""^^>-JVj 
FL. llierefore the twb triangles \\ U^ 

BAE and GFL (VI. 6) are equi- g^ >^_^^> ^ 
angular ; and the angle A E B is equal 
to the angle F L G. But the angle AE B is equal (III. 21) to the angle 
A MB, because they stand upon me same ^c« For the same reason, the 
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•Dfl^PLOisegviBltDtiieaDf^leFNO. Therefore alio the angl» A M B 
altothe angle FN 0} and the angle BAM is equal to the (III.31) 
Q P N. Therefore the remaming anglea in the trianglei ABM 
F G N are equals and ihey are oqniangalar to one another. Where* 
B M it to O N, aa (VI. 4) B A is to G F. And the duplicate ratio of 
BM to ON, is the same (V. dand 22yl>e/. 10) with the duplicate ratio of 
BAtoOF. But the ratioof the square of BM to the square of QN, 
is the duplicate (VL 20) ratio of that ^hich B M has to G N ; and the 
xitio el the polygon A B CD £ to the polygon F O U K L is the dupli- 
oite (VI. 20) of that which B A has to G F. Therefore the square of 
B M 18 to the square of G N, as the polygon A B C D £ is to the polygon 
F G H K L^ AVherefore, similar polygons, &c. Q. K. I). 

CbrvilBiy— Sfndlar poljgont tat to one another as tbe Bqnares of the ndii of thalr 
iBioiibcd or eiramiMribod dreles, or u tho aqoarei of the ehonk of nimUar 
MgnutatAi 

FBOP. II. THEOBSM. 
- dretes an to one tmather aa the equaree of their diameters* 

LetABCDand£FGHbetwo circles, and B B and FHtheir £- 
ameters. The square of B I) is to the square of F H as the circle A B CD 
is to the circle EFGH. 

For, if not, the square of B D is to the square of F H, as the circle 
AB CD is to some space cither less than the circle EFGH, or greater 
than it (XII. Post 1). First, let it he to a space S less than the circle 
EFGH; and in the circle EFGH (IV. 6) describe the square EFGH. 
This square is greater than half ot the circle EFGH; because, if 
through the points E, F, G, and H, tangents be drawn to the circle, the 
square EFGH is half (I. 41 J of the square described about the circle. 
But the circle is less tboji tne square described about it. Therefore 
the square EFGH is greater than half of the circle. Bisect the 
arcs E F, F G, GH, and H E, at the points K, L, M, and N, and join E K, 
K.F,FL,LG,GM,MH,HN,andJSE. Each of the triangles E K F 
and F L G is greater than half of the segment which contains it. For if 
straight lines touching the circle be drawn through the points K, L, M, and 
N, and the parallelograms upon the straight lines EF, F G, G H, and H E 
be completed, each of the tinangles E K F, F L G, G M H, and H N E is 
the half (1. 41) of the parallelogram which contains it. But every 
segment is less than the parallelogram which contains it. Therefore each 
of the triangles EKF,FLG,GMH, and H N E is greater than half 
the segment which contains it. Again, if the ai*cs E K, K F, &c. be 
bisected, and their extremitits be joined; and so on : there will at length 
remain segments of tiie circle, which token together are less than the 
excess of ike ciicle EFGH above the space S. For (XII. Lemma 1) if 
from the greater of two unequal 
magnitudes there be taKcn 
more than its half, and from the 
remainder more than its half, 
and so on, there will at length 
remain a magnitude less than 
the least of the proposed magni- * ^"^^ 
tudes. Let the segments E K, K F, F L, L G, G M, M IT, H N, and N E be 
those which rcnuda, and are toKcthcr \c!a Xiiaxi >i^ ^^o.<«&^ ^^1"^^!^ ^scs^^s^ 
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EFGH above S. Therefore the rest of the circle, viz., the polygon 
E&FLGMHN is greater than the space S. Describe likewise in the 
circle A BCD the polygon AXBOGPDR similar to the polygon 
EKFLGMHN. Becaose the square of BD is to the square of 
FH (XII. 1) as the polygon AXBOGPDR is to the pol;m>n 
EKFLGMHN. But the square of BD is to the square of FH 
(J^^.) as the circle ABCD is to the space S. Hierefore the circle 
ABCD is to the space S, as (V. 11) the polygon AXBOCPDB is 
to the polyglon EKFLGMHN. But thecircle ABCD is greater 
than the polygon contained in it. Therefore the space S is greater 
(V. 14) than the polygon EKFLGMHN; but it is also less, as has 
been proved, which is impossible. Therefore the square of BD is not to 
the square of F H, as the circle ABCD is to any space less than the 
circle EFGH. In the same manner, it may be demonstrated, that the 
square of FH is not to the square of B D, as the circle EFGH is to 
any space less than the circle ABCD. Neither is the square of B D 
to the square of F H, as the circle A B C D to any space greater than 
the circle EFGH. For, if possible, let the square of B D be to the 
square of F H, as the circle ABCD is to T, a space greater than the 
circle EFGH. Therefore, a 

inversely, the square of FH is 
to the square of B 1), as the 
space T is to the circle ABCD. 
But the space T is to the circle 
ABCD, as the circle EFGH 
is to some space, which must 
be less (V. 14) than the circle 
ABCD, because the space T 
is greater. {Hyp,) than the 
circle EFGH. ITierefore 
the square of FH is to the 
square of B D, as the circle EFGH is to a space less than the circle 
ABCD, which has been proved to be impossible. Therefore the square 
of B D is not to the square of F H as the circle A B CD is to any space 
greater than the circle EFGH. But it has been proved, that the 
square of B D is not to the square of F H, as the circle ABCD ia to 
any space less than the circle EFGH. Therefore, the square of BD 
is to the square of F H, as the circle A B CD is to the circle EFGH. 
Therefore, circles are, &c. Q. E. D. 

CoroOary 1.— Similar polygons are to one another as their inscribed or dreom- 
scribed circles. 

CoroOary 2.~Circ]e8 are to one another, as the squares of their radii, er as the 
squares of the chords of similar segments ; and so are these segments. 

PROP. III. THEOREM. 

^vert/ triangular pyramid may he divided into two equal and aitnUar 
tftan^ttiar pyramids similar to the rjoKok pyramid, and two eoual 
prisms which are together greater tlianlialj^ of tKe uiKcile '^rwtSoL 

J^et A B CD be a pyramid of ^Taick \ke "Viasfc \a VJlaa \2WM\^ri rO^ ^ ^si 
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iM vertex the point D. The pyramid may be divided into two equal 
and similar triangular pyramidiB similar to the whole 
pyramid, and two equal prisms which are together *" 

greater than half of the whole pyramid. 

Bisect AB, B C, CA, AD, DB, and DC, at the 
points E, F, G, H, K and L ; and join ^H, EG, GH, 
HK., KL, LH, EK, KF, FG, and EF. 

Because AE is equal to EB, aud AH to HD, HE 
is parallel (VI. 2) to D B. For the same reason, HK is 
parallel to A B. llierefore H E B K is a parallelogram, 
and HK is equal (I. 34) to EB. But EB is equal to 
A £. Therefore also A £ is equal to H K, and AH is 
equal to HD. Wherefore EA and AH are equal to 
KB. and H D, each to each ; and the augle E A H is 
equal (I. 29) to the angle K HD. Therefore the base EH is equal to 
the base £. D, and the triangle A E H is equal (I. 4) and similar to tly) 
triangle H K D. For the same reason, the triangle A G H is equal ana 
similar to the triangle H L D. Again, because E H and H G, which 
meet one another, are parallel to £. D and D L, that meet one another, 
but are not in the same plane with them, they contain equal (XL 10) 
angles. Therefore the angle E H G is equal to the angle K. D L. Be- 
cause £ H and H G are equal to K D and D L, each to each, and the 
angle EHG equal to the angle KDL. Therefore the base EG is 
equal to the base K L, and the triangle EHG equal (I. 4) and similar 
to the triangle KDL. For the same reason, the triangle A E G is also 
equal and similar to the triangle HKL. Therefore the pyramid 
A E G H is equal (XI. C) and siimlar to the pyramid K H L D. Because 
HK is parallel toAB, a side of the triangle ADB, the triangle 
AD B is equiangular to the triangle H D K, and their sides are (VI. 4) 
proportionals. Therefore the triangle AD B is similar to the triangle 
H D K. For the same reason, the trian&^le D B C is similar to the 
triangle DKL; the triangle ADC to the triangle HDL; and the 
triangle ABC to the triangle AEG. But the triangle AEG was 
proved to be similar to the triangle HKL. Therefore the triangle 
A B C is similar (VI. 21) to the triangle H KL. Wherefore the pyramid 
AB CD is similar (XL B, and XL Def. 11) to the pyramid HKLD. 
Bat the pyramid HKLD is similar, as has been proved, to the 
imramid A E G H. Therefore the pyramid A B C D is similar to 
the pyramid A E G H. Wherefore each of the pyramids A E G H 
and HKLD is similar to the whole pyramid A BCD. Because 
BF is equal to FC, the parallelogram EBFG is double (L 41) of 
the triangle G F C. But the prism E B F G H K having the paralle- 
logram E B F G for its base, is equal (XL 40^ to the prism G F C H K L, 
having the triangle G F C for its base ; for they are of the same altitude, 
vis., the distance between the parallel (XI. 15) planes AB C and HKL. 
But each of these prisms is greater than either of the pyramids A E G H 
and HKLD. For the prism EBFGHK on the base EBFG, is 
greater than the pyramid E B F K, on the base E B F. But the pyramid 
£ B F K is equal (XL C) to the p^^xamid A E G H ; because they are 
contained by equal and similar planes. TVifcte^ot^ \3afc^T«av ^"^^ ^"^s:^ 
is greater than the pjramid AE GH. "But \)fcL^ '^totcl ^^^ ^"^^^ Sa. 
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equal to the prism GFCHKL; and the pyramid AEGH is eqnal 
to the pyramid H K L D. Therefore the two prisms E B F G H and 
GFCHKL are greater than the two pyramids AEGH and H K L D. 
Wherefore the whole pyramid A B C 1) is divided into two equal trian- 
gular pyramids similar to one another and to the whole pyramid ; and 
into two equal prisms which are together greater than half of the whole 
pyramid. Q. E. D. 

CoroUary.—A section of a triangular pyramid parallel to its base is similar to the 
base, and conversely. 

PROP. IV. THEOREM. 

If two triangular pyramids of the tame altitude be each divided into two equal 
pyramids similar to the whole pyramid, and also into two equal prisms ; and 
if each of these pyramids be divided in the same manner as the first tm, 
and so on simultaneously ; the base of one of the first two pyramids it 
to the base of the other f as all the prisms in the one is to all the prisms in the 
other. 

Let the two triangular pyramids be of the same altitude A B C 6 and 
DEFH, and be each divided into two equal pyramids similar to the 
whole, and into two equal prisms j and let each of the pyramids thus 
made be supposed to be divided in the same manner, and so on simnlta- 
neously. The base ABC is to the base D E F, as all the prisms is the 
pyramid A B C G is to all the prisms in the pyramid DEFH. 

Make the same construction as in the foregoing proposition. 

Because B X is equal to X C, and A L to L C. Therefore X L is 
parallel (VI. 2) to A B, and the triangle A B C is similar to the tri- 
angle L X G. For the same reason, the triangle D E F is similar to 
R V F. Because B C is double of C X, and E F double of F V. There- 
fore (V. C) BCistoCX, asEFtoFV. But upon BC and CXare 
described the similar and similarly situated rectilineal figures A B C and 
LXCj and upon EF and F V, the similar figures DEF and RVF. 
Therefore, the triangle A B C is to the triangle L X C (VI. 22), as the 
triangle DEF is to the triangle RVF, and, by permutation, the tri- 
angle ABC is to the triangle DEF, as the triangle L X C is to the 
triangle RVF. Again, because the planes ABC and O M N, as also 
the planes DEF and STY, are parallel (XL 15), and GC and HF 
are bisected at the points N and Y (Const,) the equal {Hi/p*) perpendi- 
culars drawn from the points G and H to the bases ABU and DBF 
will be bisected (XL 17) by the planes OMN and STY. Therefore 
the prisms L X C O M N, R V F S T Y are of the same altitude. "Where- 
fore the base L X C is to the base RVF, that is, the triangle AB C is 
to the triangle DEF, as the prism LXCOMN is to the prism 
RVFSTY. Because the two prisms in the pyramid ABCG are 
equal to one another, and the two prisms in the pyramid D E F H are 
auo equal to one another. Therefore the prism KBXLMO istothfi 
prism LXCOMN, as the prism PEVRTS is to the prism 
RVFSTY. But, componendo, the prisms KBXLMO andLXCOMN 
together, «re to the prism LXCOMN, as the prisms PEVRTS 
and RVFSTY, together, are to the prism RVFSTY. Therefore, 
f^ermutandOf the prisms KB XL MO wi^ lu^ViOM.N are to the 
prisma FE VRTS and RVESTX, «j&\.Vft^nsm.V^^^^^Ss^\ft^ 
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prism RVFSTY. But it has been proved that the prigm 
LXCOMNis to the prism RVFSTY, 
as the base ABC is to the base D£F. 
Therefore, the base ABC is to the base 
DEF, as the two prisms in the pyramid 
AB C G is to the two prisms in the pyramid 
D E F H. In like manner, if the pyramids 
now made, for example, the two O M N O, 
STYH, be similarly divided. The base 
OMN is to tlie base STY, as the two 
prisms in the pyramid O M N G is to the 
two prisms in the pyramid STYH. But the 
base () M N is to the base S T Y, as the base 

A B C is to the base DEF. Therefore, the base A B C is to the base 
D E F, as the two prisms in the pyramid A B C G is to the two prisms in 
the pyramid D E F H ; and as the two prisms in the pyramid O M N G 
are to the two piisms in the pyramid STYH; and so are all four to 
all four; and the same m^ bie shown of the prisms made by dividing the 
p^amids A K L O and fi P R S, and of all made by simultaneous di- 
vision. Wherefore, if two triangular pyramids, &c. Q. E. D. 

PROP. V. THEOREM. 
Triangular pyramids of t?ie same altiittde, are to one another as their bases. 

Let the pyramids A B C G and D E F H be of the same altitudes. The 
base ABC is to the base D E F, as the pyramid A B C G is to the 
pyramid D E F H. 

Fot, if not, the base A B C is to the base D E F, as the pyramid A B C G 
is to a solid either less than the pyramid D E F H, or greater than it 

gl. Post 2). First, let it be to a solid less than it, viz. to the solid Q. 
vide the pyramid D E F H into two equal pyramids, similar to the 
whole, and mto two equal prisms. Therefore these two prisms are 
greater (XII. 3) than the half of the whole pyramid. Again, let the 
vyramids made by this division be similarly divided, and so on (XII. 
Lemma 1) until the pyramids which remain undivided in the pyramid 
D £ F H be, all of them together, less than the excess of the pyramid 
DEFH above the solid Q. Let these, for example, be the pyramids 
D P R S and STYH. Therefore the prisms, which make the rest of the 
pyramid D E F H, are greater than the solid Q. Divide, likewise, the 
pyramid A B C G in the same manner, and into as many parts, as the 
pyramid DEFH. Therefore, the base A B C is to the base DEF (Xll. 
4j, as the prisms in the pyramid A B C G are to the prisms in the pyra- 
mid DEFH. But the base A B C is to the base D E F, as (JByp.) the 
pyramid A B C G is to the solid Q. Therefore, the pyramid A B C G is 
to the soh'd Q, as the prisms in the pyramid A B C G are to the prisms 
in the pyramid DEFH. But the pyramid A B C G is greater than the 
prisms ccmtained in it. Wherefore (V. 14) also the soUd Q is greater 
than the prisms in the pyramid DEFH; but it is also less, which is 
impossible. Therefore the base A B C is not to the base D E F, as the 
pyramid A B C G to any solid less than the pyramid DEFH. Ixv <33i& 
name mann&r it may be demonstrated, t\iatm^\»sfcYi"SA^ \%TiKj;.\a'^» 
base A B C, aa the pjramid DEFH to Mi^ f»'^^\e»^^iwaL^essfc^T^ 
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ABCG. Neither can the base ABC be to the base DEP, as the 
pyramid A B C G to any solid greater than the pyramid D E FH. For, 
if it be possible, let this greater solid be Z. Becanse the base A B C is to 
the base D E F as the pyramid A B C G is to the solid Z. Therefore, by 
inversion, the base D E F is to the base ABC, as the solid Z is to the 
pyramid ABCG. But the 
solid Z is to the pyramid 
ABCG, as the pyramid 
D E F H to some solid (XII. 
Post. 2) less (V. 14) than the 
pyramid ABCG, because the 
solid Z is greater than the 
pyramid D E F H. There- 
fore, the base D E F is to the 
base ABC, as the pyramid 
D E F H is to a solid less than 
the pyramid ABCG; the 
contrary to which has been proved. Therefore the base A B C is not to^ 
the base D E F, as the pyramid A B C G is to any solid greater than th^ 
pyramid D E F H. And it has been proved that neither is the bas^ 
A B C to the base B E F, as the pyramid A B C G is to any solid less tha.xi 
the pyramid D E F H. Therefore, the base A B C is to the base D E !<•, 
as the pyramid A B C G is to the pyramid D E F H. Wherefore trian- 
gular pyramids, &c. Q. £. D. 

PROP. VI. THEOREM. 
Polygonal pyramide of the same altitude^ are to one another as their batet. 

Let the pyramids AB C D EM and F G H K LN be of the same alti- 
tude. The base ABCDE is to the base FGHKL, as the pyramid 
A BCD EM is to the pyramid FGHKLN. 

Divide the base ABCDE into the triangles A B C, A C D, and A D E, 
and the base FGHKL into the triangles F G H, F H K, and F K L ; 
and let planes pass throu^ A D M, A C M, F K N, and F H N. There- 
fore the pyramid A B CD E M contains as many triangular pyramids 
having the common vertex M, as the pyramid FGHKLN contains, 
having the common vertex N. 

Because the triangle ABC is to the triangle F G H, as (XII. 5) the 
pyramid A B C M is to the pyramid F G H N ; the triangle A C D is to 
the triangle F G H, as the pyramid A C D M is to the pyramid F G H N; 
and the triangle A D E is to the tri- 
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angle F G H, as the pyramid A D E M 
is to the pyramid F G H N. There- 
fore the base A B C D E is to the base 
F G H, as the pyramid AB C D EM 
is to the pyramid F YG HN (V. 24, 
Cbr. 2) ; and the base F G HK L is to 
tile base FGH, as the pyramid 
FGHKLN isto the pyramid F G H N. But, by inversion, the base 
FGH is to the base FGHKL, as the pyramid F G H N is to the Kjnra- 
midFQHKL'S. Wherefore the base A B CD E is to the base FGH, 
aa the pyramid A B C D E M to tVift igiytamid F G H N ; and the basft 
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I^GH is to the base FGHKL, as the pyramid FGHN is to the 
pyramid FG HK LN. Therefore, ex €e^uali (V. 22), the base ABODE 
is to the base F GH E. L, as the pyramid AB CD £ M is to the pyra- 
mid F G H £ L N. Therefore polygonal pyramids, &c. Q. E. D. 

PROP. VII. THEOREM. 
Every trianguiar prism may be divided into three equal triangular pyramids. 

Let the prism ABCDEF be triangular. It mf-r be divided into 
three equal triangular pyramids. 

Join B D, E C, and U D. Because ABED is a parallelogram, and 
B D its diagonal, the triangle A B D is equal (I. 34) to tiie triangle 
E B D. Therefore the pyramid A B D C is equal (XII. 5) to the pyra- 
mid EBDC. Because FB is a parallelogram and CE its diagonal, 
the tirianffle E C F is equal (I. 34) to the triangle 
ECB. Therefore the pyramid ECBD is equal to 
the pyramid E C F D. But the pyramid ECBD has 
been proved equal to the pyramid A B D C. There- 
fore me prism A B C D E F is divided into three equal 
pyramids having triangular bases, viz. the pyramids 
ABDC, EBDC, and ECFD. Wherefore every 
triangular prism, &c. Q. E. D. 

CoROLLABT 1. — From this it is manifest, that every pyramid is the 
third part of a prism having the same base and altitude. }* or if the base 
of the prism be any other fig^e than a triangle, it may be divided into 
prisms having triangular bases. 

COROLLA&Y 2. — Prisms of equal altitudes are to one another as their 
bases ; because the pyramids upon the same bases^ and of the same alti- 
tude, are (XII. 6) to one another as their bases. 

This proposition is the foundation of the rale for finding the solid content of a 
pyramid. 

PROP. VIII. THEOREM. 

Similar triangular pyramids, are to one another^ in the triplicate ratio 

of their homoloyous sides. 

Let the pyramids ABCG and DEFH be similar and similarly 
situated. The pyramid ABCG has to the pyramid DEFH, the triph- 
cate ratio of that v^hich the side B C has to the homologous side E F. 

Complete the parallelograms ABCM, GBCN, and ABGK, and 
the parallelepiped B L. Complete also the parallelepiped E O. 

Because the pyramid ABCG is similar to the pyramid DEFH, the 
angle ABC is equal (XL JDef, 11) to the angle DEF, the angle GBC to 
the angle H E F, and the angle A B G to the angle D E H ; and AB is 
(VI. Dc/. 1) to BC,as DEistoEF; that is, 
the sides about the equal angles are propor- 
tionals. Therefore tlie parallelogram B M 
is similar to the parallelogram E P : for the 
same reason, the parallelograms BN and 
E K are similar to the parallelograms B K 
and EX. Therefore the three parallelo- 
grams B M, BN, and B £. are similar to the 
three E P, E E, and E X. But the three 
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BM, BN, and BK, are equal and similar (XL 24) to the three whidi are 
opposite to them ; and the three EP, EK, and EX are equal and similar 
to the three opposite to them. Therefore the solids BL and EO 
are contained hy the same number of similar planes; and their solid 
angles are (XI. B) equal. Therefore the solid BL is similar (XI. 
Def, 11) to the solid E O. But similar parallelepipeds haTe the 
triplicate (XI. 33) ratio of that ^hich their homologous sides or edges 
have. Therefore the solid BL has to the solid EO the triplicate 
ratio of that which the side B C has to the homologous side E F. 
But the solid B L is to the solid E O as (V. 16), the pyramid AB CG 
is to the pyramid DEFH; for the pyramids are each the sixth 
part of the solids, since the prisms which are halves (XI. 28) of the 
parallelepipeds are triple (XII. 7) of the pyramids. Therefore, likewise 
the pyramid A B C G has to the pyramid I) E F H, the triplicate ratio of 
that which B C has to the homologous side of E F. Wherefore similar 
triangular pyramids, &c. Q. E. D. 

Corollary. — From this it is evident, that similar polygonal pyramids 
are, to one another in the triplicate ratio of their homologous sides. 
For they may he divided into similar pyramids having triangular bases j 
because the similar polygons, which are their bases, may be divided into 
the same number of similar triangles homologous to the whole polygons. 
Therefore, as one of the triangular pyramids in the first polygonaL 
pyramid is to one of the triangular pyramids in the other (V. 12), so ar^^ 
all the triangular pyramids in the one to all the triangular pyramids irzx 
the other ; that is, as the one polygonal pyramid is to the other. Bu.t; 
one triangular pyramid is to its similar triangular pyramid, in th.^ 
triplicate ratio of their homologous sides. Therefore, the one polygonai 
pyramid has to the other, the triplicate ratio of that which one of the 
sides of the one has to the homologous side of the other. 

Thie proposition is the foundation of the rule for the mensuration of similar solids 
and all regular polyhedrons. 

PROP. IX. THEOREM. 

The hoses and altitudes of equal trianguiar pyramids are reciprocally proportional : 
and triangtdar pyramidsj of which the bases and altitudes are reciprocatiy 
I proportional, are equal to one another. 

First, let the pyramids ABCG and DEFH, be equal to one another. 
The base ABC is to the base D E F, as the altitude of the pyramid 
D E F H is to the altitude of the pyramid ABCG. 

Complete the parallelograms AC, AG, GC, DF, DH, and HF; 
and the parallelepipeds B L and E O. 

Because the pyramid A B C G is equal to the pyramid DEFH, and 
the solid BL is sextuple (XL 28 and XII. 7) of the pyramid ABCG 
and the solid E O sextuple of the pyramid DEFH. Therefore the 
solid B L is equal (V. Ax, 1) to the solid E O. But the bases and 
altitudes of equal parallelepipeds are reciprocally proportional (XL 34). 
Therefore as the base B M to the base E P, so is the altitude of the sohd 
E O to the altitude of the solid B L. But the base B M is to the 
base E F, aa (V. 16) the triangle A B C is to the triangle D E F. Xhere- 
fore the triangle ABC is to the triangle DEF, as the altitude of 
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the solid EO is to the altitude of the solid BL. But the alti- 
tude of the solid EHPO is the same 
^ith the altitude of the pyramid D K F H ; 
and the altitude of the soUd B M L is the 
same with the altitude of the pviamid 
AB C G. Therefore the base A B (j is to 
the base D E F, as the altitude of the py- k 
ramid D E F H is to the altitude of the 
pyramid ABCG. Wherefore, the bases 
and altitudes of the pyramids A B C G and 
D E F H are reciprocally proportional. 

Next, let the bases and altitudes of the pyramids ABCG and D E F H 
be reciprocally proportional. The pyramid A B C G is equal to the 
pyramid DEFH. 

The same construction being made, because the base ABC is to the 
base D E F, as the altitude of the pyramid DEFH is to the altitude of 
the pyramid ABCG; and the base ABC is to the base D E F, as the 
parallelogram B M is to the parallelogram E P. Therefore the parallelo- 
gram B M is to the parallelogram E P, as the altitude of the pyramid 
DEFH is to the altitude of the pyramid ABCG. But the altitude of 
the pyramid DEFH is the same with the altitude of the parallelepiped 
EG; and the altitude of the pyramid ABCG is the same with the 
altitude of the parallelepiped B L. Therefore the base B M is to 
the base EP, as the altitude of the parallelepiped EO is to the alti- 
tude of the parallelepiped BL. Therefore the parallelepiped BL 
is equal to the parallelopiped E O (XL 34). But the pyramid 
ABCG is the sixdi part of the solid B L, and the pyramid DEFH 
is the sixth part of the solid E O. Therefore the pyramid ABCG is 
equal (V. Ax, 2) to the pyramid DEFH. Therefore the bases, &c. 
Q. E. D. 

PROP. X. THEOREM 

A cone m the third pari of a cylinder^ ha/oing the same base and altitude. 

Let a cone .and a cylinder have the same base, viz., the circle A B C D, 
and the same altitude. The cone is the third part of the cylinder, that 
is, the cylinder is triple of the cone. 

If the cylinder be not triple of the cone, it must either be greater than 
the triple, or less than the triple. First, let it be greater than the triple. 
Inscribe the square A B C D in the circle : this square is greater (XH. 2) 
than the half of the circle A B C D. Upon the square A B C D erect a 
prism of the same altitude with the cylinder ; this prism is greater than 
half of the cylinder. For, let a square be described about the circle, and 
let a prism be erected upon the square, of the same altitude as the cylinder. 
Because the inscribed square is halt of that circumscribed ; and upon these 
square bases are erected parallelepipeds, viz., the prisms of the same alti- 
tude. Therefore the prism upon the inscribed square A B C D is the half 
of the piism upon the circumscribed square, for they are to one another 
(XL 32) as their bases. But the cylinder is less than the prism upon the 
circumscribed square. Therefore the prism upon the in scribed square A B C D 
is greater thail half of the g^linder. Bisect the arcs A B, B C, CD, 
and DA in the points E, F, G, and Hj join AE, EB, BF, F C, CG, 
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each of these triangles erect pyramids having the same vertex with the 
oone. Each of these pyramids is greater than the half of the segment of 
the cone which contains it, as was before demonstrated of the prisms and 
segments of the cylinder : and thus bisecting each of the arcs and joining 
the points of bisection and their extremities by straight lines, and upon 
the triangles erecting pyramids having their vertices the same with that of 
the cone, and so on, there will at length remain some segments of the cone, 
which together are less (XII. Zem. 1) than the excess of the cone above 
the third part of the cylinder. Let these be the segments upon A E, £ B, 
B F, F C, C G, G D, D H, and H A. Therefore the rest of the cone, 
that is, the pyramid upon the polygon AEBFCGDH, is greater than 
the third part of the cylinder. But this pyramid is the third part of the 
prism upon the same base AEBFCG1)U, and of the same altitude. 
Therefore this prism is greater than the cylinder upon the circleA BCD; 
but it is also less, for it is contained within the cylinder ; which is im- 
possible. Therefore the cylinder is not less than the triple of the cone. 
And it has been demonstrated that neither is it greater than the triple. 
Therefore the cylinder is triple of the cone, or, the cone is the third part 
of the cylinder. Wherefore every cone, &c. Q. E. D. 

Thig proposition is tlie fonndatioQ of the rule fbr finding tlie solid content of a 
con«. 

PROP. XI. THEOREM. 
Cones and cylinders of>the same altitude, are to one another as their bases. 

Let the cones and cylinders, of which the bases are the circles A B G D 
and E F G H, and the axes K L and M N, and of which A C and E G. 
cixe the diameters of their bases, be of the same altitude. The circle 
A B C D is to the circle E F G H as the cone A L is to the cone E N. 

If not, the circle A B C D is to the circle E F G H as the cone A L is 
'to some solid either less than the cone E N, or greater than it. First, 
let it be to a solid less than E N, viz., to the solid X ; and let Z be the 
solid which is equal to the excess of the cone £ N above the solid X ; 
therefore the cone E N is equal to the solids X and Z together. In the 
circle EFGH inscribe the square EFGH; this square is greater 
than the half of the circle. Upon the square EFGH erect a pyramid 
of the same altitude with the cone ; this pyramid is greater than half of 
the cone. For, if a square be described about the circle, and a pyramid 
be erected upon it, having the same vertex with the cone, the pyramid 
inscribed in tho cone is half of the pyramid circumscribed about it, be- 
cause they are to one another as their bases (XII. 6). But the cone is 
less than the circumscribed pyramid. Therefore the pyramid upon the 
square E F G H is greater thJan half of the cone. Bisect the arcs E F, 
F G, G H, and H E at the points O, P, R, and S ; and join E O, O F, F P, 
P G, G R, RH, H S, and S E. Therefore each of the triangles E O F, F P G, 
O R H, and H S E is greater than half of the segment of the circle which con- 
tains it. Upon each of these triangles erect a pyramid having the same vertex 
-with the cone ; each of these pyramids is greater than the half of the 
segment of the cone which contains it. Bisecting each of these arcs and 
from the points of bisection drawing straight lines to the extremities of 
the arcs, and upon each of ^ the triangles thus made erecting pyramids 
luiving the same vertex with the cone, aud so on ; there will at length 
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PROP. XII. THEOREM. 

SkmUar cones and cylinders have to one another the triplicate ratio of that which 

the diameters of their bases have. 
Let the cones and cylinders of which the circles AB C D and EFGH 

are the hases, A C and E G the diameter of the hases, and K L and MN 

the axes of the cones or cylinders, he similar. The cone whose base is the 

circle A BCD and vertex the point 1., has to the cone whose base is the 

circle EFGH and vertex N, the triplicate ratio of that which A C has 

to EG. 

For if the cone ABCDL has not to the cone EFGHN the tri- 
plicate ratio of that which AC has to EG, the cone A B CD L has the 
triplicate of that ratio to some solid which is less or greater than the 
oone EFGHN. First, let the cone have it to a less solid, viz., to the 
Solid X. Make the same construction as in the preceding proposition, 
and it may be demonstrated in the same manner as in that proposition, 
that the pyramid of which the base 
is the polygon EOFPGRH 8, and 
Vertex N, is greater than the solid X. 
Xiiscribe also in the circle A B C D 
the polygon ATBYCVDQ similar 
to the polygon EOFPGRHS, a 
>ipon which erect a pyramid having 
tlie same vertex with the cone; 

and let L A Q be one of Ilc 

triangles containing the pyramid 

upon the poljjgon ATBYCVDQ 

"vniose vertex is L; and let NES 

be one of the triangles containing the pyramid upon 

the polygon EOFPGKHS whose vertex is N. 

Join K Q and M S. Because the cone ABCDL is 

amilar to the cone EFGHN. Therefore AC is 

2:i. Def 24) to E G as the axis K L to the axis 
N. But AC is to EG (V. 15) as AK is to EM. 
Therefore A K is to E M, as XL is to MN; and alternately, AX 
IS to XL, as EM is to MN; and the right angles A XL, EMN 
are equal. Therefore the sides about these equal angles are pro- 
portionals, and the triangle A X L is similar (VI. 6) to the triangle 
£MN. Again, because AX is to XQ as is. M is to Mb, and 
these sides are about equal angles, A X Q and EMS, each of these 
angles being the same part of four right angles at the centres 
X and M. Iherefore the triangle AXQ is similar (VL 6) to the 
triangle EMS. Because it has been shown that AX is to X L as 
£ M is to M N, and that A X is equal to X Q, and E M to M S. 
Therefore QX is to XL as S M is to MN; and the sides about the 
light angles Q X L and S M N are proportionals. Wherefore the 
triangle L X Q is similar to the triangle N M S. Because the triangles 
AXL and EMN are similar, LA is to AX as NE is to EM; and 
because* the triangles AXQ and EMS are similar, X A is to 
AQ, as ME is to £S. Therefore ex aquali (V. 2v), L A is to A 
as N£ is to E S. Again, because the triangles L QX and N SM are 
similar, LQ is to Q£ as NS is to SM; and because the triangles 
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KAQ and M£S are similar, KQ is to QA as MS is to SB. 
Therefore, ex aquali (V. 22), LQ isto QAasNS is to SE. But it 
was proved that QA is to AL as SK is to EK. Therefore, ex 
oqtMlt, QL is to LA as SN is to NE. Wherefore the triangles 
L Q A and N S E, having the sides about all their angles proportionals, 
are equiangular (VI. 5) and similar to one another. But the pyramid, 
whose base is the tnangle AKQ and vertex L, is similar to the 
pyramid whose base is the triangle EMS, and vertex N, because their 
solid angles are equal (XI. B) to one another, and they are contained 
by the same number of similar planes. But similar triangular pyramids 
have to one another the triplicate (XII. 8) ratio of that wmch their 
homologous sides have. Iherefore the pyramid AKQL has to the 
pyramid E M S N the triplicate ratio of that which A K has to £ M. 
In the same manner, if straight lines be. drawn from the points D, Y, C, 
Y, B, and T to K, and from the points H, R, G, P, F, and O to M, and 
pyramids be erected upon the triangles having the same vertices with the 
cones, it may be demonstrated that each pyramid in the first cone has to 
each in the other, taking them in the same order, the triplicate ratio of 
that which the side A K. has to the side E N ; that is, which A C has 
to E O. But as one antecedent is to its consequent, so are all the ante- 
cedents to all the consequents (V. 12). Therefore, as the pyramid 
A K Q L IS to the pyramid E M S N, so is the whole pyramid whose base 
is the polygon DQATBYCV, and vertex L, to the whole pyramid, 
whose base is the polygon HSEOFPGK, and vertex N. Wherefore also 
these pyramids have to one another the triplicate ratio of that which AC 
has to E G. But (Ht/p.) the cone ABCDL has to the solid X the triplicate 
of that which A C has to E G. Therefore the cone ABCDL is to the 
solid X, as the pyramid upon the polygon D QA I'B YC V, with vertex L, 
is to the pyramid upon the polygon HSEOFPGR, with "Vertex N. 
But the cone ABCDL is greater than the pyramid contained in it 
Therefore the solid X is greater (V. 14) than the pyramid upon tke 
polygon H S E OFPGB, with vertex JN ; but it is also less ; which is 
impossible. 1 herefore the cone ABCDL ba^ not to any solxd less thflu 
the cone E F G H N the triplicate ratio ot ttiat which A C uas to E G. 
In the same manner it may be demonstrared that neither Has the cone 
E F G H N to any solid less than me cone ABCDL the triplicate ratio 
of that which EG has to A C. ^ior can the cone ABCDL have to any 
solid greater than the cone E F G H N the triplicate ratio of that which 
A C has to EG. For, if it be possible, let this cone have it to a ffreater, 
viz., to the solid Z. Therefore, inversely, the solid Z has to the ccme 
ABCDL the triplicate ratio of that wnich E G has to A C. But the 
solid Z is to the cone ABCDL as the cone EFGHN is to some solid, 
which must be less (V. 14) than the cone ABCDL, because the solid 
Z is greater than the cone EFGHN. Therefore the cone EFGHN has 
to a solid which is less than the cone ABCDL the triplicate ratio of 
that which E G has to A C, which was demonstrated to be impossible. 
Therefore the cone ABCDL has not to any solid greater than the cone 
EFGHN the triplicate ratio of that which A C has to E O ; and it was 
demonstrated, that it could not have that ratio to any solid less than the 
cone EFOHN. Therefore the cone AB CDL has to the cone EFGHN 
the triplicate r&tio of that which A C liB^a to E Q. But the cone is to the 
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oone u (V. IG) the cylinder is to the cylinder; for every cone ii tho 
third (XU. 10) part of the cylinder upon the Buine base, and of the lame 
altitnoe. Therefore also the cylinder has to the cylinder, the triplicate 
rttioofthatnhichACbastaEO. Wherefore, similar conea, &c. Q.E.D. 

FROe. XIII. THEOREM. 

ffa eylinAr ii cul by a plane paralUt to iii oppoiiti planti, or baaei, it dimdea 

tJU cylinder into tvjo cylindert^ vtkieh art to ont Another ng their aisg. 

Let the cylinder A D be cut by the plane O H parallel lo the opposite 

&ea A B and C D, and meeting the axis £ F m the point K ; let the 
O H be the common section of the plane G H and the surface of the 
alinder AD. Let AF he the K^ncrating rectangle of 
s cylinder, and B F ita fixed side ; and let Q K be the 
eommon section of the plane OH, and the plane AF. 
Be«anee the parallel planea A B and H are cnt by the 
plane A E, A B and £ O, their common sections with it, 



m ^laraUcl (XI. 16). Wherefore AE ia a rectangle. 



aad G E is eqnal to B A the straight line irom the c< 

of the circle AB. For the same reaaon, eacli of the 

straight lines drawn from Ihe point K to the line O H 

laaytte proved to be equal to those which ore drawn from 

the centre of the circlu A B to its circumference. Wiit'ic- 

A>re they are all equal to one another. Therefore the 

line O U ia the circumference of a circle (I. Def. Id) 

of which the centre is the point E ; and the plane G H 

divides the cylinder A D into the two cylinders A H and D ^ for thev 

■re the same which would be generated by the rectangles A H and GF. 

It ij required to show ihat the cylinder AH is to the cylinder H C, aa the 

azia E E is to the axis E P. 

Produce the axis BF both wots: and take any numberofsfraight lines 
E N and N L, each eqoal to E £ ; and any number F X and X M, each 
eqnal to F E ; and let planes parallel to A B or C D, pass through the 



points L, N, X, and M. The common sections of these planes with the 

Zlinder produced, are circles, the centres of which are the ]■■'■— 
.. and M, as was proved of th« plane G H ; and these plan 



CT^linders PE, R B, DT, and TQ. Because tho axes L N, N E, and 
BE.arealleqaal. ThereforethecylindersPK,EB,andl)G,are (XILll) 
to one another as their bases. But their bases are equal. Tberefoie the 
cylinders F R, R B, and B 0, are all equal. Because the axes L N, N E, 
and B K, are equal to one another, as also the cylinders PR, KB, and 
B O, and there are as many axes as cylinders. Therefore, whatever 
multiple the axis E L is of the axis E £, the same multiple is the cy Under 
P G of the cylinder G B. For the same reason, whatever multiple the 
axis M E is of the axis E F, the same multiple is the cylinder Q G of 
"" But if the axis KL be equal to the axis E M, the 

; and if 

; E and 
K F, and the cylinders B G and G 1) ; and of the axis B E, and c; Under 
""■■'■■' ....... . jgg^L 



CTlinder POisequal lo the cylinder G Q ; if the axis KL begri 
tho axis E M, the cylinder P G is greater than the cylinder O i 
lew, less. Therefore, there are four magnitudes, viz., tho axes 
K F, and the cylinders B G and G D ; and of the axis " 
B G, there have been taken any equimul^Ies whatever, 
mad cylinder PG; and of the axis £ F, and cylind< 
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multiples whatever, viz., the axis K M and cylinder G Q ; and it has been 
demonstrated, that if the axis K L be greater than the axis K M, the 
cylinder PG is greater than the cylinder GQ; if equal, equal; and 
if less, less. Therefore (v. Def, 6), the axis K K is to the axis K F, as 
the cylinder B G is to the cylinder G D. Wherefore, if a cylinder, &c. 

aE. D. 

CoroUary. — Every section of a cylinder b/ a plane parallel to its base is a circle * 
and, every section by a plane through its axis is a rectangle. 

PROP. XIV. THEOREM. 
Cones and Cylinders upon equal bases are io one another as their altitudes. 

Let the cylinders E B and F D be upon the equal bases A B and C D. 
The cylinder E B is to the cylinder F D as the axis G H is to the axis K L. 

Produce the axis KL to the point N, make LN equal to the axis G H, 
and let C M be a cylinder of which the base is CD, and axis L N. 

Because the cylinders K B and C M have the same altitude, they are 
to one another as their bases (XII. 11). But their bases are equal. 
Therefore, also, the cylinders E B and C M are 
equal. Because the cylinder F M is cut by the 
plane CD parallel to its opposite planes, the 
cvUnder C M is to the cylinder FD, as (XII. 13) I 
the axis L N is to the axis K L. But the cylin- 
der C M is equal to the cylinder E B, and the 
axis LN to the axis GH. Therefore, the 
cylinder E B is to the cylinder F D as the axis . 
O H is to the axis K L ; and the cylinder E B 

is to the cylinder FD as (V. 15) the cone A B G is to the cone C D K, 
because the cylinders are triple (XII. 10) of the cones. Therefore, the 
axis G H is to the axis K L, as the cone A B G is to the cone C D K,'and 
as the cylinder EB is to the cylinder FD. Wherefore cones, &c. 
Q. £. D. 

PROP. XV. THEOREM. 

The bases and altitudes of equal cones and cylinders are reciprocally propor- 
tional; and if the bases and altitudes of cones and cylitiders be reeiproeaUy 
proportionalf they are equal to one another. 

Let the circles A B C D and E F G H, the diameters of which are 
A C and E G, be the bases, and K L and M N the axes, or the altitudes, 
of the equal cones ALC and ENG, and of the equal cylinders AX 
and E O. The bases and altitudes of the cylinders AX and EG are 
reciprocally proportional ; that is, the base A B C D is to the base 
E F G H as thp altitude M N is to the altitude K L. 

First, when the altitudes MNand KL are equal. Because the 
cylinders A X and E O are also equal, and cones and cylinders of the 
same altitude are to one another as their bases (XII. 11). Therefore the 
base AB C D is equal (A 6) to the base E F G H. Wherefore the base 
A B C D is to the base E F G H as the altitude MN is to the altitude 
K L. Next, when the altitudes K L and M N are unequal, and M N the 
greater of the two. From MN take M P equal to K L, and through 
the point P let the cylinder E O be cut by the plane T Y S, paraJiel 
to the opposite planes of the circles ¥ B. aji^'B.Q. Because the common 
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of the plane T Y S and the cylinder E O is a circle (XII. 13 Cor.) 

E 8 II a cylinder, of which the hase is the circle E F G H, and altitude 

M P. Because the cylinder A X is equal to the cylinder E O. The cylinder 

AX IB to the cylinder ES as (V. 7) the 

cylinder E O is to the cylinder E S. But the 

cylinder AX is to the cylinder E S (XII. 11) 

astliebase ABCD is to the hase EFGH; 

for the cylinders A X and E S are of the same 

altitude; and the cylinder EO is to the 

cylinder E S^ (XII. 13) as the altitude MN 

is to the altitude M P, hecause the cylinder 

E is cut hy the plane T Y S parallel to its 

opposite planes. Therefore the hase ABCD is to the hase EFGH 

at the altitude M N ia to the altitude M P. But M P is equal to K L. 

Therefore the hase A B C D is to the hase E F G H as the altitude M N 

is to the altitude K L ; that is, the hases and altitudes of the equal 

eylinders A X and E O are reciprocally proportional. 

Next, let the hases and altitudes oi the cylinders AX and E O he 
reciprocally proportional ; viz., the hase ABCD to the hase E F G H as 
the altitude M N to the altitude X L. The cylinder A X is equal to the 
cylinder E O. 

First, let the hase A B C D he equal to the hase EFGH. Because 
the hase A B C D is lo the hase EFGH as the altitude M N is to the 
altitude XL; M N is equal (V. A) to K L. Therefore the cylinder A X 
is equal (XII. 11) to the cylinder E O. 

But let the hases ABCD and E F G H he unequal, and let A B C D 
he the greater. Because A B C D is to the hase E F G H as the altitude 
M N is to the altitude K L. Therefore M N is greater (V. A) than K L. 
The same construction heiug made as hefore, hecause the hase A B C D is 
to the hase E F G H as the altitude M N is to the altitude K L ; and, 
hecause the altitude K L is equal to the altitude M P. Therefore the 
hase ABCD is (XII. 11) to the base E F G H as the cylinder A X is to 
the cylinder E S ; and the altitude M N is to the altitude MP or K L, 
as the cylinder E O is to the cylinder E S. Therefore the cylinder A X 
is to the cylinder E S as the cylinder E O is to the cylinder E S. There- 
fore the cylinder A X is equal to the cylinder E O : and the same reason- 
ing holds in cones. AYhcrefore the hases, &c. Q. E. D. 

PROP. XVI. PROBLEM. 

In the greater of two eoneentrie circles to inscribe a polygon of an even number 
of equal sides, that shall not meet the less eirde. 

Let ABCD and E F G H he two given circles having the same centre 
£.. It is required to inscrihe in the greater circle 
A B C D, a polygon of an even number of equal sides 
that shall not meet the less circle EFGH. 

Through the centre K draw the straight line B D, 
and from the point G, where it meets the circum- 
ference of the less circle, draw A C touchinff(lIL 17) 
the circle EFGH. If the circumference B AD he 
bisected, and the half of it be again bisected, and 
so on, there will at length remain an arc less 
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(XII. Xemma 1) than AD: let this arc be L D. From the point L draw 
L N parallel to B D, and join L D and D N. Because L D & equal 
toDN (I. 4) L N is parallel to A C, and A C touches the circle E F G H. 
Therefore L N does not meet the circle E F G H ; and much less do the 
straight lines LD and DN, meet the circle EFGH. Therefore, if 
straight lines equal to L D be applied in the circle A B C D from the 
point L all round to N, there wUl be inscribed in the circle a polygon of 
an even number of equal sides not meeting the less circle. Q. E. F. 

LEMMA II. 

If two irapesnunu A B CD and EFG H be inaeribed in the eirclea, the centres of 
which are the points K and L ; and if the sides A B and DC he parallel^ as 
also E F and HQ; and the other four tides AD,BC, EH, and FOybeaU 
equal to one another; hut the side AB greater than the side E F, and the 
side D C greater than the side HQ ; the radius KA of the circle in which the 
greater sides are, is greater than the radius LEofthe other circle. 

If it be possible, let K A be not ^eater than |L E ; then K A must be 
either equal to L E, or less than it. First, let K A be equal to L E. 
Because in two equal circles, the two straight lines AD and B C, in the 
one, are equal to two straight lines E H and F G in the other, the arcs 
A D and B C are equal (III. 28) to the arcs E H and F G. But the 
straight lines A B and D C are respectively greater than the straight lines 
E F and G H. Therefore the arcs A B and D C are greater than the arcs 
E F and H G. Wherefore the circumference A B C D is greater than 
the circumference EFGH; but it is also equal to it ; which is impossi- 
ble. Therefore the radius K A is not equal to the radius L E. 

But let K A be less than LE ; make L M equal to K A, and from the 
centre L, and distance LM, 
describe the circle MNOP, 
meeting the straight lines LE, 
LF, L G, and L H, in M, N, O, 
and P. Join MN, NO, OP, 
and PM; these straight lines are 
respectively parallel (VI. 2) to and 
less than the stramht lines E F, 
FG, GH, and HE. Because 
E H is greater than M P, A D is greater than MP. But the circles A B CD, 
and M N O P are equal. Therefore the arc A D is greater than the arc 
MP. For the same reason, the arc B C is greater than the arc N O. 
Because A B is greater than E F, and E F is greater than M N ; much 
more is A B greater than M N. Therefore the arc A B is greater than 
the arc M N. For the samfe reason, the arc D C is greater than the arc 
P O. Therefore the circumference AB C D is greater than the circum- 
ference MNOP; but they are likewise equal, which is impossible. 
Therefore K A is not less than L E ; nor is K A equal to K E. Iherefore 
the radius K A is greater than the radius L E. Wherefore if two, &c., 
Q. E. D. 

Coroaary»—lt there be an isosceles triangle, the sides of which are equal to AD 
and B C, but the base lees than A B, the greater of the two sides A B and C D, 
it mux be shown also that K A is greater than the radius of the circle detcribed 
Bliout the triangle. 
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PROP. XVII. PROBLEM. 

ihiUpWEier of two tpkcres tvhlch have the same centre, to inscribe a polyheCrOH 
the tuperjicics or faces of which shall not meet tlie less. 

let there be two spheres having the same centre A. Ii is required to 
nnibe in the greater sphere a solid pol jhcdrou, the superficies of which 
shall not meet the less. 

Let the spheres be cut by a plane passing through the centre ; the 
common sections of it with the spheres are circles; for the sphere is 
described by the revolution of a semicircle about the diameter remaining 
fixed. Therefore, in whatever position the semicircle is supposed to be, 
the common section of the plane in which it is, with the superficies of the 

Sere, is the circumference of a circle ; and this sectMn is a great circle of 
sphere, because the diameter of the sphere, which is also the diametei 
of the circle, is greater (III. 15) than any chord in the circle or the sphere. 
Lit the circle made by the section of the plane with the greater sphere be, 
BCD £, and that with the less, FGH. Draw the two diameters B D 
iodCE at right angles to one another; and in BCDE, the greater of 
the two circles, inscribe (XII. 16) a polygon of an even number of equal 
tides not meeting the less circle F G H. Let the sides of this polygon in 
B £, the fourth part of the circle, be B K, K L, L M, and M E. Join 
K A^ and produce it to N. From A draw (XL 12) A X at right angles to 
the plane of <the circle BCDE, and let it meet the superficies of the 
sphere in the point X. Let planes pass through the 8truiii;ht line A X, 
and each of the straight lines B D and X N; their sections with the super- 
ficies of the sphere are great circles. Let B X D and K X N be their 
semicircles, and B D and K N their diameters. Because X A is at right 
angles to the circle BCDE, every plane which passes through X A is at 
ri^t (XL 18) angles to the circle BCDE. Tlierefore the semicircles 
B A U and K X N are at ri^ht angles to BCDE. Because the semi- 
circles BED, B X D, and £. X N upon the equal diameters B D and 
£ N, are equal, their halves BE, B X, and K X, are equal. Therefore as 
many sides of the polygon as are in B E, so many are there in B X and 
XX, equal to the sides BE, K L, L M, and M E. Let these polygons 
be described, and let their sides be B O, O P, P K, and R X ; K S, S T, 
T Y, and Y X. Join O S, P T, and 11 Y ; and from the points O and S, 
draw O Y and S Q perpendiculars to A B and A K. 

Because the plane B O X D is at right angles to the plane BCDE, and in 
B OXD, O Y is drawn perpendicular to A B, the common section of the 
planes, therefore O Y is perpendicular (XI. Def, 4) to the plane BCDE. 
For the same reason S Q is perpendicular to the same plane, the plane 
K S X being at right angles to the plane BCDE. Join Y Q. Because 
in the equal semicircles B X D and K X N, the arcs B and K S are 
equal, and O Y and S Q are perpendiculars to their diameters. Therefore 
(£ 26) O Y is equal to S Q, and BY to KQ. But the whole B A is 
equal to the whole X A. Therefore the remainder Y A is equal to the 
remainder Q A ♦ and B Y is to Y A as £ Q is to Q A. Wherefore Y Q 
is parallel (YI. 2) to B K, Because O Y and S Q are each of them at 
right angles to the circle B C D E, Y is parallel (XL 6) to S Q ; and it 
has been proved that it is also equal to it. Therefore Q Y and S O are 
equal (L 33) and parallel. Because QY is parallel to S O, and also to 
KB ; O S is parallel (xi. 9) to B K. Therefore B O and K S, which 
}oin them, are in the same plane, and the c\]QL'ajdx\MAt«X^^^« KB Q S la 
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in t)iKt plane. If P B Euid TK be joined and perpendiculars be drawn 
from the pointe F and T to the straight lineg A B and A K, it may be 
' ' ' LB manner, that T P i> parallel to K B. Thetefore (XI. 9) 
.1 tn an 'V.^ ^.,.Aa\^t,—.j a an tit t, i^ 



TP being parallel to SO, the qnadnlateial flgnre 
plane. For the same reason, the quadrilateral TV R 



BOPT ii 




and the figore Y R X (XI. 2) is alw 

in one plane. Therefore, if from the 

points O, 8, P, T, B, and Y, strDight 

lines be drawn to Iha point A, a 

poljbedrAn wQl be formed between 

the aics B X end K X, composed 

of pyramidB, wbose bases are the 

quadrilaterals KB 08, 8 OPT, 

TPRY, and the triangle YBP, 

and whose common vertex is the 

point A. If the tame constrnction 

be made upon each of the sides K L, 

LM and MB, as upon B E, and 'he 

same be done also in tbe other three 

quadrant!, and in the other hemie- 

phere; a solid polyhedron will be 

inscribed in the iphere, composed 

□f pyramids, whose bsBea are the 

qaadrilaterals K B O S, &o., and triangle Y B X, and those formed in the 

same manner In ihe real of the sphere, and common vertex the point A. 

Also the superficies ru tli.s polyhedron does not meet the less sphere of 
which the circle F II 3.i section. For, from the point A draw (XI. 11) 
AZ perpendicular to thepiane of the quadrilateral KB08, meeting it in 
Z, and jeinBZ and Z K. Because AZ is perpendicular to the plane 
K B O S, it makes right angles with every straight line meeting in that 
plane. Therefore A Z is perpendicular to B Z and KZ; and it maybe 
shown, as in Prop. XIV, Book III, that the straight line B Z la equal to 
the itraiEht line Z K. In the same manner it may be shown that toe 
straight lines drawn from the point Z to the points O and S, are equal to 
B Z or ZK, Therefore the circle described from the centre Z, and dis- 
tance Z B, will pass through the points E, O and Z, and K B O S will be 
a quadrilateral inscribed in the circle. Because £ B is greater than Q V, 
and QV equal to SO. Therefore E B is greater than S O. But K B is 
equal to each of the straight lines B O and ES. Therefore each of tbs 
arcs cut off by EB, BO and ES, h greater than that cut off by 8; and 
these three arcs together with a fourth equal to each, are greater than tbe 
same three together vith that cut off by O S ; that is, than tbe whole cir- 
cumference of Ihe circle, llicrcfore the arc subtended by EB is greater 
than Ihe fourth part of the whole circumference of the circle about 
E B O S, and the angle B Z E at the centre is greater than a right angle. 
From tbe point O draw U at right angles to A G, and join A t;. If then 
the circumference B E be bisected, and its half again bisected, and so on, 
there will at length be left an arc less than the arc subtended by a straight 
line equal to G U, incribed in the circle B C D E ; let this be the oboum- 
&rencB K B. Therefore the straight line E B is less than Q U. Because 
tbe aogle B ZK is obtuse, BK is greater than BZ; in the trianxlei 
^1 (? 1/ and A B Z, it may bo sboira, aa m¥iQ'«. )LV, Book ni, that AZis 
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greater than A G. Bat A Z is perpendicular to the plane K B O S, and is, 
therefore, the shortest of all the straight lines that can be drawn from A, 
the centre of the sphere, to that plane. Therefore the plane K B O S does 
not meet the leas sphere. 

Also the other planes between the quadrants B X and K X do not 
meet the less sphere. From the point A draw A I perpendicular to the 
plane of the quadrilateral SOFT, and join I O. In the same manner, as 
it was proved of the plane K B O S and the point Z, it may be shown that 
the point I is the centre of a circle described about SOFT; and that 
O S is greater than F T. But F T was shown to be parallel to O S ; and 
because the two trapeziums KBOS and SOFT inscribed in circles 
have their sides B K and O S parallel, as also O S and F T ; and their 
other sides BO, K S, OF, and S T all equal to one another, but B K. 
is greater than O S, and O S greater than F T. Therefore the straight 
line Z B is greater (XII. Lemma 2) than I O. Join A O. In the 
triangles ABZ and A 10, it may be shown, as above, that AZ is less 
than A I. But it was proved that A Z is greater than A G ; much more 
then is A I greater than A G. Therefore the plane SOFT does not 
meet the less sphere. In the same manner it may be proved, that the 
plane T F R Y does not meet the same sphere, as also the triangle Y R X 
(XII. Lem. 2, Cor,) In the same manner it may be demonstrated, that all 
the planes, or faces the polyhedron, do not meet the less sphere. There- 
fore in the greater of two spheres, which have the same centre, a polyhe- 
dron is inscribed, the superficies of which does not meet the lesser sphere. 
Q. E. F. 

CoROLLABY. — If in the less sphere a similar polyhedron be inscribed by 
joining the points in which the radii of the sphere drawn to the angles of 
the polyhedron in the greater sphere meet the superficies of the less, the 
polyhedron in the sphere BCDE shall have to this polyhedron, tht; 
triplicate ratio of that which the diameter of the sphere BCDE has to 
the diameter of the less sphere. For if these two solids be divided into 
the same number of pyramids, and in the same order, the pyramids shall 
be similar to one another, each to each : because they have the solid 
angles at their common vertex, the centre of the sphere, the same in each 
pyramid, and their other solid angles at the bases, equal to one another, 
each to each (XI .jS), because they are contained by three plane angles, 
each equal to each ; and the pyramids are contained by the same number 
of similar planes; and are therefore similar (XI. Def. 11) to one another, 
each to each. But similar pyramids have to one another the triplicate 
(XII. 8, Cor.) ratio of their homologous sides. Therefore the pyramid of 
which the base is the quadrilateral KBOS, and vertex A, has to the 
pyramid in the inner sphere of the same order, the triplicate ratio of 
their homologous sides, that is, of that ratio which the radius A B, the 
greater sphere, has to the radius of the less sphere. In like manner, 
each pyramid in the greater sphere has to each of the same order in the 
less, the triplicate ratio of that which A B has to the radius of the less 
sphere. But as one antecedent is to its consequent, so are all the ante- 
cedents to all the consequents. Wherefore the whole polyhedron in the 
greater sphere has to the whole polyhedron in the less, the triplicate ratio 
of that which A B has to the radius of the less ; that is, which the diameter 
BD of the greater has to the diameter of the less sphere. 

CoroUary 2. — Every face of a polyhedron inscribed in a o^hfite iftinataVSi^JsHAi*" " 
eircle. 



212 EUCLID'S ELEMEXTB. 

PROP. XVIII. THEOREM. 

Sphere$ home to one another the triplicate ratio of that which their diameters 

have. 

Let ABC and D £ F be two spheres, of which the diameters are B C 
and £ F. The sphere ABC has to the sphere D £ F the triplicate ratio 
of that which B C has to £ F. 

For, if not, the sphere ABC must have to a sphere either less or 
greater than D£F, the triplicate ratio of that which BC has to EF. 
First, let it have that ratio to a less, viz., to the sphere G H K ; and let 
the sphere D£F have the same centre with GHK. In the greater 
sphere DEF inscribe (XIL 

17) a polyhedron, the _ A^ D L 

superficies of which does 
not meet the lesser sphere g f \q j, / \vQF M 






GHK.; and in the sphere 
ABC inscribe another 
similar to that in the 
sphere DEF. Therefore 

the polyhedron in the sphere ABC has to the polyhedron in the sphere 
DEF the triplicate ratio (XII. Cor. 17) of that which BC has to EF. 
But the sphere ABC has to the sphere GHK, the triplicate ratio of that 
which BC has to EF. Therefore, as the sphere AB C is to the sphere 
GHK, so is the polyhedron in the sphere ABC to the 
polyhedron in the sphere DEF. But the spHere ABC is greater 
than the inscribed polyhedron. Therefore (V. 14), also the sphere 
GHK is greater than the polyhedron in the sphere DEF; but it 
is also less, because it is contained within it, which is impossible. There- 
fore, the sphere ABC has not to any sphere less than DEF, the triplicate 
ratio of that which B C has to E F. In the same manner it may be 
demonstrated, that the sphere DEF has not to any sphere less than ABC, 
the triplicate ratio of that which £ F has to B C. Nor can the sphere 
ABC have to any sphere greater than DEF, the triplicate ratio of that 
which B C has to £ F ; for, if it can, let it have that ratio to a greater 
sphere LMN. Therefore, by inversion, the sphere LMN has to the 
sphere ABC, the triplicate ratio of that which the diameter E F has to 
the diameter B C. But the sphere L M N is to A B C as the sphere DEF 
is to some sphere, which must be less (V. 14) than the sphere ABC, 
because the sphere L M N is greater than the sphere DEF. Therefore, 
the sphere DEF has to a sphere less than ABC the triplicate ratio of 
that which EF has to BC; which was shown to be impossible. There- 
fore, the sphere ABC has not to any sphere greater than DEF, the tri- 
plicate ratio of that which B C has to E F ; and it was demonstrated, that 
neither has it that ratio to any sphere less than DEF. Therefore, the 
sphere ABC has to the sphere DEF, the triplicate ratio of that which 
B C has to E F. Wherefore, spheres have to one another, &c. 

Every sphere is two-thirds of its ciroumscribed cylinder. — ArcTdmedes, 



fc^reis. 
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